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On Relations of Dimensions of Automorphic Forms
of Sp(2,R) and Its Compact Twist Sp(2) (II)

Ki-ichiro Hashimoto and Tomoyoshi Ibukiyama*®

In this paper, we show some good global dimensional relations
between automorphic forms of Sp(2, R) (matrix size four) and its compact
twist Sp(2). One of the authors has already shown such relations when
the p-adic completions (for a fixed prime p) of the discrete subgroups in
question are maximal compact (See [24]). In this paper, we treat discrete
subgroups whose p-adic completions are minimal parahoric. Our aim is
a generalization of Eichler-Jacquet-Langlands correspondence between SL,
and SU(2) to the symplectic case of higher degree. Such correspondence
should be proved by comparison of the traces of all the Hecke operators.
Our results mean that there exist relations of traces at least for 7°(1) for
some explicitly defined discrete subgroups of Sp(2, R) and Sp(2) (§ 2 Main
Theorem I). Besides, they give meaningful examples for Langlands
philosophy on stable conjugacy classes (§ 2 Main Theorem II). Roughly
speaking, such comparison is divided into character relations at infinite
places (which are more or less known) and arithmetics at finite places.
Our point is to execute the comparison of the arithmetical part explicitly.
It seems that our Theorems are the first global results on such relations
except for GL, (cf. also [24]). In Section 1, after a brief introduction, we
give a precise formulation on our problems between Sp(n, R) and Sp(n)
for general n, e.g. on how to choose discrete subgroups explicitly. For
automorphic forms with respect to these explicitly chosen discrete sub-
groups, we propose there two conjectures (which were first given in [21],
[23]): coincidence of dimensions and existence of an isomorphism between
new forms as Hecke algebra modules. For n=1, these are nothing but
the theorems by Eichler [10], [11], and the above conjectures are a natural
generalization of his results. Langlands [34] has given a quite general
philosophy on correspondence of automorphic forms of any reductive
algebraic groups, but we understand that his philosophy does not give
very detailed formulation at present for such typical and explicit cases as
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treated in this paper, and we believe that the above conjectures have its
own interest. In Section 2, we state our Main Theorems, which assert
that the first conjecture is true also for n=2. The proof consists of
explicit calculation of dimensions. Such explicit dimension formulae,
given in Section 3, Theorems 3.2, 3.3, 3,4, 3.5, have their own value. Our
Main Theorems are corollary to the results in Section 3 and [16], [19], [24].
The proofs of the formulae in Section 3 start from Section 4, where the
computation of the dimensions of our spaces of automorphic forms are
reduced to the detailed study of conjugacy classes in the arithmetic sub-
groups. We shall give in Section 4 an expository review on the results in
[15], [16], and [19], for the convenience of the readers. There we shall
also give some new remarks: (i) a formula for the number of semi-simple
conjugacy classes in the arithmetic subgroup, and (ii) a relation of orbital
integrals for semi-simple elements of G and G’. They will play an im-
portant role in the studies to extend the results of this paper for higher
rank groups. In Section 5 and Section 6, we list up explicitly all data
that we need for the calculation of the dimensions. In Section 7, we shall
give a brief survey on some related topics.

The authors would like to express their hearty thanks to professors
I. Satake and Y. Morita who gave them an opportunity to write a paper
for this volume, in spite of the fact that they did not attend this Sym-
posium.
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§1. Conjectures

Let G and G’ be two different reductive algebraic groups over
algebraic number fields. For some good choice of G and G/, sometimes
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we know that there exists a correspondence between automorphic repre-
sentations 7=, 7, of G, and #’'=&), n, of G/, which preserves L-func-
tions, where G, or G/, is the adelization of G or G’. Langlands [34] has
given a general philosophy on such problems: he defined so called L-
groups “G or *G’, and he conjectured that, if G is quasi split, and if there
exists an L-homomorphism u: 2G’—ZG, then there should exist a “good”
correspondence of automorphic representations. (As for more precise
contents of this conjecture, see Langlands [34], or Borel [3].) For example,
if G’ is an inner twist of G, then YG=%G’, and we can expect a good
correspondence. One of the reason of this conjecture seems to be the fact
that there exists a good character relations between z., and #7, (cf. (4.50)).

The basic example is GL(2). The first typical results on the relation
between GL(2) and division quaternion algebras were due to Fichler [10],
[11], and later completed by many mathematicians, notably, Shimizu [43],
Jacquet-Langlands [29]. One obvious direction of generalizations of the
GL(2)-case is GL(n), which has been studied also by various mathemati-
cians.

Now, another direction is the symplectic groups, because we can
regard GL(2) as the symplectic group of size two with similitudes. Let
Sp(n, R) be the symplectic group of size 2n, and Sp(n) be its compact
twist: Sp(n)={g e M, (H); g'g=1,}, where H is the division quaternion
algebra over R and - is the canonical involution. When n=2, for pairs
of O-forms of Sp(2, R) and Sp(2), Thara [28] raised a conjectural problem
on an existence of correspondence of automorphic forms (independent
from and older than Langlands [34]). He clarified, among others, what
should be the correspondence of weights (i.e. representations at infinity)
of those forms by showing some character relations (unpublished). (As
for some other works by him, see [28] or § 7.) Later, Hina and Masumoto
[20] gave character relations between some admissible representations of
GSp(2, F) (size four) and its inner twist, when F is a non archimedean
local field. But, there was no global result, and any global example had not
been known before [21]. We would like to have some global (and rather
classical) approach to this problem, and aim a generalization of the typical
results of Eichler. Even if we restrict ourselves to such typical cases, the
precise formulation had not been known before [21], [23]. Besides, such
typical cases have their own fruitful structures. Our aim of this paper is
to give good global dimensional relations in such cases. This can be
regarded as the first step to the proof of such correspondence of automor-
phic forms.

Now, we explain our problem more precisely. Put

G=GSp(n, Q)={g & M,.(Q); g/ 'g=n(g)J, n(g) e Q*},
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where J= ((1)" ;(1)") and 1, is the unit matrix of size n. On the other
n n,

hand, let D be the definite quaternion algebra over Q with prime discri-
minant p. (We fix a prime number p.) Put

G'={g e M,(D); g'g=n(g)1,, n(g) € Q*}.
Then, G’ is an inner twist of G. Let G, (resp. G) be the adelization of
G (resp. G’), and for any place v of Q, let G, (resp. G,) be the v-adic
component of G, (resp. G). We have G,=GSp(n, R) and G,,=GSp(n)
(i.e. the group of symplectic similitudes). We note that
G,=G,=GSp(n, Q,), if v+£p, .

We consider subgroups U, (resp. U’) of G, (resp. G,) of the following
forms:

(1.1) U,=G.P [] GSp(n, Z,) (resp.
q#p
(1.2) U,=G.P" T] GSp(n, Z,)),

q#D

where P (resp. P’) is an open compact subgroup of G, (resp. G}), and, for
any prime g,

GSp(n, Z,)={g e GSp(n, Q,); g, g ' € M, (Z,)}.

We define automorphic forms and Hecke operators. Let §, be the Siegel
upper half space of degree n:

Q.={X+iY; X, Ye M (R), ' X=X, Y=Y, Y>>0, ie.
Y is positive definite}.

An element g= (é g) € GSp(n, R)* acts on 9, by:

Z+—>(AZ + B)(CZ + D).
Put
‘ GSp(n, @Q)*={geG;n(g)>0} and U=U,NGSp(n, Q)*.
Then, U acts on H, discontinuously and vol(U\$,) is finite. The space
Sx(U) of cusp forms of weight k& with respect to U is defined by:

S (U)= {holomorphic functions f on &, such that

(1) f(rZ)=f(Z) det (CZ+ D)* for all r:(é f,) U,

) f(Z)(det Y)*” is bounded on @n}.
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For any natural integer m (pfm), the action of the Hecke operator T(m)
on S,(U) is defined as follows: Put T(m)=|J, UgU, where g runs
through elements of

We take a coset decomposition T(m)=]|?, Ug, (disjoint). For any
fe S, (U), we define f] T(m) by:

(| TEW)Z)=m*=+20 3 f(g,Z) det (CZ+ D),

where gi=<’é: %Z)

On the other hand, let (p, V) be an irreducible representation of G...
We regard p as a representation of G, by composing it with projection:
p: G4—G.—GL(V). The space I, (U’) of automorphic forms on G of
weight p with respect to U7, is defined by: '

M(UD={S: Gi—V; fluga)=p(w)f(g) for alla e G', u e U/, and g € G/}}.

As well known, we can realize V in a space of some spherical functions.

The strong approximation theorem does not hold for G’ and the ‘class

number’ of U’ is not one in general. A ‘classical’ interpretation of

M, (U%) is given as follows: Take a double coset decomposition G;=
».. Ulg,G’ (disjoint), and put

(1.3) I'i=g;'U.g.NG"
Put
Vii={ve V; p(rv=vforall7 e I'}.

Then, we have
h
(1.4) MU= V™,

where the isomorphism is given by f—(o(g7)f(g€))i=1...n- Let p, be the
representation of Sp(n) which corresponds with the Young diagram

1 ---|p

' }n. We extend it by putting p,(al,)=a™ for ae R*, a>0.

<y
We write MM, (U)=WM,(U). If —1eU) then IM,(U,)=0, unless
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(—D*=1. We put T"(m)=\J, U,gU’ (pfm), where g runs through
elements of
4,,={g=(8,) € G4; &, € M,,(Z,) and n(g,) e mZ}
for all finite v+p, g, € P}.

Take a coset decomposition
T'(m)=i]‘:[1g§Uf4 (disjoint).
For any f e M(UY), f| T’(m) is defined by:
1T ’(n1))(g)=gl1 p.(8)f(gi"g), g€ Gl

The (abstract) Hecke algebra spanned by T'(m) (pym) is isomorphic to the
one spanned by T/(m) (pfm). We sometimes denote T’(m) by T(m). For
a common eigen form f € S, (U) or M,(U’) of all the Hecke operators
T(m) (pym), the L-function of fis defined (up to the p-Euler factors) by:

L(s, F)=the denominator of > A(m)m~*, where T(m)f=A(m)f.
pim
Now, we review a typical case of Eichler’s results on GL(2). Let O be a

maximal order of D and O, be its p-adic completion. Put P'=0; in
(1.2). On the other hand, put

P= {g:(g 3) e GL(2, Z,); ¢c=0 mod p}.

In the usual notation, U=1"y(p) in this case. We write U/,=0% in this
case.

Theorem 1.5 (Eichler [10], [L1]). If we denote by SYW(I (p)) the space
of new forms of S (I'((p)), then for k=2, we have: M,,_(0%)=SUL«(p))
(®C, if k=2), as modules over Hecke algebras (i.e. this isomorphism
preserves L-functions).

The new forms S$(Iy(p)) are actually defined as the orthogonal
complement of S (SL(Z))®Sy(oSLAZ)p™") in S(I"y(p)) with respect to
0 —1
P 0). So, we get
Corollary 1.6 (Eichler, loc. cit.). For k=2, we have dim M, _,(0 )=
dim Sy(I"(p))—2 dim S (SLAZ))+35, where 6=1, if k=2, and §=0,
otherwise.

the Petersson inner product, where p=(
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This Corollary 1.6 will be extended for n=2 in this paper. But,
before we state our Main Theorem, we would like to propose general
formulations and conjectures. If we want to generalize such simple and
beautiful typical results, several natural questions arise:

(1) What are the corresponding weights in the general case?

(2) What kind of U or U/, should be taken instead of I'y(p) and

0,? ‘

(3) What are new forms?

The answer to the question (1) for n=2 was given by Thara. The general
case seems more or less known: If we take Siegel cusp forms of degree n
with weight k=n+1, the corresponding weight of automorphic forms on

’; should be p,_, ., (cf. (4.50)). To questions (2) and (3), a hypothetical
answer has been given in Ibukiyama [21], [23], [24]: First of all, as far as
we take U, or U/ as in (1.1) or (1.2), this question is a local problem how
to choose P or P/. Secondly, it is known that every reductive algebraic
group over a non archimedean local field has the unique minimal parahoric
subgroup up to conjugation (Tits [46]). Roughly speaking, the minimal
parahoric subgroup is a group such that its reduction mod p is the Borel
subgroup. For example, P or P’ chosen in Theorem 1.5 is minimal para-
horic. So, it is natural to choose the minimal parahoric subgroup B of G,
or B’ of G}, as the first candidate for P or P’, respectively. (As for another
kinds of candidates, see [23], [24].) To obtain new forms, we should sub-
tract automorphic forms belonging to U, or U’ with P2 B or P'2B’.
To explain more precisely, we review briefly the Bruhat-Tits theory. The
extended Dynkin diagram of G, is the Coxeter graph of the affine Weyl
group W of G, and the set S of vertices of this graph can be regarded as
a set of generators of W as a Coxeter system. We fix a minimal parahoric
subgroup B of G,. By the Bruhat decomposition, there is a one to one
correspondence between the set of all subsets ¢ of S and the set of all
subgroups of G, containing B. More precisely, for each w ¢ I, there is
a good representative of w in G,, which we denote also by w. For a
subset @ of S, put

P,={the group generated by all double cosets BwB such that w ¢ 6}.

Such groups are called standard parahoric subgroups. Then, we have
P,DB, and P,=P,, if and only if 8=6¢'. Besides, every group P which
contains B is obtained in this way. For example, P,=B and P;=G,.
For 6C S, we put

Ulp)a=G.P, 1;1 GSp(n, Z,), and
a#p

Uo(p)=GSp(n, Q)* N Uy(P).

(1.7)
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The above theory is completely the same also for G, and we denote by
S’ the set of generators of the affine Weyl group of G;. We denote by P’
the standard parahoric subgroup defined by # CS’. We put

(1.8) Uidp)a=GLP;, I;L GSp(n, Z,).
q

We often omit the suffix A4 in this case, because we do not treat ‘global’
discrete subgroups. We put U,(p)=B(p) and U;(p)=B’(p). The second
author gave the following conjectures ([21], [23]):

Conjecture 1.9. For any integer n, v=1, we should have:

(L10) 35 (=1 dim S, (Ui(p)= 33 (— D dim D(U4(p))

08 0'+8’

If v=0, we should add one to the right hand side.

We define the space Si(B(p)) of new forms of Sy(B(p)) as the
orthogonal complement of >, -1 Sy(Us(p)) (summation as C-vector
écs

spaces) in S,(B(p)) with respect to the Petersson inner product. We define
MYB’(p)) completely in the same way. These definitions mean that the
p-adic admissible representation attached to a new form is the special
representation (cf. [4])*.

Conjecture 1.11.  For any integer n=1 and v=1, we have:
(1.12) S n(B(p)=D(B'(p)),
as modules over the Hecke algebra spanned by T(m) (pfm).

For n=1, these conjectures are nothing but Theorem 1.5 and Corol-
lary 1.6 by Eichler. For n=2, Conjecture 1.9 is true (at least) for v=2
and p=#3. This is our Main Theorem. For n=2 and p=2, there have
been given some explicit examples f e S°,,(B(p)) and f/ € MYB’(p)) in
Ibukiyama [21] such that Euler 3-factors of L(s,f) and L(s, f’) coincide
with each other and satisfy the Ramanujan Conjecture at 3 (i.e. these can-
not be obtained as ‘liftings’ of one dimensional automorphic forms). For
general n, the both sides of (1.10) are expressed as a sum of contributions
of conjugacy classes of elements of G or G’. For some conjugacy classes,
we can show the equality of contributions. For example, the main terms

#  For v1, dim $%,.1(B(p)) (resp. dim MYB'(P))) is equal to the left (resp.
right) hand side of (1.10).

Prof. W. Casselman proved this fact, answering to the question by one of the
authors.
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(i.e. the contribution of the unit elements) of both sides of (1.10) coincide
with each other and given by:

20+ D+2)- - -(v+n) w+itj [[7.8(20)
n! 1gigjgn  [4j  (2r)**D
X(p—=1)(p'=1---(p"'=1).
As for this kind of relations for other algebraic groups which are not

symplectic, see Ibukiyama [23]. We have some results also for some kind
of unipotents elements of G or G’. '

§2. Main Theorem

In this section, we explain our Main Theorem |more in detail. For
n=2, the extended Dynkin diagrams of G, and G, are given as follows:

G, O==0=—7=0,
Sy S S
G, o o,
KYS KA

where {s,, 51, 8,} or {s{, s1} is the set of generators of the affine Weyl group
W or W’ of G, or G, respectively. We can take the minimal parahoric
subgroup B of G, as follows:

® * * *
. Px * * *
px px k%

where *’s run through all the p-adic integers. We can fix representatives
of s, (=0, 1, 2) in G, as follows:

0 0 —p 0 01 00 1 00 O
.01 0 of . _f1 000 [0 0 0 —1
=lp 0 0 of “T{o o o 1) %Tlo 0o 1 of

00 0 1 0010 010 0
Put

00 0-—1
o 0o—-1 o0
=lo p o of

p 0 0 O

Then, it is easy to show that
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P, =BUBs;B= {(‘é g) € GSp(2, Z,): C=0mod p},
* * * *
. ES X * *®
P, =BUBsB=GSp2,Z)n|bv * © *),
D*x X X *
x  x plx x
_ ES * k *
_P(so}=BUBSoB=PP(Sa)P '=GSp(2, QP) n 5* px * px|
px  px * *

x % plx %
® % * %
P(so,sz) =GSP(2’ Qp) n ;* p* *  px|

px % * %

P{sl,sﬁ:GSp(za Zp)’ and P{so,sl)=PGSp(2’ Zp)P-l,

where * runs through all the p-adic integers. For the sake of simplicity, we
write Py, =Py, Py, s =P, etc. The relations of the standard parahoric
subgroups of G, are illustrated as follows:

Pge
P, Py.

Py Py Py

which means that every face is the intersection of its boundaries and every
vertex is spanned by simplexes containing it. For example, P,= P, P;,
and Py, is generated by P, and P, etc. To explain the parahoric subgroups
of G, it is convenient to take another model. Put D,=D®,Q, and

*_ Lo(0 1Y 01 x
Gp— geMZ(Dp)’g 1 0 g=n(g) 1 0 an(g)er .
Then, G¥=G,. We fix such an isomorphism once and for all. Let = be

a prime element of 0,=0®;Z, We can take a minimal parahoric
subgroup B’ of G} as follows:

0, 0,\*
B’=< » P) NGz,
=0, O, »

7! , (0 1
sg—;(g g), and s1=<1 0).

We can put
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Then,

0, ='0,

Pi=P,, =( »
T T \z0, o,

) NG¥ and Pi=P,,=GL(0,)N G

We can illustrate these groups as follows:

P;o o P;

Bl

We define Uy,(p) or Uj(p) as in (1.1), and put Uy(p)= Uy, (p), etc. In
the notation of [21], [23], [24], Ui(p)=I'«(p), Up) = I'(p), U(p)=
I'{(p), and Uy(p)=K(p). You can get an expression of U,(p) or B(p),
if you replace p-adic integers or numbers by rational integers or numbers
in the expression of P or B, and take n(g) to be one. We have no standard
global expression of U;(p) or B’(p), partly because the ‘class number’ of
G’ is not one. You can find some explicit examples of I"; defined in (1.3)
in [21], [26]. ‘

Main Theorem I. For n=2, any integer k=5, and any prime p+3,
the conjecture 1.9 is true, i.e., we have the following equality:

2.1)
dim Sy(B(p))—dim S.(Uy(p)) —dim S,(U,(p))—dim S(Uy(p))
+2 dim S,.(Sp(2, Z))+dim S, (Uy(p))
=dim M, _,(B’(p))—dim WM, _(U{(p)) — dim M, _,(U(p))-

As we shall explain in Section 4, dimension formulae are expressed
as summations over the contributions of conjugacy classes of elements
(with n(g)=1) of G or G’ of various types. Any elements of G’ (with
n(g)=1) are semi-simple, because they are embedded into the compact
group Sp(2). We have GRC=G'RQXC=GSp(2, C). Let C be a conjugacy
class of some semi-simple elements of GSp(2, C). Itis well known that
C is determined only by the principal polynomial f(x) of all elements of
C. Let T(f) (resp. H(f)) be the set of all G-(resp. G’-) conjugacy classes
contained in C.

Main Theorem II. The contribution of non-elliptic (i.e. non torsion)
conjugacy classes to the left hand side of (2.1) is zero. For any polynomial
f(x) which is the principal polynomial of some elements of G or G’ of finite
order, the contribution of T(f) to the left hand side of (2.1) is equal to the
contribution of H(f) to the right hand side.

Remark 2.2, This Main Theorem II can be regarded as an evidence
for the philosophy by Langlands [36] on stable conjugacy classes.
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Remark 2.3. The proof of the Main Theorem consists of an explicit
calculation of each dimension. Some of the above mentioned dimensions
have been already known: dim S,(Sp(2, Z)) by Igusa [27] (cf. also [16]),
dim S (U(p)) by Hashimoto [16], dim S, (Uy(p)) by Ibukiyama [24],
and dim I, _(U{(p)) (=0, 1) by Hashimoto and Ibukiyama [19]. So,
we shall calculate dim S.(B(p)), dim S, (U(p)) (=dim S(U(p))), and
dim I, (B’(p)) explicitly in the following sections. We note that (2.1) has
been known for p=2 with k>3, although we must add one to the right
hand side, if k=3 (cf. [24]). For general p, we need the trace formula,
but it does not work well at present, unless k>5. We assumed p=£3,
because it sometimes makes computation easier. By virtue of the above
mentioned results, we can also assume that p=2 in the following con-
siderations.

§ 3. [Explicit dimension formulae

In this section, we give explicit formulae for the dimensions of
S«(B(p), SLU(p)), and M (B'(p)). The proof will be found in the
following sections. First, we treat B(p) and Uy p). The dimensions are
expressed as sums of contributions of B(p)- or U,p)-conjugacy classes.
But, by definition, we have B(p), U(p)CSp(2, Z). So, it is convenient
to group together those B(p)- or U,(p)-conjugacy classes that are contained
in a Sp(2, Z)-conjugacy class. - Representatives of the Sp(2, Z)-conjugacy
classes of elements of finite order were given by «; (i=0, - .., 22), g,
(i=1,.--,6),7,(=1,2,3),0r§, (i=1,2), up to sign, according to the
notation of [16]. The non-semi-simple Sp(2, Z)-conjugacy classes are
divided into various types as in [16}, and those which have a contribution
to the dimension formulae are of type =+j,(n) (i=1, ---, 10), gi(m, n)
(i=1,---,4), £6m) (i=1,2),7mn (=1,---,4), 7)) (=5,6,7), or
+e(S) (=1, ---,4), according to the notation in [16]. We use above
notations to denote the set of conjugacy classes of that “‘type”. For
example, «, (resp. f,) denotes the set of Sp(2, Z)-conjugacy classes which
contain a; or —a, (resp. fi(n) or — fi(n) for some n ¢ Z, n+0). For U=
B(p), or Uy(p), and a set C of some Sp(2, Z)-conjugacy classes, we denote
by t(U, C, k) the total sum of the contributions to dim S, (U) of U-con-
jugacy classes contained in C. We sometimes omit U and denote it by
t(C, k), if no confusion is likely. The principal polynomial of the above
Sp(2, Z)-conjugacy classes are given as follows:

3.1
f;(x):(x—l)4’ or.fl(—x) for iao, __'__Ei (i=1: tt ey 4)’
j;(x)z(x_l)z(x+1)2 for 57. (121’ 2)9 Sz (l=1’ Tty 4), i—a‘z (lzla 2)’
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fi)=(—1x*+1), or f(—x) for +B,(=5,6), +5, (=17, ---, 10),

Sl =x—1)*(x*+x41), or fi(—x)
for +8,(=1,2), £8,(@=3,---,6),

[O)=x—1D(x*—x+1), or fi(—x) for +B,(i=3,4), i‘éi (i=1,2),
fi(x)=(*+1? for +a, 7,(i=1,2),7,(G=1,---,4),
)=+ x+1), or f(—x) for +a, (i=2,3), +7,(=5,6,7),

[ =+ DE*+x+1),or ff(—x) for e, (=19, 20, 21, 22),
[iX)=C*+x+1D)(x*—x+1) for a; (i=7,8), a; =09, 10, 11, 12),
fu()=x*+x*+x*4+x+1, or fi(—x) for +a,(=15,16,17,18),
ful)=x'+1 for a,(i=4,5), +a,

fu(X)=x*—x*+1 for a, (=13, 14).

Theorem 3.2. For a natural integer k=5 and a prime p=+2, 3,
dim S,(B(p)) is given by the summation of the following quantities:

(o K)=(p-+ 1)'(p -+ 1)(2k — 2)(2K — 3)(2K — 4)/2°3°5,
— —1 __1\k /98
(et k)—<p+1)(1+(7))( 1)4/2,

ety K)+1(tyy K) = — (p+ 1)(1+(:p§>>/2.33><[0, 1, —1; 3],

Zslt( k)=[1,0,0 1-4]1"'if17'=‘1m0d8,
2y N B)=11,0,0, =13 0. - -if ps1 mod 8,
12 4 —3
Z t(aia k):—[l, 0’ 0; _'1, 0,0; 6](1+(___))’
i=7 9 p

et K)o 1t ) =200, 1, —1; 3]{1' -+if p=1mod 12,
3 0- - -otherwise,
8-..if p=1mod 5,
i_ilt(ai, k)=—;—[l, 0,0, —1,0; 5{1- - -if p=5,
0- - -otherwise,

22 _ _
2 e = (1+(77))(1+(5)))
i=19 6 r P
x[1,0,0,—1, —1, —1, —1,0,0, 1, 1, 1; 12],

(8 )+ 1B k)=(p+1)(1+(-‘p—3-))[2k—3, k41, —k+2; 3123,
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(B0 1)+ 18 D= (p+D(1+ (Zpé)) ez

K[—1, —k+1, —k+2, k—1, k—2; 6],
(8o 1)+ (B0 =(p+1)(1 +(:Pl))

XIk—2, —k+1, —k+2, k—1; 4]/243,
(7 +1 (T 1) =5(p+ 1)(1 + (:p—l>>(2k— 3)/2:3,

_ —3\\rp 220
17 )= (p+ 1)(1 +(7))<2k 33,
101 k) 1(00 ) =T(p+ 1)(— 1)*Qk—2)(2k—4)/2°%,
n a N -3 _ 1.
1B )+ 1(Bor k)—(1+(-p—))[q, 1,1,0, —1, —1; 613,

(G D+ 10 )= —(1+ (:p3’))[2 —1,—1; 33,
1B )+ 1B )= ——‘91(1+(:I;1))[1, —1,0; 3],
1B )+ 1By )= —(1+(‘71))[1, 1, —1,1; 4]/4,

tBor K)+ 1(Bry K) = —(1+(“71))[1, —1,—1,1;4]/4,
101 B+ 16, H=(—1*/2, ‘

(G0 B+ 10 1= (3 (—71)) /2,

161 )+ 10 )= — (p+ D(— 1)@k —3)/23,
tew F)=(p+ D)6,
1(ex, K)=0,
tew )= —(p+1)/23,
Hew )= — (p+ @k — )23,
. . 5 " -1 2
(s Wi =10 D416 D=~ (14(=1)) /2,

1Py K)oy K)+ 1P )= —%(1 +(—73))

where (i) is the Legendre symbol and [ty ---,t,_,;r] means that we
p

take the value t; if k=i mod r.
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Theorem 3.3. For a natural integer k=5 and a prime number p+2, 3,
dim S, (Uy(p))=dim S(U,(p)) is given by the summation of the following
quantities:

(@ )= (p+ 1)(p*+ D)2k —2)(2k — 3)(2k — 4)/2°3'5,
(. K)= (p+1)(1+( ))( 142,

t(az,k)+t(a3,k)——<p+1)(1+( o, 1, —153y23,

6 -if p=1 mod 8,
> (ai,k)——n 0,0, —1; 41{
i=4

-otherwise,
% e =2(14(= *))it, 0.0, —1,0,05 63,

-.if p=1 mod 12,

s k t . k = —— 0, 1 1 3
t(ass, k) +1(atss, K) 3[ ]{ - -otherwise,

--if p=1 mod!5,
18
S t(a k)=%[1, 0,0, —1,0; 5] 1...if p=5,
7=1
’ 0. . .otherwise,

Lt b=(2+(39)+(5)

X[1,0,0, —1, —1, —1, —1,0,0, 1, 1, 1; 12123,
1B )+ (B k)=<p+2+(_73>>[2k—3, —k1, —k+2;3)2°%,
(3 0-+160 0= (p+2+(=2))

KI=1, —k+1, —k—+2, 1, k—1, k—2; 6]/2°%,
(B )+ (80 )= (p-|-2+( ))[k 2 —k+1, —k+2, k—1;4]/23,

172 K)+1(T0y K) = 5(p+1)(1+( ))(2k 3)/23,

17, B=(p+1)(1 +( %))ek-3y2-3,
(3, k) + (0, )=T(p+1)(—1)*(2k —2)(2k —4)/2°3",
1B )+ 1(Bos k)=(3+<—7?3)>[0, 1,1,0, —1, —1; 6]/233,
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1, )+ 1B B)=— (3+(“73-))[2, —1, —1; 323,

—4[1, —1,0;3]//3* ---if p=1 mod 3

(B B+ 15 )= {—[2, —1, —1;3]/3% - .if p=2 mod 3,

1B )+ 1(B )= _(3+<_—p_1))[1, —1, —1,1; 42,

a a _ ;1 _ . .
1oy )41 By B) = (3+(p))[1, 1, —1,1, 49/,
1(6, K)+ 13,y K)=(—1)"/28,

1B ) +1G, k) = (3 _ (_—p_l)) / 2,

151 )+ 1(5 )= —(p+3)(— 1)*(2k—3)/2'3,
1(e1, K)=(p+1)/2°3,

t(e;, k)=0,

(e k)= —(p+3)/2'3,

1(ep, k)= —(p+1)"(2k—3)/2°3,

t(Fry k) 1(Foy K) =1 (P K)+ 1(F s K) = — (1 i (:pl)) / 2

1oy K)+1(Foy K)+1(Fry H) = — (1 + (:pé)) / 3,

where the notations are same as in Theorem 3.2.

Numerical examples of dim S,(B(p)) and dim S (U(p)) for small k
and p.

In the following tables, we write dim S,(B(p)) in the second row, and
dim S, (U, p)) in the third row.

(i) p=5
k 5 6 7 8 9 10 11 12 13 14 15 16

B(p) 2 15 10 43 27 90 64 166 116 267 203 412

Ux(p) 1 2 2 6 6 15 13 27 20 42 37 68

B(p) 11 45 43 125 123 277 263 505 471 825 791 1281

Us(p) 2 5 7 15 17 34 37 63 61 100 104 160
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Gii) p=11

k 5 6 7 8 9 10 11 12 13 14 15 16

B(p) 66 202 283 603 756 1340 1581 2501 2854 4190 4679 6503
Uy(p) 5 12 21 42 60 103 130 198 229 331 338 528

@iv) p=13

k 5 6 7 8 9 10 11 12 13 14 15 16

B(p) 141 387 578 1140 1507 2521 3120 4710 5557 7855 9094 12236

Uxp) 12 27 45 8 113 180 232 337 403 556 662 875

Theorem 3.4. For a natural integer k=5 and p+2, 3, we have

dim 5,(B(p)) —dim S,(U(p)—dim S,(U(p)) —dim S(U(p))
+dim Sy(Un(p)+2 dim S,(Sp(2, Z)=3. T,

where T, is the contribution of semi-simple conjugacy classes whose principal
polynomial is f(x) or f{—x) in (3.1). Non-elliptic conjugacy classes (i.e. of
infinite order) has no contribution. T, (i=1, ---,21) are given explicitly
as follows:
T,=(p—1)(p*— D2k —2)(2k — 3)(2k — 4)/2°3%5,
T,=7(p—D(—D*(k—1)(k—2)/2'%,

T3=—(p-1)<1—(:pl))[k—2, k1, —k42, k—1; 41253,
T4=——(p—1)(1-—(~—1~)§)>[2k—3, k1, —k42; 3273,
T5=—(p—1)(1—(:p§))[—1, k1, —k2, 1 k— 1, k—2; 6]/2'%,
7= = 0(1=(S1))ikt 1 k4252023,

T7=(p_1)(1—(r3)>[—2k+3, k42, —2k4; 32,
P

=(-G0-6)

X[ls 0’ 0’ _‘19 _13 —ls '_1, 0, 0: la 15 12]/223:
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1;=(1_(;3))2[1, 0,0, —1,0,0; 6]/3%,
P

1...if p=5
1 2...if p=2,3mod 5,
T,o=——[1,0, 09 _1’ 0; 5] .
5 4...iff p=4 mod 5,
0.-.if p=1mod 5,
1 1...if p=7 mod 8,
TII:—[1509 03 —1;4] .
2 0. . -otherwise,

1...if p=11 mod 12,
0. - -otherwise,

Tm=%[1, 0,0, —1,2, —2; 61{

where the notations are same as in Theorem 3.2.

Proof. One can get this Theorem 3.4, by straightforward calcula-
tion, using Theorems 3.2, 3.3 in this paper, Theorems 6.2, 7.1 in [16], and
Theorem 4 in [24]. q.e.d.

Next, we treat B’(p). In this case, every element of G’ is semi-simple,
and if it is of finite order, then its principal polynomial is one of f(x) or
fi{(—x) in (3.1). For any open compact subgroup U of G/, we denote by
H,(U) the contribution to dim MyU) of elements of G’ whose principal
polynomial is fy(x) or fi(—x). For g e Sp(2), it is well known that tr p,(g)
depends only on the principal polynomial of g and that trp(g)=
tr p,(—g). We fix an element g, € Sp(2) whose principal polynomial is
fi(x). Now, we state our results.

Theorem 3.5. For any U as above and any integer v=0, we have
12
dim M(U)=2, H(U) tr p,(g)).
i=1 .

For any prime p#2, 3, and U =U{(p), Uy(p), or B'(p), H(U) is given as
JSollows:

H(B'(p))=(p*—1)/2°3%5,

H(Ui(p)=(p—D(p*+1)/2°35,

H(UYp)=(p"—1)/2°3%5,

Hy(B'(p))=H,(Ui(p)) =0,

H(U(p)=T(p—1)"/2°3,

Hy(B'(p))=H,(Uy(p))=0,
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H(Ui(P)=(p—1)(1 ( h) /s,

H(B'(p))=H(Uip)=0,

H4(U;(p»=<p—1)(1—(:p—3)) /23,

Hy(B'(p))=HU{(p))=0,

H(Ui(p)=(p—D(1- ( %) /23,
H(B(p)=(p+D)(1 ( D) /z+50- 1)(1+( H)/2.

H(Ui(p)=S5(p—1/23+(1 (7)) /2,
HG(Us(p))=(p+1)(1—(:pl-)) / 26+5(p—1)(1+(—}1)) /73,
H7(B'<p>)=(p+1)(1—(:p§)) / 2232+(p—1)(1+(‘73—)) /23,

H7(U;<p))=<p—1>/2-32+( -(:'_3)) /2232

H(U ) =(p+(1- ( ) /25 +(0— 1)(1+( %)) /25,

Hy(B'(p))=H{Uy(p))=0,

e ~(1-(5))(-(5) /2

Hy(B'(p))=HU(p))=0,

HUiP)=(1- (:p—f*)) /3

1/5...if p=5,

0 -..otherwise,
1/5.-.if p=5,
4/5...if p=4 mod 5,

{ - - -otherwise,

H(B'(p)) = {

H,(Ui(p)=

1/5.-.if p=35,
2/5- -«if p=2,3 mod 5,

. . . otherwise,

H(Ui(p))=
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Hu(B/(P))=(1 ( ))/22
..if p=1 mod 8,
Hu(U{(p))= - .if p=3,5 mod 8,
--if p=7 mod 8,
,Hn(vs(p»=(1 ( ) /2,
1/3...if p=5mod 12,
H,(B’
B (P) = {O -otherwise,
--if p=5mod 6,
H(Ui(p)= { ,
- - otherwise,

--if p=5mod 12,
- -otherwise.

H(Uy(p))= {O .

Remark. The above results for Uj(p) and U}(p) have been already
given in [19], including the case where p= 2, 3. We reproduced them
here for the convenience of the readers. The Weyl character formula
gives explicit values of tr p,(g,), which has been calculated in [19] (I) Theo-
rem 3 (p. 596).

Theorem 3.6. For any integer v=0, put k=y-+3. For any prime
P#2, 3, and for the above k, define T, (i=1, ---,12) as in Theorem 3.4
(, although k might be 3 or 4). Then, we get

(H(B'(p))— H(Ui(p))— H(U(p)) tr p.(8) =T
foralli=1, ---,12.
Proof. This is obtained by straightforward calculation. q.e.d.
We see very easily that M (U(p)N m JUy(p))=0, unless v=0, and
dim (R(U(p) N JM(UY(p))) =1, if v=0, so the dimensions of new forms
belonging to B’(p) is given by: ,
dim M}(B'(p))=dim M,(B'(p)) —dim M(U{(p)) — dim M(U{(p))+3,

where 6=0, if v£0, and =1, if y=0.
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Numerical examples of dimensions of M (B'(p)), EIR (Ui(p)) (l =0, 1),
and new forms MYB’(p)). ‘

(1) p=>5
v 0 1 2 3 4 5 6 7 8 9 10 11 12 13
B(p) 2 1 5 8 15 22 34 47 67 - 8 115 146 184 225
U) 2 0 3 0 6 0 14 3 23 6 33 10 53 21
viy) 1 0 1 1 2 2 3 3 5 5 7 8 10 11
foms 0 1 1 7 7 2 17 4 39 76 75 128 121 193
(ii) p=7
v 01 2 3 4 5 6 7 8 9 10 1 12 13
B'(p) 2 6 14 28 50 80 122 176 244 328 430 550 692 856
Up) 2 0 5 0 16 3 29 8 55 21 8 37 133 67
Ugp) 1 1 1 2 3 4 5 6 8 10 13 15 18 22
fowas O 5 8 26 31 73 88 162 181 297 332 498 541 767
(iii) p=11
v 01 2 3 4 5 6 7 .8 9 10 11 12 ‘13
B'(p) 7 27 74 156 285 467 718 1044 1457 1965 2582 3314 4175 SI71
Up) 5 1 16 3 45 16 99 48 186 106 296 182 474 318
Ugp) 1 1 2 3 5 6 9 12 16 20 26 32 40 48
fowis 2 25 56 150 235 445 610 984 1255 1839 2260 3100 3661 4805
(iv) p=13
v 01 2 3 4 5 6 7 8 9 10 11 12 13
B'(p) 13 53 144 304 555 911 1400 2036 2841 3833 5036 6464 8143 10087
Ulp) 4 023 7 70 32 154 88 288 184 483 333 750 546
Up) 2 2 3 5 8 10 14 18 24 30 39 47 58 70
Oew 8 51 118 292 477 869 1232 1930 2529 3619 4514 6084 7335 9471

forms
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§4. Arithmetic general formulae for dimensions™’

4-0. This section is mostly an exposition of [15], [16], and [19].
Our purpose is to describe the general ‘“‘arithmetic” formulae for the
dimensions of our space S,(I"), M, (U,) or automorphic forms for arithmetic
subgroups of Sp(n, R), and Sp(n). Here n is an arbitrary positive integer.
These formulae, Theorem A in Section 4-2 and Theorem B in Section 4-4,
enable us to compute explicitly the dimensions of S,(I"), M (U, for the
special groups considered in Sections 1, 2, and 3, as we shall carry out in
Sections 5, 6, which lead us to our main results in this paper.

In the split case (i.e. for Sp(n, R)), our formula is based on Selberg’s
trace formula; and the derivation of our formula from Selberg’s formula
consists of two main parts i.e.,

(i) -evaluation of certain integrals (analytic part), and

(ii) classification of conjugacy classes in I” and their centralizers
(arithmetic part)

(i) (bis) when the conjugacy classes in question are semi-simple,

we need only G,-conjugacy classes instead of I'-conjugacy classes, and
certain G-MaB (see Theorem (4.31)).
On the other hand, in the compact case (i.e. for Sp(r)), our formula can
be obtained in quite elementary way as a special case of the trace formula
for the Brandt matrices B,(n) (c.f. [15]), which generalizes the method of
Eichler [9, 10] and Shimizu [43]. Here the analytic part (i) is quite simple;
it is nothing but the character computation of the finite dimensional
representation p, which is now a classical result of H. Weyl [50]. There-
fore, the essential part of the derivation of our formula consists of only
(ii) (bis), although explicit computations are not so easy.

Moreover, as we shall see, the arithmetic part (ii) (bis) can be handled
in a unified manner in both Sp(n, R) and Sp(n) cases. So we first describe
this part in the following paragraph, where a certain arithmetic invariant
H(g, U,) will be defined for a semisimple conjugacy class of G}, a Q-form
of either Sp(n, R) or Sp(n), and a closed formula for it will be given. It
would be convenient, however, to describe here the motivation to introd-
ucing such a invariant by sketching the special meaning of it in the com-
pact case.

In the compact case, our space IM,(U,) of automorphic forms is
isomorphic to BZ,; V7 (c.f. § 1), so we have

* In this section, G will denote either one of the groups G or G’ of Section 1,
Section 2, unless otherwise stated.
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H
dim M(U,)=2" dim V7T
i=1

H

@.1) =

(8)

—>tr (p(g) 33 VT
7 I,
where the first sum is extended over the set of principal polynomials
f=f(x) of torsion elements of G, (or Gr=Sp(n)), and [f] denotes the
set of elements g which belong to f(x). Note that, tr (po,(g)) depends only
on f to which g belongs, and that the inner sum does not involve p,.
Thus the computation of dim It,(U,) reduces to that of:

42 H(f, V=3, #LO]

i=1 i r,
In general, the set [f] in G, consists of infinitely many G,-conjugacy
classes, while obviously only a finite number of them make nontrivial
contributions to dim I¢,(U,). This leads to the following

Definition 4.3. A conjugacy class {g}GQ in Gp is called “locally
integral” (with respect to U,) if I';N{g}e, 7 ¢ for some i (1<i<H).
For each G,-conjugacy class {g}s o Ve define an invariant similar as (4.2):

2 8N
4.4 H(g, U):=3, L :1{8)eg]

i=1 $I';
Clearly, {g}GQ is locally integral if and only if H(g, U,)=0. Note also
that this implies g is of finite order,

4-1. A formula for H(g, U,). Let D be a quaternion algebra over
Q (definite or indefinite), and let the group G, be defined by

Gy:= the group of similitudes of the hermitian space (D", F),
(45) F(xzy):xl)_}l‘{"""'*'xn.)—}m
={g € GL,(D); g'g=n(g)-1,, n(g) € @7},

where for g=(g,,), we write ‘g=(g,,), a—a being the canonical involution
of D, We may regard it as Q-rational points of an algebraic group G
defined over Q. G is reductive. We denote its semi-simple part by
G':= {ge G;n(g)=1}. In G, we consider an open subgroup U, which,
as we assume throughout this paper, is of the form

UA-:B_;( n GA

(4.6)
=GRXI;[ Up (UZ,:B;,( nGp)
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for some Z-order R of the Q-algebra M, (D). Then G, is decomposed
into a disjoint union of finite number of U,— G, double cosets:

H
@.7 Ga=[] U.2.Go.

By an “arithmetic subgroup I'” of G,, or Gj, we mean a system of sub-
groups (I" )% ,, where

4.8) I''=GoNg;'U,g: (=GuNgitU,gy).

It is this system of groups (I',)Z, with respect to which our spaces of
automorphic forms are defined. If D is definite, then I', are all finite
groups, since they are contained in the discrete subgroup Gj and the
compact group G1Ng;7'U,g,. On the other hand, if D is indefinite, we
have a natural isomorphism

Go=>Spn B, g=(e)—{¢ B)
4.9
g”.—_(a“ Z”), A=(a;), B=(b,) -etc.
Cij 7
where we identify Dp=D®, R and M,(R); and I',’s are arithmetic discrete
subgroups of Sp(n, R), which act on the Siegel upper half plane $,
properly discontinuously in the usual manner. In this case, if R is suffi-
ciently large, we have H=1 by the strong approximation theorem (c.f.
Kneser [32]), which is the case for all arithmetic subgroups of GSp(2, Q)
=G, treated in this paper. However, to treat uniformly two cases
(D =definite, or indefinite), we do not assume that H=1.
We take and fix, once for all, an open subgroup U, and a semi-
simple conjugacy class {g}s, contained in G;. Put

Z(g):= commutor algebra of g in M (D)
={z e M (D); zg=gz},
Z(g8)=Z(g)*NG, (==the centralizer of g in Gy).

Then Z(g) is a semi-simple algebra over Q, and Zy(g) is an algebraic
group, reductive, over Q. In the set {4} of Z-orders of Z(g), we define
two equivalence relations
A~ A= d,=ada! for some a e Zy(g)
A=A, = Ay=ada = (M (a,4,,8;,' N Z(g))

P

for some a=(a,) € Z,(g).,

(4.10)
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An equivalence class in the second relation is usually called a G-genus, -
which we denote by Lg(A) if it contains A; it consists of finitely many
classes with respect to the first equivalence relation. We have a disjoint
decomposition of I'; N {g}s,, for each i:

(411) Fiﬂ{g}ag ]_[ C(g9A l)mri

where we put
C(g, 4,1) :={x""gx; x € Go, Z(g) N xR, x"' ~ 1},

(4.12) |
Ri=g@ Rgl . Q (g'L;)l——pgpoMn(D))

and the union is extended over the (actually a finite) set of Z-orders 4 of
Z(g), modulo the equivalence ~. Note that the set C(g, 4, i) is stable
under the conjugation by I';, and it consists of a finite number of I',-
conjugacy classes. Now we define our arithmetic invariants

H(g, 4, U)i=3; HC(, 4 DOT 5],

(4.13)
H(g, Uy):= 2, vol(4* N Go\Gk N Zo(8)r) - H(g, 4, U.

Remark 4.14. Note that these are invariants of the G,-conjugacy
class {g}s,. Since H(g, 4, U,)#0 for only a finite number of classes of
4, the last sum is actually a finite sum. Here the volume of the quotient
A* N GH\Gr N Z4(g)g is measured by a suitably normalized (fixed) Haar
measure of Gy N Z(g)z. Inthe case Gy =Sp(n) (i.e. D=definite), we may
take the measure so normalized that vol (G5 N Zs(g)z)=1. Then we see
that our invariant H(g, U,) coincides with the one given by (4.4), since
we have the following

Lemma 4.15. (D =definite or indefinite)
Ifae C(g, 4,i)NT,, then we have
C(a; I',) :=centralizer of ain I,
=A*NGy (=independent of a, i !).

For the proof, see [15], Lemma 4. Thus we see that our invariant
H(g, U,) is the weighted average of the number of elements in ["; which
are conjugate in G, to g; and H(g, 4, U,) is a refinement of it. We want
to (indeed we should) give them some expressions which do not involve
H, the class number of U,. For this purpose, we put

Mg, Iy, )y={xeGy; x"'gxel, Z(g)NxRx"'~ 4},
(4.16) My (g, Uy, H={xe G, x'gxe U, Z(g)NxRx~'~ 4},
Mg U, D={xeG,; x'gxU,, Z(g), N xR, x'~4,}.
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Then we obviously have the following

Lemma 4.17. The map x~'gx—>x induces the following bijection for
each i 1<i<H):

C(g, 4, YNNIy 5;—>Z(e)\M(8, Iy, DT,
(c.f. [15], Lemma 3).

The next lemma plays a key role in our problem, since it enables us
to get rid of H from H(g, U,):

Lemma 4.18. For each double coset Gyog;'U, in (4.7), we have a
bijection induced from the map a g;'u—a (a € Gy, u € U)):

Zy(g)\M (g, Uy, HNGogi'UJUs—>Zo(g)\M(g, ', HII;
(loc. cit., Lemma 5).

Corollary 4.19., We have

H(g, 4, U)=3 HZo(e)\M (8, I's AT

=4[Zo(e)\M (g, Uy, D/ULL
To proceed further, we note that M,(g, U,, A) is not stable under
the action of Z,(g), from the left, and therefore put
(420) dek(ga UAa A) = U MA(g, UA, A/)
A'e Lg(4)

Now consider the natural projection:
$: Zo(@\M(g, Uy )| Ui~>Z(8).\M%(g, Us, U,
l
1;[ [ZG(g)p\Mp(g, Up’ Ap)/Up]'
Lemma 4.21. The map ¢ above is h(A; G)-to-one, where hy(A; G) is

the two-sided G-class number of A defined by the following formula
hy(4; G) :=H[Z(g)\Ze(g) - I(D/(45 N G )]
IN)=1z € Zo(g).; 24z = A}.

(loc. cit. (18)).

Definition. Let Z,(g), be decomposed into a disjoint union

(4.22)

4.2 Zu(e)a=[] Zo(e) (41 NG,
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and put
4y 1=y, dy;t= Q (Y14, ¥5, N Z(8)).

(i) The number Z=h(4; G) of cosets in (4.23) is called the G-class
number of A, or Ly(A) (note that it depends only on the G-genus L,(A4)).
(ii) The invariant of L,(4) defined by

429 Mo(4) =3 vol (43 N Gg\Gr N Za(8))

is called the “G-MaB (or G-measure)” of A, or Ly(A).
Note that these invariants do not depend on the choice of (y,) in the
decomposition (4.23). It is not difficult to prove the following

Lemma 4.25. We have
MA:G)= 35 h(4®;G)

At GLG(A)/"'

My(D)= 2.  h(AP;G) vol (A NGo\Gr N Za(2)r)

A® T g(a)/~
(loc. cit., Lemma 7).

Combining these results, we finally get the following expression of our
invariant H(g, U,)

Theorem 4.26. We have
(4.26) H(g, Un= 2, Mo T cy(g; Uy, 4,)s
where
(8 Up A)=4#1Zs(2),\M (g, Uy, 4,)/U,).
Proof. By (4.19), (4.21), we have
Hi(g, U= 2 h(4; G) vol (A" N G\Gr N Zs(8)r)

X $[Z:(8)\M (g, Uy, /U]
=2 25 h(4;G)vol (A*NGp\GrNZs(&)r)

Lg(4) A€ Lg(d)/~

X 1;[ ﬁ[ZG(g)p\Mp(gﬁ Up’ Ap)/Up]

Here we used the fact that M%(g, U,, A) depends only on the G-genus
Ls(A). The assertion now follows from Lemma 4.25. g.e.d.

We note that the sum in (4.26), which is seemingly extended over
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all G-genera of Z-orders in Z(g), is actually a finite sum (c.f. Remark
(4.14)). Moreover, the products are always finite; thus we have
(i) If 4 is fixed, ¢, (g, U,, 4,)=0, or 1 for all but finitely many p.
(i) For a given p, ¢, (g, U,, 4,)50 only for finitely many classes
A,/ ~ ; moreover such a 4,/ ~ is unique for all but finitely many p.

Remark 4.27. The G-MaB M (A4) can be evaluated in a well-known
manner by using theory of Tamagawa numbers (c.f. Weil [49], see also
[19], (), § 3).

It would be worth noting that, in the same way as Theorem 4.26,
we can combine (4.11), (4.13), (4.19) and (4.21) to obtain a closed
formula for the sum of the number of I';-conjugacy classes in I';N {g}¢,
(1<i<H):

Theorem 4.28. Notations being as above, we have, for a semi-simple
element g & Gj:

ZH:I N {&logl 1= 25 (A5 G) T ¢)(g, Uy 4y).

If, in particular, G% is not compact, then we have H=1 and this
gives a formula for the number of semi-simple conjugacy calsses in the
arithmetic subgroup I” of Sp(n, R). In general, it is known that the set
of semi-simple conjugacy classes in the classical groups over fields are
parametrized by the isomorphism classes of various kinds of hermitian
forms. Moreover, the centralizers of them are the unitary groups of the
corresponding hermitian forms. Thus, the above theorem may be viewed
as an integral version of this fact, since the essential part A(4; G) in the
formula is nothing but the class number of the unitary group Z,(g), with
respect to the genus L,(A4) (c.f. [19], § 2, and see also Remark 5.45).

4-2. General Dimension Formula (Compact Case). Assume that D
is definite. Then our space I,(U,) of automorphic forms of weight p
for an open subgroup U, of G, is defined as in Section 1. Combining
the results in the preceeding paragraph and (4.1), we immediately have
the following general formula for dim IR, (U,) (a special case o=1, e=1
of [15]):

Theorem A. For a finite dimensional representation p of Sp(n), we
have

(4.30) dim WP(UA)=Zf ge%]l/Ntf (o(8)) LZ()MG(A) [ cx(e U,y 4,),
& {4 P

where the first sum is extended over the set of polynomials f(x) of degree 2n
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which are products of some cyclotomic polynomials, and the second is over
the set of locally integral Gy-conjugacy classes belonging to f(x), and the
third is over the G-genera of Z-orders Ly(A) of Z(g) for each represent-

ative g of[f]/(;é.

4-3. Parametrization of semi-simple Conjugacy Classes. In the
actual calculation of dimensions using (4.30), or (4.40) in the next para-
graph, a fundamental role is played by the following

Theorem 4.31. (Hasse Principle for conjugacy classes in Gy, Gj).
Two elements g, g, of G, (resp. Gp) are G- (resp. Gy- ) conjugate if and
only if they are conjugate in G, (resp. G}) for all p.

(c.f. Asai [2], and [19], § 2).

For each monic polynomial f(x) ¢ Q[x] of degree 2r such that
x*f(x~") = f(x), we denote by G[f] the set of semi-simple elements of G*
whose principal polynomial is f(x). Then the above theorem means that
the following natural map induced by the inclusion map is injective:

(4.32) GlfY g3=—>Gd SV -

This reduces our problem to classify the Gy-conjugacy classes to those for
G -conjugacy classes, if we can determine the image of this map. The
latters are much easier than the former, because theére are only finitely
many (<4, if n=2) G-conjugacy classes in each G,[f], and we can choose
a representative of classes in G,[f] to have a very simple form which
enable us to compute ¢,(g, U, 4,).

If the map (4.32) is surjective (hence bijective), we need nothing more
than just putting local data together. However, this is not always the
case; so we shall describe here the image of this map, under the following
conditions: n=2, f(x)=f(x) (1<i<12) are as in Section 3 (for details
as well as the general case, see [19], Section 2).

Proposition 4.33.

() IFF(x) is either one of fi(=£x), (%), (£ ), f(£ ), (L),
f(+x), or fi(£x), then (4.32) is surjective.

(i) Iff(x)=fu(x) or f(xx), then the centralizer of each element g e
Golf1is expressed as

(4.34) Z(g)=Q(8) - Z(8)",
where Z(g) is a quaternion algebra over Q such that

Z(2) Qo F=D @oF (F=0[xVF(®)=0(2)),
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and the product formula 1] ,inv,(Z(g))=1 for the invariants of (Z,(g),)
determines the image of (4.32) which has index 2 in G ,[f]] .

(i) I f(x)=f(x), fu(x) or f(x), then for each element g e G[f], g*
belongs to either f(x) or f(+x), and the image of (4.32) is determined by
Z(g? as in (ii) above, which has also index 2 in G [ f]/ &

4-4. General Dimension Formula (Split Case). Let I” be an arithmetic
subgroup of Gy=Sp(n, Q), or a Q-form of Sp(n, R). The dimension of
S.(I") is first expressed by Godement [13] as an integral of an infinite series

. _ax(k)
(4.35) dim S()= i2 () o 3, H(2)dz,

where k>2n, and

L2 Tk—=D2+]P)

W= 1
an( ) 2n(2n.)n(n+1)/2 =0 F(k”n+]/2)

H(Z)= det( Z;TZ ) ¥ det (CZ+ D)~* det (Y)* (r:(’é IB))),
and dZ=(det Y) ""'dxdy (Z=X+iY) is an invariant measure on 9,;
Z(I') :=center of I'.

Our purpose here is to sketch briefly how one reforms it to a more
manageable formula, suitable for an explicit computation. This has been
done in the case n=2 by Christian [6], Morita [39], and Arakawa [I]
(Q-rank one case), for the special case of principal congruence subgroups
I'=I'(N), N>3, and by the first named author for arbitrary I" ([16], (I)).

The main idea of the reformulation is well-known and a routine; we
should exchange the integral and infinite sum in (4.35) and then combine
the integrals in each conjugacy classes of ", to get a closed expression as
a sum extended over the set of conjugacy classes of /I". But this is allowed
only if 1"\, is compact, which never occurs in our case with #>>2, since
the Q-rank of G}, is n or [n/2], according as D= M,(Q) or not, while I"\$,
is compact if and only if Q-rank of G, is 0. However, we can overcome
this difficulty by introducing certain dumping factors and replacing H,(Z)
by H(Z;s)=H/(Z) X (a dumping factor in s). In order to justify this
argument we have to choose dumping factors and make estimations of
sums of H(Z:s) to apply Lebesgue’s theorem for various subsets of I,
Substantial part of these estimations has been established by Christian [5].
We omit the details and refer to [16], Section 2, where the case n=2 was
discussed using results of [5]. The second difficulty is the fact that C(7; I),
the centralizer of 7 in I', is not always a lattice of C(¥; G%) (see Example
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4.37). This means that vol (C(7; [)\C(7; G%)) is not always finite. To
overcome this point, we first observe:

Proposition 4.36. For any 1 e I', there exists a connected closed sub-
group C(1; Gy) of C(1'; G%y) which is characterized, modulo a compact semi-
direct factor, by the following properties

(i) Cr; I=:Cyr; GRNT is a lattice of C(7; G%)

(i) [C(r;D): Cr; IN]< 0.

Example 4.37. Let I'—Sp(2, Z) and r=((1) s ) eI with S=°S ¢

M(Z). Then C(r; Gx)=O(S)X R, and C(r; I') is a lattice of C(7: GY%)
if and only if 0,(S)={4e GL(Z); AS‘A=S} is a lattice of O(S); it is
easy to see that this is equivalent to that either S is definite, or —det (S)
¢ (Q%). Thus we have, removing the compact factor O(S) if S is definite.

C(r; G%) if S is indefinite, —det (S) ¢ (@%)?,

. 1y __
Curs Gr) {{((1) )1(), X:‘X} if S is definite, or —det (S) e (Q%)

Definition 4.38. Two elements 7,, 7, of I" are said to belong to the
same “family”, if (i) Cy(7,; Gr)=C/(7,; G%) and (ii) 7,,=7,,, where 7,=
74T (=1, 2) is the Jordan decomposition.

Now we divide the set I" into disjoint union of three subsets I'¢®,
'™ and I'®:

(i) I'® consists of elliptic elements and +1. (An element 7==+1
of G} is called elliptic, if it has a fixed point in §,; or equivalently (under
the condition 7 € I'), it is of finite order.)

(ii) '™ consists of those elements 7 € I" which are of “hyperbolic”
type i.e., 7 has a real eigenvalue = +-1.

(iii) I'‘® consists of “p-unipotent (or parabolic)” elements of I i.e.,
those elements 7 € I'— 1" whose semi-simple factors 7, belong to I®;
equivalently, 7 is p-unipotent if and only if some power of 7 is unipotent,
from which the name comes.

We denote the contributions to (4.35) of each of these subsets by
T (), T(I'™), and T,(I"®) respectively.

Proposition 4.39. For any semi-simple element 7 of I', C(r;I") is
always a lattice of C(1'; G}). Moreover, for the subset I'®, the termwise
integrability is valid without dumping factors.

Note that, in the case 7 e '*®, the integral I(7)=I(7, s)|,-, defined
by (4.40) depends only on the conjugacy class {g}GR; and this has been
evaluated by Langlands [33] in a more general context (see § 4-5 and
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Rémark (4.55)). After these remarks, we can immediately apply results
of Section 4-1 to obtain the following

Theorem B (Elliptic Contributions). With the notations of Section
4-1, we have for k>2n

(4'40) Tk(]"(e))_:; gé%/’vtk(g) LZ(:) MG(A) I—[ cp(g9 Ups Ap)9
& () F4

where we put
1(g)=ak)-1(g)
—a,(k) I H(Z)dZ.

(g G\

Note that above formula for T(I"*®) is completely analogous to the
dimension formula (4.30) in Theorem A. In both cases, the factors
tr (o(g)) and #,(g), being invariants of Gp-conjugacy classes {g}q , may
be regarded as an “‘archimedean local factor ¢.(g, U., 4..)”, with U,=
Gg, A.=C(g, Gp)=Z(g)g. As for the explicit formulae for them, see
Section 4-5.

Let us next consider '™ and I"®:

Theorem B, For '™, we have T, (I""")=0, since for any v € I''™,
(4.41) I(7; 5) :=J' H(Z; 5)dZ =O0.
Colr; TN\

This is known in general as the “Selberg’s Principle” (c.f. Warner [48]).
Theorem B (Parabolic Contributions). For I'®, we have

Py 1 ——
(4.42) T (I ))_WY 32 u(F) lim &(s; F),

where the sum is extended over a complete set of I'-conjugacy classes of
families FZI'®, and v(F)=vol (C(7; I'\C(7; G%)) for 7 e F. The zeta-
function {(s; F) attached to the family F is given by

L a,(k)- 17, 5)
(4.43) B = 2 e Ty O T

with I7, s) as in (4.41).

Remark 4.44. From the finiteness of the number of cusps of [, it
follows that the set of non-conjugate families in I"® is finite, so that the
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sum in (4.42) is a finite sum. Roughly speaking, {(s; F) is a zetafunction cor-
responding to F which is (a part of) a lattice, not necessarily homogeneous,
in a vector space contained in the unipotent radical of a parabolic sub-
group. The typical cases (i.e., purely unipotent elements) have been
treated by Shintani [45]. In general, however, it is not easy to evaluate
lim, ,, {(s; F).

4-5, Formulae for tr p(g), t,(g) and their Relations. Here we shall
describe the explicit formulae for “co-factors™ tr p,(g) and #,(g) of our
dimension formulae (4.30), (4.40), for a semi-simple (elliptic) element g. In
our group Gy=Sp(n) or Sp(n, R), we take the standard compact Cartan
subgroup

’eiﬂl
182
H=<g(6)= “ € Sp(n); Oy, -+, 0, € R
'ew,.J
4.45)
cos 8, \( sin 6, ]
cos a, sin 0,
H={g(0)= —| e Sp(n, R); 6,e R }.
—sin 6, cos b,
L —sin g, cos b, ]

Here in Sp(n), we identify C with the subalgebra of H=R- Ri+ Rj+ Rij
by +/— 1 —i. Note that any (resp. elliptic) element of Sp(n) (resp. Sp(n, R))
is conjugate to an element of H. We first assume that g=g(6) is regular
i.e., C(g; GR)=H; equivalently, ,+6, ¢ 2z Z for any i, j. Then we have

Theorem (Wely [50]). The irreducible character of Sp(n) which cor-
responds to the Young diagram

takes the following value at the regular element g=g(6):

det [sin (k+n-+1—j)d,]

(4.46) trodg@)= det [sin (n+1— /)8,
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Its degree is given by

_ 1 @k+2n42—i—j)
(4.47) d =11 Cnia i

We note the relation:
dn(k) =Cp an(k+ n+ 1)5
(4.48) 1
11 @n+2—i—j).

Cn -
2r(rEDan(ne /2
Theorem (Langlands [33], see also Harish-Chandra [14]). Assume

that k>2n, and g=g(0) € Sp(n, R) has an isolated fixed point on H,, which

is the case for a regular element. Then the integral t,(g)=a,(k)-1(g) in

(4.40) is given by

. n?=le—ike, o
(4.49) WO = ey (=YD

Here, in the integral (4.40), we are taking the measure of C(g; G%)
such that its volume is equal to 1. (Note that the condition on the
isolated fixed point implies that C(g; G%) is compact.)

Assuming that g is regular, we note that there are 2" conjugacy
classes in Sp(n, R), each represented by g(+4,, - - -, +48,), which are con-
“jugate to g in Sp(n, C), the complexification of Sp(n, R), while in Sp(n),
all g(+46,, ---, +40,) are conjugate to g. By comparing the above two
formulae, it is easy to observe the following

Theorem (Character Relation; regular case)™®.

(@50) gy -, O)=(=1""" 5 hinii(8(els -2 e,60).
This kind of character relations seem to be more or less well-known
to the experts in more general context, as long as regular elements are
concerned. It seems less known, however, that a similar relation remains
to hold also for singular elliptic elements, under a suitable formulation,
e.g., normalization of Haar measures. In fact, the relation (4.48) may be
viewed as giving such a relation in the extremely singular case g= 1.
Here we note that the relation (4.50), which has been noticed (as well
as (4.49)) in the case n=2 by Y. Thara around 1962, was one of the moti-

*) If g is regular, 1x(g) is in fact a character of a representation belonging to a
discrete series (cf. [14]).
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vations to his conjectural question in [28], which is our main problem in
this paper.

For singular elements g, we need much more involved notations to
state the formulae for tr p,(g) and #,(g); therefore we shall only give them
in the case n=2 below. As for the character relation, we content ourselves
with the following description.

Theorem (Character Relation; general case). Under a suitable nor-
malization of the Haar measures, the following relation holds for arbitrary
elliptic element g(0):

(4.51) tr pu(g (@) =(=1)""7 35 (= 1)"“Pty..,.1(8 (D)),
where e=(g;) runs over all possible values in (4= 1)" so that

g(&ﬂ) = g(elﬁl’ Tty enan)

are all non-conjugate, and b(cf) denotes the complex dimension of the fixed
points set of g(ef) in 9,

Remark 4.52. It is easy to see that b(f) is given by
bO)=#{(,)); 1<i<j<n, 0,+0, e 2zZ}.

Moreover, from Langlands’ formula for £,(g) in [33], it is observed that
t.(g(®) is a polynomial of k& of degree b(0), modulo some factors e****/™
(m e Z). This observation is used to get asymptotic formulae for dim S,(I")
as a function of k (c.f. [17]).

Now assume n=2. The Weyl’s formula for tr p,(g(0)) for a singular
element is derived from the formula (4.46) by taking limits; we have

(k+2) sin (k+1)0—(k+1) sin (k+2)8
2 sin (1 —cos 6) ’

((k+1) cos (k+1)8 sin (k+2)8

@53 w0 )= Do rDsin ek D],
sin’d

tr p,(g(0, 0))=

tr p,(2(0, n)):-(:;—)'i(lwr D(k+2).

The basic idea is similar also in the split case; here, however, the limits
should be taken as distributions (i.e., the limit formula of Harish-
Chandra, see [33], [14]). The results are as follows:
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if(k—1) emiE=D0 _ (k—2) = i(k-10]

(g0, 6)= 2°z* sin G(1 —cos 6)
oy (k=3
(4.54) (g0 —)=—23)
(0, )= (Z =20k,

2%zt

Remark 4.55. In [16], the first author has computed the integral
t,(g) by a completely elementary method and obtained the above
results. The constants in the denominators are due to the usual nor-
malization of the Haar measure of C(g; G%), which will be cancelled by
multiplying vol (C(g; P’)\C(g; G})) (g € I'). Also, we note that the above
result for 7,(g(0, x)) does not agree with Langlands’ formula ([33], (2), p.
101); this is because the factor e’r* is missing in the denominator of (2),
[33].

4-6. P-unipotent ( parabolic) contributions (n=2). We assume n=2,
and describe briefly the zetafunction {(s; F) attached to each family F of
p-unipotent elements of I'. There are seven cases to be distinguished
according as the types of their zetafunction.

(i) elliptic/parabolic. After normalizing by Gg-conjugation simul-
taneously, we may assume that

cosd O sinfd O

0 1 0 t .
—sind 0 cosf O (sin 00, 170),
0

0 0 1

(4.56) T=40,1t)=

and the family F=F(7) is given by
F(N={86, a+n);ne Z, a+n+0} (0<a<l).
We have Cy(7; G%)=1{f(0, u); u ¢ R}.

Theorem P-1 ([16], Theorem I-5). Under these notations, we have

—i(k-3/2)6

s F)=——¢

= masnon

(4.57) X[~ 1 DR (s + 1, @)+ e+ IR (s 1, 1 —a)],
. 1 3 . 3
lim £(s; F =_____[ (k——)ﬁ * (k—_)a].
i 8 F) = s i sm g |0 \F 5 Jf Heot ) sin (k=3

Here, {(s, a)=> % o (n+a)~° is the Hurwitz zetafunction, and
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cot(x) if x¢ Zr,

COt*(x)z{ 0 if xeZn

(ii) paraelliptic. The normalized form of an element of this type is

cosf sinf@ tcosf tsin b
—sin § cosf —tsind tcosd .
0 0 cosf  sin @ (*, s}m 0+0),

0 0 —sinf cosé

(4.58)  r=70,1)=

and the family is given by
F(N={f0,a+n);ne Z, a+n+0} (0<a<l).
we have Cy(7; Go)={7(0, u); u ¢ R}.

Theorem P-2 (loc. cit. Theorem I-6). Under these notations, we have

o3 F)= gy Lo [ 051, @) e L5+ 1, 1= )
(4.59) .
131{1;)1 L(s; F)=— m(l +1 cot*(wa)).

(iiiy  d-parabolic (nondegenerate case)

1 0s O
T=5(s1,s2):8 _(1) (1) ‘82 (51, 5,50),
(4.60) ¢ "0 0.-1
F()=1{6 (m+c, am+bn-+ac); m, n € Z, m+c, am-+bn+ ac+0}
@b e Z (ab)=1,b>0,0<c<1).
We have

t

-

C7; Gp)= ity t, € RY.

OO~
SO—=O
—O5 O

0
1
0

Theroem P-3 (loc. cit. Theorem I-7). Under these notations, we have

{(s; F)= (=D* bz—jl [e‘”‘“”’zC(s—l—l, j—lf)-c )

2°2%h* =0
+ein(s+1)/2C(s+l, f”j—c )]
b
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(4.61) % [eiz(s+l)/2c(s+ 1, a(];‘ 9) ) _|__e—-i7t(s+1)/2C(s+ 1, b—a(j+ c))]

b
1= G {04 (5]

(iv) d-parabolic (degenerate case)

(4.62)  r=4(1,0), (t=0,5; asin (4.60)), F()={(n,0);ne Z}.

We have
1 0 u O
cr:6={[0 & 9 Lliwab e deR ad—be=1|.
0 ¢ 0 d
Theorem P-4 (loc. cit. Theorem I-8). Under the above notation, we
have
&(s; F)=(;1.&I€;3_)_C(s+ 1) cos ( s+1 )E,
2°q® 2
(4.63) DOk —3
lim &(s; F)= — (D @k=3)
s10 2872

(v) To describe the purely unipotent contributions, we need some
preparations. We note first that, if 1,(7, s)=0 for a unioptent element of
I', then 7 is conjugate in G, to an element of the following form

(4.64) 7’=7(S)=((1) f) S=ts,

with either (i) det S=0, (ii) —det S € (@%)?, or S=0 ie., S=definite.
This, in particular, means that such 7 belongs to the unipotent radical P,
of a parabolic Q-subgroup P of G, which corresponds to a point cusp that
v fixes. If det S+0, we can associate in this way a lattice L=P, NI,
which we also regard as a lattice of SMy(R), the 2X2 symmetric real
matrices via a fixed isomorphism P,(R)=SM,(R). We have an action of
a Levi subgroup P, of P on P, which may be assumed as

T——>AT'A (T € SM(R), A ¢ GL(R))

under an isomorphism P,(R)=GLy(R). Moreover, for simplicity, we
assume that

(4.65) PNT=(P,ND)-(P,NT).
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We denote by (P, N I), the image of P, NI in GL,(R), and put
PuND) =P, NN SLAR).
Also put, for 7= g7(S)g~* as above,
(4.66) O (SY={4de(PyNI)y; AS'A=S}.
If S is as in (ii), (4.64), the family F represented by 7 is given by
F()=g {r(S); S’ e L, —det (S") e (Q*)* or S=0} g-".

We divide F into two parts F* and F*® according as S’ satisfies S'=0, or
—det (S7) e (Q%)~ :

Theorem P-5 (loc. cit. Theorem I-9). Notations being as above, we
have

CFE = S 1
s F)= 2r SGL"'m‘;(PMﬂF)O $0(S)(det S)*+**
4.67) (L*={SeL;S>0p
lim Z(s; Fi):i vol (P NI$\9y) .
o 27 [(Py N1y (P NI)] vol (L\SM(R))

Theorem P-6 (loc. cit. Theorem I-10).

1 1
§; F)=— S
2 ) 2nt jZ=:1 SeL;ZmodBj |det S|E+37
(4.68) .
lim &(s; F$)=— c,’
8110 S F) 2°3 jZ="1 d’

Here notations are as follows: let B, ---, B, be the set of nonequivalent
cusp of Py NI in .. Take V e SL(Q) such that V{B;y= oo, and put

L= V'l(: ?;)t V-*NL. B, is the parabolic subgroup of (P,NI);
which stabilizes B;.  The module VL'V has a unique basis of the form

L O) (Iéj) dj). d.:>0, t>S1HD[>0
(0 O ] d]- 0 H j> H 1 l 2 I_.. E]

and ¢, is defined by

pvo{a(l @PenhZ)y,

Finally in the case (i) det §=0, the family F represented by 7=
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g7(S)g ! may be assumed to be given by

1 0 dn O .
1 0 0 1 L\ _
F(?’):g 8 01 0 ;neZ_{O} g—lgg(o 1>g L
0 0 0 1 de@?

and we have C(7'; GL)=C(1; G%).

Theorem P-7 (loc. cit. Theorem I-11). Notations being as above, we
have

N

5 F)= >
C(S ) 2571'4 ne = !dn]3+2
. 2k—3

1 s F)Y=———"_ =~ |

i 8ss F) ==y

§ 5. Conjugacy classes of U,(p) (=I"y(p)) and B(p)
(Proof of Theorem 3-2, 3-3).

5-1. In this section, we shall use the usual notation:

Up)=I'(p), Ufp)=Ip), and Uy(p)=SpQ2, Z).

We shall describe the conjugacy classes in I'g(p) and B(p) of those ele-
ments (or families) which make nontrivial contributions to dim S,(I"3(p)),
dim S(B(p)), in such a form that is sufficient to work out the explicit
formulae for them, as presented in Section 3, if we put all data given here
to our general formulae (4.30), (4.40), and (4.42). Since I'y(p) (resp. B(p))
is a subgroup of Sp(2, Z) (resp. I'|(p)), and the list of conjugacy classes
of the latter group has been given in [16], Sections 6, 7, we need not begin
at the beginning. So, we mainly apply the global method (i.e., argument
on I'-conjugacy classes) also for semi-simple elements. Of course, in that
case we can replace it by the local method described in Theorem B, as
executed in [24] for Uy(p) (=K(p)), and in [16], (IT) for other arithmetic
subgroups in Q-rank one case.

In general, for two lattices I',, I', of G% such that I', D1, [I';: ;]
< o0, we have a bijection in the same way as (4.17)

;.1 {T}PIHFZ/E—N)C(T; Iy/M@G, Iy, T,

for any 7 e[, where we put M(y,I', I')={xe;;x'rxel,}. Let
Ty - o Vo (d=d)=4[CU; TO\M (T, ', I')/T,)] be a complete set of
representatives of I',-conjugacy classes in {7}, N, We define “relative
Map of v with respect to I',/I",, by
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.2) m(rs T[T =3 1C( s T): € Tl

Then the elliptic contributions to dim S.(I";)) (i=1,2) are related as
follows: namely for 7 ¢ I'{®

(5.3)® T({1 N IE)=m(r; I T T({T}r)

Thus to compute the elliptic contributions for I',=1I"y(p), B(p), it suffices
to calculate the relative MaB’s for each conjugacy class {I},, of I';=
Sp(2, Z), I'(p). On the other hand, the p-unipotent (parabolic) contribu-
tions require more careful treatment.

Lemma 5.4. As a complete set of representatives of the coset space
Sp(2, Z)/T'(p) (resp. I'(p)/B(p)), we can take the following

[Sp(2, Z): I'(pl=(p+1)(p*+1) (resp. [I'(p): B(p)l=p+1)
elements:
() Sp2, Z2)/I'(p):

100 0 0100
10 0 1000
X(a, b, c):= Z c 1 —al Xa, b):= 2 0 0 1b
c 0 0 1 b a1 O
0 —a —1 0 00 0—1
fo 1 0 o0 loo—=1 o
X@:={{ o o of Xe=lo 1 o of
a 0 0 1 10 0 0
@) I'(p)/B(p):
100 0 0100
t 10 0 {100 o0
Z@):=lo 0 1 —¢) Zi=lo 0 0 1
000 1 001 0

Here a, b, ¢, and t run over the integers modulo p.

By using this lemma and the list of conjugacy classes of Sp(2, Z),
I'(p) given in [16], we can find a complete set of representatives xy, - - -, X,
of the double cosets of (5.1), where x, are taken from the above set of
representatives. This can be done in a completely elementary way, and we
omit the details of the calculations. In the following, we describe only

# If I, I'y are defined by Uy 4, Usy respectively as in (4.8), we have the fol-
lowing relation:
H(y; Usa)=m(y; I'n/T')-H(y; Usa)-
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the list of these x,’s with the invariants attached to each conjugacy classes
such as m(y; I',/I";), which are necessary to obtain explicit formulae for
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dim S(I'(p)), and dim S,(B(p)).

5-2. Conjugacy classes of I'y(p). (p=prime, =2, 3). We use the
notations of [16], Theorem 6-1. However, for the convenience of readers,

we reproduce here the matrix representatives of each conjugacy classes of

Sp(2, Z), and those of Sp(2, R) taken in the standard Cartan subgroup H

as in (4.45) for elliptic elements. The symbol +7 means that —7 should
be added, though we write +7 alone. :

(5.5

(5.6)

(5.7

(5.8)

T=ta, o= 14~g(0s 0)’ d(r): 1, x=X1(0, 0, 0)>
m(7; Sp2, Z)|I'(p)=[Sp(2, Z): I'(p)l=(p+1(P*+1).

0 01 0
0 0 0 1

T==xa= —1 0 0 0 ~g(x/2, 7/2),
0—1 0 O

d(r)=(p+1>(1+(—‘p—1 )
x=X(a, b, ab), X,0,b,0) with 4*+1=0 (mod p),

. . ’ _ —1
m(rs Sp2, Z) TP =(p-+D(1+ (7))
0 O 1 0
T=xa,= __(1) g _(1) (1) ~gQ2x/3, 2x/3); and a,=a5".
0 —1 0 —1
_ -3
d(r)—(p+1)(1+(7)),

x=X(a, b, ab), X0, b,0) with b*4-b-+1=0 (mod p),
. ’ _ -3
m(r; Sp, Z)Tip)=(p-+ 1)1 +(7)).

0 0 0 —1
r=a=[g 0 0 O)~g(—x/4,35/4); and a=ci.
0 01 O
4 if p=1 (mod 8),
()= { )4 '( )
0 otherwise,

x=X(a, @ —a') with a*4+1=0 (mod p),
m(7'; Sp(2, Z)/I'y(p))=d(7).
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Here, and throughout the following, we are confusing the integers mod p
with elements of the finite field F,, writing a~* the integer x (mod p) such
that ax=1 (mod p).

0 —-1-—-1 0
-1 1 0 -1

(5.9 FT=ta= 1 —1 —1 0 ~ g(x/4, 3r/4),
0 1 0 0

4 if p=1(mod 8),
ar)= P .( )
0 otherwise,
1—b ~(1_17)2) . L1
—X b, th (b—1)*+1=0 (mod p),
* ‘<b2—3b+3 p—apt3) VRO DHI=0(medp)
m(r: Sp(2, Z)/ ' p))=d(7).
0 0—1 0
610 r=xa=(" _9 71 Tol-g(=an —2ep3),
0 1 0 0

d(r)=z(1+<f;3_)),

x=X(a,a, —1), X(a, —a,1) with @®—a+1=0 (mod p),

m(r; Sp(2, Z)/Tip)= 2(1 +(‘73-))

G.11)  T=ta= ~g(—2x/3, —x/3),

0 0—-1 O
0 -1 0 —1
1 0 1 0O
0 1 0 0

w0-31+(52)
p
x=X,(0, b,0), X,0,b) with b*+b-+1=0 (mod p),

s 5o, DI =2(1+(=2))

0
612 T=a=|, ~ g(2x/3, —=/3); and ap=—a;’.
0

OSOO—
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X(a,a% 1) -.-with a*+a+1=0
= . (mOdp)’
X(a, a®, —1)- - -with F—a+1=0

m(r; Sp2, 2T =2(1+ (_;—3))

-1 0-1 0

0 1 01 ) -1

(5.13) T=0a,= 1 0 0 0 ~g(—2r/3, /3); and a,=ai},
0—-1 0 O

(143
p
x=X,(0,b,0), X,0,b) with b*+5b+1=0 (mod p),

m(r; Sp, 2P =2(1+ (“f))
0 0 0 —1
614 r=an=[g ¥ 0 Q|~g(=n6 51/6); and a=ag,
0 01 O
4 if p=1 (mod 12),
A= b4 ‘( )
0 otherwise,
x=X(a, —a”?, —a™") with a*—a4*+1=0 (mod p),
m(r; Sp(2, Z)/I'y(p))=d(7).

(515 T=fas= ~ 8(2x/5, —4x[5);

1
0
1
—1
and a,=ak, Oty = 0dks, 0113=0(§5,
4 if p=1 (mod 5),
din=:1 p=>5
0 otherwise, -
If p=5, x=X,2,2,2),
if p=1 (mod 5), x=X\(a, b,c) with a*+a—1=0,

b=1+4+(1+4a)c, c2+c+—1—50 (mod p),
a+2

m(7'; Sp(2, Z)/ Iy p))=d(¥).



(5.16)

(5.17)

(5.18)

(5.19)

Dimensions of Automorphic Forms (1I)

T=Za,=

—1 0 —1 0
0 0 0 -1
10 0 O ~g(—2x/3, —x/2);
0 1

0 O

and  ay=ay', an=oal, Olay = 0l3y,
d(n=2+ (.ﬂ) ¥ (:_3)
p p
X,(0,b,0) with b*+b-+1=0, and
T lX,0,6)  with b2+ 1=0 (mod p),

m(r'; SpQ2, Z)ITY(p) =2+ (:pl) + (—)

-3
p

~g(—2x/3, 0); and B,=pr,

x=X,(0,0) and X,(0, b,0) with b*+b+1=0 (mod p),
0 0-—-1 0
1
r=xp=0 § o o|~e(==20; and p=g7,
0 0 01
dN=2-+(=2)=mtr; 500, 2ITYP,
x=X,0,0) and X,(0, b,0) with »*41=0 (mod p)
0—-1 0 O
r=ri=[o o o _Y|~sg —=p),
0 01 O
0—-1 1 O
r=ri=lg o O Z1|~&@n2 —=/2),
0O o1 o
d(7)=1+(”1),
p

75
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x=X(a,0,0) with a*4+1=0 (mod p),

v 550 DT =+ D(1+(=1)),
0—-1 0 0
6200 r==xn=[3 75 _9 _d~s@sp —223.
0 0 1 0

x=X(a, 0, 0) with &*—a+1=0 (med p)
. ’ = —3
m(r; SpC, Z)Tip)=(p+D(1+ (7))

1 0 0 O 1 0 0 —1
0—-1 0 O 6—-11 0

G2 T=a=|g o9 | o and &=|, 01 0 ~g(0, @),
0 0 0 —1 0 0 0 -1

din=2,
x=X,(0,0,0), X40,0),
m(7'; Sp(2, Z)/I'y(p))=2(p+1).

P-unipotent classes. We first note that 7'{(p) has two point cusps and
three one dimensional cusps, corresponding to the following parabolic sub-
groups:

Point cusps:

Pr=x7( T m=l, m=X0,1,0,

One dimensional cusps:
E

0
PY=x7 o
0 0

x1= 149 xZ:Xl(Oa 03 - 1), XSZ-‘XZ(O, O)‘

O % % *
* K% ¥ %
=

Each family of p-unipotent elements belongs to (at least) one of these
parabolic subgroups, up to I'j(p)-conjugation. In the following, we give
a typical element of each family of Sp(2, Z) listed in [16], Theorem 6-1,
and describe the decomposition of it into I'¢(p)-conjugacy classes. We
put, for each class x~'7x of I'y(p),

(%) 1=[Cy(x~Tx; Sp(2, Z)): Colx~1x; TP
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(5220 T=xpM=| _ ~ fB(x/3, n);

O=Or

0
n
0
1

SO =O

and G =4 (—n), neZ—{0),

d(r)=3+(—3),

p
X,0, 0), X,(0,b,0) with b*+b+1=0 (mod p),
x= -« n: arbitrary,
X, -+« n=0 (mod p),
i(x)=1 for each x.
0 0-—-10
29 r=xhm=|) o _Y B)~pds3, 0
00 01

and Am)=fr(—n), neZ—{0},
d(r)=3+(:p§),
X,0,0), X,0,5,0) with b*+b-+1=0 (mod p),

X= -+ - n: arbitrary,
X, -++ n=0 (mod p),
i(x)=1 for each x.
-1 0 1 1
G24)  T=xhm=|T1 o o o]~ n—13);
0 0 0 1

and f(m)=pF'(—n), neZ

d(r)= 3+(;3),

X,0,0), Xi(a,b,0) with B*—b+1=0, a=(2—b)"},
x= ... n: arbitrary,
X0, —1, 3) .+ 3n—1=0 (mod p),
i(xX)=1 for each x.
0 0-—-10
525 T=xhm=|] ¢ o o|~A—m2m:
0 0 01
and f(n)=p57(—n), neZ—{0},
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an=3+("1)
p
X,0,0), X,(0,5,0) with b*+1=0 (mod p),
X= - -+ n: arbitrary,
X, -+» n=0 (mod p),
i(x)=1 for each x.
0

—1
0|~ B@/2, n—1/2);
1

SO~ O
SO O—

(526 T=xf=|_]
0

and lélo(n)zfés_l(”‘n)y nez,

d(r)=3+(;1),

X,00, 0), X1< b:—bl b, o) with B+ 1=0 (mod p),
r= - n: arbitrary,
X0, -1, =2) -+ 2n—1=0 (mod p),
ix)=1 for each x.
0—1 0 —n
5 1 0 n»n O} .
(5.27) T=T(n)= 0 0 0 —1 ~7(—=/2,n), neZ—{0},
O 01 0

w-a(1+(3)
D
X,(a, 0, 0) with a®4-1=0, n: arbitrary, i(x)=1,
X =
X(a, —a, 1) with &*+1=0, n=0 (mod p), i(x)=p,

0 —1 0 —n
2 r=tm=y o "3 _~t=nmnt12, nez
0 O 1 0

i0-2(1+(3)

Xy(a, 0, 0) with a*+1=0, n: arbitrary, i,(x)=1,
T X0, —2,¢) with ¢*+4=0, 2n+1==0 (mod p), i,(x)=p,

0 —1 1 —n
(5.29) T=f3(n)=(l) 8 ’5'_‘% ~7(—=/2,n), neZ—-{0},
0 01 0
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w=2(1+(;7)

Xy(a, 0,0) with a*+1=0, n: arbitrary, i(x)=1,
X(0,5,1) with »*+1=0, n=0 (mod p), i,(x)=p.

0—1 1 —n
6300 r=tm=[y o "' Z1|~H(=m2n+1/2), nez
0o 0 I 0

i0-1(1+(3))
p
X(a,0,0) with &®+1=0, n: arbitrary, i(x)=1,
T \X(1/2,5,1)  with 8*+1=0, 21+1=0 (mod p), i,(x)=p.

0 —1 —n —2n
. 1 -1 n —n .
(5.31) T=47mn)= 0 0 —1 —1 ~7(2x/3,n), neZ—{0},
0o 0 1 0

i0-2(1+(32)

Xi(a, 0, 0) with a*—a-+1=0, n: arbitrary, i(x)=1,
X =
X.(a, —a, 1) with a*—a+1=0, n=0 (mod p), i(x)=p,
0 —1 —n —2n

532 r=xfm=§ T4 "HY T ~f@epat13), nez
0 0 1 0

i0-2(1+(52)

Xi(a,0,0) with a®>—a+1=0, n: arbitrary, i(x)=1,
T X2, 36, 3)  with B*+b+1=0, 3n+1=0 (mod p),

io(x)'—"l,
0 —1 —n —2n
(533)  r=xtm=|g "o "> Zh|~tQa3n+23), nez
0o 0 1 0

w-2(1+(32)
¥4
{Xl(a, 0,0) with a®>—a+1=0, n: arbitrary, i(x)=1,

X,(2, 3b/2,3/2) with b°4+b41=0, 3n+2=0 (mod p),
io(x)=l7,
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1 0m 0
534 r=bmm=|0 "o © B mnez—{},
0 0 0 —1
d(n)=4,
X,(0, 0, 0) .
m, n: arbitrary, i(x)=1,
X0, 0)

X =
Xl(os 15 O)' - -m=0 (mOdp)s io(x):P>
X0,1) ...n=0(modp), i(x)=p.

I 0 m—1
535 r=bmn=[0 "o 1 b mnrez—{,
0 0 0 —1
d(n=4,
Xl(oa 03 O) . .
m, n: arbitrary, i(x)=1,
X0, 0)

*F1x02,0) -.-m=0(modp), i()=p,
Xl(oa 0’ 2) <o-n=0 (mOd p)7 i()(x)zp

(5.36) T:gg(m, n)= 0 0 1 1 m,neZ, m2n—m=£0,

a@)=4,
X,(0,0,0)
X;(0, 0)
= X,2,0) .--.m=0(mod p), ilx)=p,
X,(0,0,2)--.2=0 (mod p), i(x)=p,
1 0 2m—1 m
(537  r=b(m,n)= 1 —1 m—-1 n mneZ,

o o 1 1
0 O 0 -1

} m, n: arbitrary, i(x)=1,

d(r)=4,
X,(0, 0, 0)
X0, 0) |
“1X,00,2,0) -.-2m—1=0 (mod p), i(x)=p,
X(0,2, —4)---4n—2m+1= 0 (mod p), i(x)=p.

} m, n: arbitrary, ix)=1,
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1 0m O
638) r=xbm=|0 5 % I mez—{o,
0 0 0 —1
dry=3,
X,(0,0,0) - - . m: arbitrary, ix)=1,
x=4X,0,0) ... m:arbitrary, ix)=p+1,
X,(0,1,0) --- m=0 (mod p), i(x)=p.
1 0 m —1
(539)  T=xbm=[g "o 1 o mez—{o,
0 0 0 —1
d(r)=3,
X,(0,0,0) - - m: arbitrary, L(x)=1,
x={X,0,0) ... m:arbitrary, iL(x)=p+1,
X;(0,2) -.--m=0(mod p), i(x)=p.
1 0 s 8
(540 T=%e(S),a(=|0 § 5t ] s= (i; 22) det S0,
0 0 0 1
dr)=2,
Xi(0,0,0) - -- S: arbitrary; L=SMJ(Z),
Py NI)=Gl(p),

X= Xl(os 1, 0) e Sy Sp= 0 (mOdp),
L= (”Z pZ ) NSM(Z), (PyND)=GI¥(p),

rZ Z
where
GT'y(p)= {(‘c‘ Zr) € GL(Z); ¢=0 (mod p)},

GTH(p)= {(j 2) e GL(Z); b=0 (mod p)}.

Note that GI'(p), GI'§(p) both have two cusps 0, ico. The invariants
described in (4.68) are given as follows:
(i) For x=X,(0, 0, 0)=1,,

pico: L= (22 PE)sMyz). B=x(y §)i =@ D,
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p=0: L=(0, P2)nsmu2), Bi==x(,; )i d=Cp D),
(i) For x=X,(0, 1, 0),

. 1
5=loo:Lﬁ:(§§ p(‘)z>ﬂSMZ(Z), B§=i<0 pf);(c,d)-:(Zp,p),

5=0:L=( % "Z)nsm(2), Bi=x(y )@ d)=Cp.p)

Remark. In the case (ii) above, the Levi-component P, should be
chosen carefully, so that (4.65) holds: namely

1
Pa=x{(§ )i dc0L@lx x=(pt 12)-x0.1,0

1 0 00
G4l T=xem=|g o | B nez—(0,
00 0 1
d()=3,
X,(0,0,0) - - - n: arbitrary, i(x)=p(p+1),
x=4eX,0,0) --.-n: arbitrary, iL(x)=1,
X, .-+ n=0 (mod p), | i(x)=p’.

5-3. Conjugacy classes of B(p) (p=prime=2, 3). We first recall,
for the convenience of readers, that the coset space Sp(2, Z)/I|(p) has
the following complete set of representatives:

a —-b —1 0 —b a 0 —1
0 1 0O , 1 00 O
Y(a, b)= 1 0 0 0 or Yi(a, b)= o1 0 oll
b 0 0 1 0 b1 O
a b —1 0 1 0 0 O
b 0 —1 0 0 —1
Ya, b, c) = 1 6 0o ol Yi(a@)= 0 g 1 ol
0 1 0 O 010 O

Y=L, (Sp2, Z): I'(p]=(p+D(P*+1)),

where a, b, ¢ run over the set of integers modulo p. We shall make full
use of the results of [16], Section 7 where the decomposition of Sp(2, Z)-
conjugacy classes into I')(p)-conjugacy classes is described. In the fol-
lowing list, d,(7) is the number of B(p)-conjugacy classes contained in
the set {¥~ "7y}, N B(p), where y is as above; and d(7) denotes the sum
of d,(1).
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(5.42) T=%a: d@)=1, x=Z(0)(y=7Y,),
m(7'; Sp(2, Z)[B(p))=(p+1)(p*+ 1),

In the next two cases, ¢ denotes the integer mod p, which generates
F.

(543) T=+a,
A={of;13js1’;1,j¢f’g1}/~, 1 ~ v vy =1

order of
y p (mod 8) dfa) -+ x centralizer
in B(p)
(P—9)/8 --- Z(t), ted 4
) 1 ce s Z (6@ 8
Y3, 0, 1) 1.z 8
2\ Y l . ZI(O) 16
and
YA(—1i,0, —i) (p—5/18 ---Z(), ted 4
=@/ 5 1 LI Zl(l) 8
1 -+ Z(0) 16
3,7 0
, . 1,5 2 - Z(0), Z, 16
YZ(Z, O’ —1) 3’ 7 0
2 (a=0) (Zl(t): ) 8
1 2 (a=1) (bt+a)+1=0 8
2 (otherwise; there are 4
Yya, b, —a) (p—9)/8 such pairs (a, b))
e 2a=0) Z(
a= (1) 8
b0 5 (bt +a)+1=0
@+b+1=0 2 (otherwise; there are .
(p—5)/8 such pairs (a, b))
3,7 0

From this table, we get (see also Remark 5.45):
—1
m(r; Sp(2, Z)/B(p)=2p+1)(1 +(~p—)).
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(544 r1=20,

. , -1 ., p—1 }/ 6
B=:07;1< <P=2, ~, U~ uv)’=1
{ SISSe—iF u~v&s(uv)
? order pf
y (mod 12) d(a) - x c?gtza(l;z)er
(p—13)/12 --- Z\(t), t € B 6
1 1 RRNA (Sl 12
1 e Z(D) 12
Yy(w, 0, ) 1 ... Z,0) 36
and
Y@, 0, @) (p—NN2 ---Z(t), teB 6
0 f0-118 7 1 .z 12
1 .o Z,(0) 36
5,11 0
_ 1,7 2 ZO), Z 36
YZ(“’! 09 (0) 5’ 11 O
2 (a=0) (Zl(t): bt* 4 ) 12
1 2(@=-—2) \Qa+1t—5b=0 12
Ya, b, —1—a) 2 (otherwise; there are 6
with (p—13)/12 such pairs (a, b))
b0 2 (a=—2) 12
a+a+14-0° 7 2 (otherwise; there are p
=0 (p—T7)/12 such pairs (a, b))
5,11 0

From this table, we get (see also Remark 5.45):
mr; 592, 2)/B(e)=20p+D(1+(=2))

Remark 5.45. The above lists for B(p)-conjugacy classes belonging
to ay, a,, and «; are obtained after somewhat complicated calculations.
We gave these lists in order to make our description consistent. Indeed,
it is worth noting that the relative MaB of a; (resp. a,, @;) coincides with
that of 7,, 7, (resp. 7,), for which the calculation is quite easy. This fact
can be proved without computing the former, by the method described in
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Section 4-1 (see footnote to (5.3)). Of course a similar observation can be
made for the group I'y(p). The complicated situation for 7 =a,, a,, and «,
comes from the fact that the quaternion algebras Z,(¥) attached to their
centralizers are definite, so that the class numbers A(4; G) of their Z-
orders are big (c.f. Theorem 4.28), while for 7=7, 7,, s, Z(¥) are indefi-
nite, and we have h(4; G)=1 by the strong approximation theorem

[32].
(5.46)

(5.47)

(5.48)

(5.49)

T=“4s (443
2 if p=1 (mod 8),
0 otherwise,
Z(t) -+ t*+a=0 for y="Yyc, a, a): *+1=0,
V2 -+ bt —1=0 for y=Y(—1,5, 1): B+2=0,
8 if p=1 (mod 8),
m(r'; Sp(2, Z)/B(p))= .
1 otherwise.

T==a

4,1 = {2 if p=1 (mod 8),

0 otherwise,

Z(@) - '+ t4+—% =0 for y=Y,a+1, a, 2a+1):
a+1

3@ 4-2a-+1=0,
b—1
2

X=

Z@) - PO+ D+ =0 for y="Y,(b,b,1):

b+1=0,

: 8 if p=1 (mod 8),
m(r'; Sp(2, Z)/B(p))= {0 otherwise.

T==a,
-3
a,m=1+("3),
p
Z), Z(=1).--. for y=Y(0, b): b*+b+1=0,
Z(t) -+ t*+t+1=0 for y=7Y,(2a, a, 2q): 3a°+1=0,

m(r; Sp(2, 2)/B(p) =1 +(:P§))
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(5.50)

(5.51)

(5.52)

(5.53)
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x=2,0), Z, for y=Yya,0,c): a*+a+1=c*+c+1=0,
—3\\?
mr; 502, 2/B(=(1+(=2))

T=ay, ay,
-3
a,0=1+(=2),
p
Z@) -+ at*—1=0 for y=7Y,(a,0,0): a*>+a+1=0,
—{Zl(t) <o t=(=b+1)2 for y=Y,(—2,b,1): b*+3=0,

m(r'; Sp(2, Z)|B(p))= (1 + (:1,—3))3

T=a, oy

a,0)=1+(=2)
14
x=Z,0), Z, for y=Y,a,0,c): a*+a+1=c*+c+1=0,

m(rs Sp(2, 2)/B(p)=(1+ (:P§))

r=ay, ay

2 if p=1 (mod 12),
dy(r) = .

0 otherwise,

Z(t) - - t‘zz—l— for y=7Y,(a,0,a): a*+a+1=0,
X= a+1
Z@) - t*+bt—1=0 for y=Y,(—1,b,0): b*+1=0,

m(r; Sp(2, Z)/B(p)=2(1+ ("71-))(1 +(—73—))

T=das -, ap

2 if p=1(mod 5), orp=>5,
d,(N= .
A7) {0 otherwise,
x=Z() .- *+ a t+a=0 for y=7Y,a, b,c):
a1
4 3=v 2 —_ — _1 .—_1
ad+ad+at+a+1=0, b= , =—-,
a+1 a

8 if p=1 (mod 5),
m(7'; Sp(2, Z)/B(p))=41 if p=5,
0 otherwise.



(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

Dimensions of Automorphic Forms (1)

T=ray, -, ay

2 if p=1 (mod 12),
d =
o7 {0 otherwise,

x=2Z\0), Z, for y=Y,(a,0,c): &+a+1=c*+1=0,
m(rs 5p2, 2B =2(1+(~1))(1+(

—1
p
T.—.i—ﬁl, ...,‘84

4, =1 +(; 3),

-3
P

x=Z\0), Z, for y=Y(a,0): a*+a+1=0,
. _ —3
m(r; Sp(2, Z)/B(p)=2p+D)(1+ (?))

7= i,Bfn .Be

d,(r= 1+(—p b,

x=2Z/0), Z, for y=Y(a,0): &+1=0,

T=T, (tesp. 75

i) = {1 + (:p_1> for y=Y,,

=)

m(r; Sp(2, Z)/B(p)=2(p+ 1)(1 + (#

)

87

1 for y=Y(0, b) (resp. Y{(b, b)): b*+1=0,
Z(t)---1*4+1=0 for y=7,,
~|20) - -+ for y=Y(0, b) (resp, Y/(b, b)),

m(1'; Sp(2, Z)/B(p))=2(p+ 1)<1 +(—_;1)>

7=ira

-3
l—i—(-—) for y=7Y,,
d,(n) :{ 14
1

{Zl(t) st —t+1=0 for y=7Y,,

ZI(O) -+ for y= Y{(O’ b)9
m(r; SpC2, 2)/B(2)=2(p+D(1+(

-3

)

for y=Y7(0, b): . b*+b+1=0,
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(5.59) 1r=0d, b,
d,(n=2 for y=Y,
X ”"—'Zx(o)’ Z2,
m(7': Sp(2, Z)|B(p))=2(p+1)".
P-unipotent classes. The group B(p) has four point cusps and four

one-dimensional cusps; the parabolic subgroups corresponding to these
cusps are given as follows:

Point cusps:

Pg=x;1(3 :)xj,
x=Y, x=Y40,0,0), x,=Y,0,0), and x,=Y,(0)-Z,.
One dimensional cusps:

+ 0 % x

Colx ox % %
P{=x; ¥ 0 % =]

0 0 0 =«

x=7Y, x,=Y,0,0,0), x,=Z, and x,=Y,0,0,0)-Z,.
We put, for each element 7’ of B(p),
ly=i(I")=[C(1"; Sp(2, Z)): C(7"; B(p))]-
(5.60) T=%pLm), fn)
a,0=1+(=2); 1=1,
p

x=Z0), Z, for y=Y(c,0), Yy(a,O0,0):
ad—atl=c’—c+1=0,

m(r; Sp(2, Z2)/B(P)=2(1+ (‘7?))
(5.61) == Ba(”)a 134(")
dy<r)=1+(:p§); =1,

x=2Z,0), Z, for y=Y,(c,0), Y(a,0,0):
ad—a+1=c*—c+1=0,

m(r; Sp2, Z)/B( p))=2(1 + (:pg))z



(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

Dimensions of Automorphic Forms (II)

7=+ A, fun)
—3\. .
dy(r)=1+(p ) =1,

Zl( c—;—l ), Z, for y=Y(c, 0): ¢*—c+4+1=0,
X =
Z(0), Z(—3) for y=Y,(3a—1, a,0): 3a*—-3a+1=0.

m(r; Sp(2, Z)/B<p))=2(1 +(:p-3))

V== ;é1(n)s Ba(n)
_ —=1\. ; _
d@,(r)—1+(~p—), =1,

x=2Z,(0), Z, for y=Y(c,0), Y(a,0,0): c*+1=a*4+1=0,

m(r Sp(2, Z)/ B =2(1+ (‘71))

V= ,ée(n), ,ém(n)

d,(")= 1+("1); =1,
p

zl(""z'l ) Z, for y=Yyc,0): c*+1=0,
X ==
Z,(0), Z(2) for y=Ya,O0,0): ¢+1=0,

m(r; Sp(2, 2)/B(r)=2(1+ (_;_1»
r=7,(n)
d,(N= 1+(_p1),

Z(t) with ?4-1=0 for y=7,, Y,0,0,0): i,=1,

89

n: arbitrary,

X=
Z0) for y=Y(0,b): b’+1=0, j{j=1, n: arbitrary,
Z() for y=Y(0,b): iy=p, n= 0 (mod p),

r="7,(n)
d,(= 1+(‘;1),
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Z(t) with ?4+1=0 for y=7Y,, Y,(0,0,1/2); i,=1,
n: arbitrary,
¥Z12,0) for y=Yi(—1/2,b): B'4+1=0, i,—1, n: arbitrary,
Z,() for y=Y{(—1/2,b): iy=p, 2n+1=0 (mod p).
(5.67)  T=7yn)

d,,<r>=1+(;1),

Z(t) with £24+1=0 for y=Y,, Y40, 1/2,0), i,=1,
n: arbitrary,
*=12(0) for y=Y/(b, b): B+1=0, i,—=1, n: arbitrary,
Z(1) for y=Yib,b): i,=p, n=0 (mod p).
(5.68) r=7yn)

d,,(?’)=1+<;1),

Z(t) with t*+1=0 for y=7Y,, Y,0,1/2,1/2), i,=1,
x={Z,(0) for y=Yi(b—1/2,b): b>+1=0, i;=1, n: arbitrary,
Z() for y=Y{(b—1/2,b): i;=p, 2n+1=0 (mod p),
(5.69) T==%7m)

d,(= 1+(;3),

Z(t) with t*—t+4+1=0 for y=Y,, iy=1, n: arbitrary,
Z(t) with *4+t+1=0 for y=7Y,0,0,0), i,=1,
x= ' n: arbitrary,
Z,(0) for y=Y{(O0,b); b*+b+1=0, i,=1, n: arbitrary,
Z,(1) for y=Y{(0,b), i,=p, n=0 (mod p).
(5.70)  7=£74n) )

d,(n=1 +(;3),

Z(t) with t*—t+1=0 for y=Y,, i,=1, n: arbitrary,
Z(t) with *+t+1=0 for y=Y,(—1/3,0,1/3), i,=1,
n: arbitrary.
,b):b2+b+150, i=1,
n: arbitrary,

—b
2b+1

(5.71)

*=(7(0) for y=Y;(
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_—b
2b+1

2b

d p).
TN (mod p)

LZI(I) for y:Y{( ,b>, i=p, In=

BT rT=+7.n)
4, =1+(=3),
P
Z(t) with t*—~t+1=0 for y=Y,, i;=1, n: arbitrary,

Z(t) with *4t41=0 for y="Y,(—2/3,0,2/3), i,=1,
n: arbitrary,

x=4Z,0) for y= Y{(—Zg%ﬁ—, b): b*+b+1=0, i,=1,
n: arbitrary,
—2b

(mod p).

Z(1) for y:Y;( , b), i=1, 3n=

2b+41 2b+1

(5.72) 7’=31(m, n) (resp. gz(m, n))
d,(nN=2 for y=7Y,, Y(0,0,0), Y;(0), Y{(0, 0),
(resp. Y,, Y0, 1/2, 0), Y,(0), Y7(0, 0)),
x=2\0), Z, (resp. Z,(0), Z,(2)), i,=1,

condition on (m, n):

Y, 1,0,0,0), ¥,(0,4,0) | X0 | Yi0,0)

arbitrary m=n=0 (mod p) n=0 m=0

(5.73)  1=64m, n) (resp. 5,(m, n))
dr)=2 for y=7Y,, Y,2,0,0), Y/0,0), Y0, —2),
(resp. Y., Yy(1/2,0, 0), Y40, 0), Y40, —2)),
x=2Z,(0), Z,(—1) (resp. Z,(0), Z(—4), i,=1,

condition on (m, n):

Y, Y.2,0,0,), Y%, 0,0 Y1(0, 0) Y0, —2)

m=0 S m=2n

arbitrary m=n=0 (mod p) resp. 2m=1 | resp.2m—4n=1

(5.78) 7= 5,(n) (resp. 5,(n))
d(N=2 for y=7Y, Y,0,0,0) (resp. ¥, Y{(0,0),
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{Zl(O), Z,

for Y, Yz(oa 0, O)s Iy= 1,
Z,(0), Z,(2) for Y4(0,0), {,=1,

Y, ] Y0, 0, 0), Y/(0, 0)

n: arbitrary ’ n=0 (mod p)

(5~75) V= isx(S), ea(S)
1 for y=7Y,, Y,0,0),
H0= {2 for y="Y,0),
. Z,(0) for y=7Y,, Y,0,0)
- {21(0), Z, for Y,0)
Yy Y, Y0, 0) Y,(0) Y,(0)
X Z,(O) Z0) Z,(0) ZI(O)
zZ Z pZ pZ zZ Z Z pZ
L (P21 2 ()
Iy 1 P’ p r

For each family, the corresponding Levi-component is isomorphic to

a b

PMDB(p)EGI’O(p)z{(C d) € GL(Z); ¢=0 (mod p)}.

Therefore we have the following invariants (¢, d) for each cusp of GI'y(p)
(c.f. Theorem P-6, (4.68)).

I (Z Z) (pZ PZ z Z) (Z pZ)

VA rZ pZ pZ
B=ico =1 P 1 1
1,=0 0 0 0
Bﬂ=<(1) Z) d= P 1 P
1 c=2 2 2 2p
=0 =1 p p p
1,=0 0 0 0
Bﬂ=<l 0) d= p 1 p
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(576)  T=-re(m)
d,(N=2 for y=7Y, Y,0,0,0),

x=Z,0), Z,
Y, Y,(0, 0, 0)
Z(0) 721: arbitrary m=0 (mod p)
Z h=1 iy=p
z m: arbitrary m=0 (mod p)

§ 6. Local data for B'(p)

In this section, we shall give local data which are necessary to
calculate dim IN,(B/(p)). The local data for g=£p have been given in
[19], so we shall calculate ¢, (g, R,, 4,) and masses, where g is a torsion

element of G and
R =( 0, Op).
? 0, O,
Throughout this section, we assume that p=£2, 3.

Proposition 6.1. Put g:(é ?), or <_(1) __(1)> Then,
1---if A,~R,,

0- . -otherwise.

cp(g’ Rp; Ap)z{
Let A be the order of M,(0) such that A,=R, and A,=M\0,) (q+p).
Then,
My (A)=(p*—1)/273%5.

Proof. This is obvicus, because [P]: B']=p--1 (cf. [19] (I) Proposi-
tion 9).

Proposition 6.2. If the principal polynomial of ge G} is f(x) or
fi(—x) for some i=2,3,4,5,8, or 9, then ¢, (g, R,, 4,)=0 for all orders
of Z(g),-

Proof. We assume p=£2, 3, so it is known that
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o, 77:‘10p> /1):0
%(g, (71'0]] o,/) 7 ’

»

for any above g and any A, ([19], (II)). Thus, our Proposition is
obvious. g.e.d.

Next, we treat elements g € GF such that f(g)=0 or fi(4g)=0.
Put Z(g),=Z(g) R Q,, where Z(g) is the quaternion algebra over O
defined as in [19], I, (12) (p. 562). For A,CZ(g),, we define d,(4,) and
e (4,) as in [19], (I), Proposition 12 (p. 572). Put F=Q[g] and 0o=2Z[g].

As we have assumed p=£2, 3, (f—)q&O, where (E) is the Legendre
D p

symbol. By definition, we have Zy(g), o F=D, X, F, so <£>: -1,
p

if Z,(g), is not division.
Proposition 6.3. If Z,(g), is split and <£>: —1, we get
p

Zl_f/lp"’( %> Op):/ls

pop 013

Cp(gn ‘Rp! Ap)z
0- - - otherwise.
where 0,=0Q, Z,. We have e (A)=1 and d (A)=p+1.

Proof. If Z(g), is split and (£>= —1, then g is G}-conjugate to
p

<(8 ?o>’ where € O, is of order 3, 4, or 6. So, we put g=<68 g) By

virtue of [19], (III), Proposition 2.5 (i), if x~'gx e B’CP{, then x¢
Zss(8)-P;. Wecanput O,=Z,+Ze+Za+Z, e, where F,=FQ,Q,
=Q,le], & € QF, #* e QF, and ex= —re. Then,

-1 _
e ) )

a

where @ e Z,[e] runs through a set of complete representatives of

z 1 z7'a\,,
JAel/pZ,lel If x e Zsu(g) 0 1 B’, then

1 —z7'a\ (1 =z7'a\_ (o, (0—&)x 'a
(o 1)g(0 1)*(0 o )EB”

-1
so a € po,. Thus, we get x € Z4,(g)B’ in this case. For x:(g _g ),

-1
we get x 'gx=7'g e B’. Now, assume that <g —6 ):hk, where /1 e
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Zi(s) and ke B'. Then, he Zy()NPic( 2 7). which is a con-

poP 017
tradiction, because we must have 2 ¢ B’. Thus, we get c,=2. We have
Z, ¢Z k
A,= (peZz ZZ) and we get d (4)=p+1. g.e.d.

Proposition 6.4. If Z(g) is division, we get
(i) if(ﬁ)=1, then
D

2---if A,~Z(g),NR,=4,
R, )= ’ T

cp(g P 1’) {O .. otherwise,

and d(N)=e (=1,

G) if (.ﬁ_) — 1, then

c (g R,, 4,)=0 forany 4,
Proof. By virtue of Proposition 2.6, (ii) in [19], (IIT) (p. 398), the

above (ii) is obvious. So, assume that (-ﬁ;):l. We can assume that
p

g_—_(g 2) e GF, where a, be Q, are different roots of f(x)=0, f,(x)
=0, or f(—x)=0. If x~'gx e B’, then x € Z4,(g)P’, by virtue of [19],
(III), Proposition 2.6, (i). In the similar way as in the proof of Proposi-
tion 6.3, we can show that x € Z.(g)B" or Z%(g)(g _8—1>B’, and these
two double cosets are disjoint. g.e.d.

For g e G such that f(+g)=0 (=10, 11, or 12), it is obvious that
c,(g Ry, 4,)=0, unless 4,=2Z,[g]. From now on, we put c,(g)=
c(g R, Z,[g]). For afixed i= 10, 11, or 12, denote by ¢ the number
of G¥-conjugacy classes in {g € G}; fi(g)=0}.

Proposition 6.5. Let g € GF be of order 5 or 10.

(i) Ifp=>5, then c(g)=1, and t =1 for i =10.

(ii) If p+S5, then ¢ (g)=0.

Proof. By virtue of [19], (I), Proposition 19, (ii) and (III), Proposition
2.8, (i), the above (ii) is obvious. Assume p=35. Then, we can put
g= (e(‘)‘ _-5)), where  is an element of O, such that *—w—1=0, and

ee0,,&=—3, ew=ae. If x"'gxe B/, then x e Q,(g)P;, by virtue of

[19], Proposition 19, (iv). It is easy to see x € Qp(g)<__%e ?)B’. g.e.d.
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Proposition 6.6. Let g be of order 8. Then,
(i) ifp==+1mod 8, then c,(g)=0,
(ii) ifp=3, or 5mod 8, then c,(g)=4 and t=1.

Proposition 6.7. Let g be an element of Gj such that f,(g)=0.
Then,

(i) ifp==+1mod 12, then c,(g)=0,

(ii) if p=5mod 12, then c,(g)=4, t=1, and Z(g*),=split,

(iii) if p=7 mod 12, then c,(g)=4, t =1, and Z(g*),=division.

Proof of Propositions 6.6 and 6.7. By virtue of [19], (I) Propositions
20, 21, and (III), Propositions 2.9, 2.10, the above (i) of Proposition 6.6
and 6.7 are obvious. If p=3, 5 mod 8 (resp. p=5, 7 mod 12), we can
write f;,(x) (resp. fi.(x)) as a product of quadratic polynomials in Q,[x]:

fi()=(+ax+b)(x*+ab~'x+b"") (i=11 or 12),
where b=1. We can take o € O, such that o*+aw+b=0. Puto,=ow
and w,=b"'w. Then, g is G¥-conjugate to (06‘ 3) If x~'gx e B’ for
2

z O

some x € Gy, then x e Z,(g)P] or ZG;(g)<O x)P{, by virtue of [19], (D),

Proposition 21. We have

=1 )P u o)

where a runs through a set of representatives of
{x e 0,;tr (x)=0}/{x e zO,; tr (x)=0}.
In the similar way as in the proof of Proposition 6.4, (ii), we have

X € ZG;‘,(g)yzB, (i'—:‘ 19 25 3’ or 4)3

where
0 0 1
yl=((1) ?) yzz(g ﬂ), y3=(1 0), and y4=(g g)
These four double cosets are disjoint. q.e.d.

§7. Related topics

Here, we would like to take this opportunity to write briefly on some
related topics.
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(1) TIhara lifting For n=2, Thara [28] has shown that there exists
a kind of lifting of automorphic forms of S,,.,(I«(p)) to M (ULp)),
where

Fo(p)={(z 3) € SL(Z); c=0 mod p}.

(Actually, he did not assume that the discriminant of D is a prime. As
for this, see his paper.)

More exactly, we can take the representation space V, of p, (for
n=2) as follows: We identify H (the Hamilton quaternions) with R*.
V, is the set of real valued homogeneous polynomials f(x, y) on H*=R®
such that

1) f(ax, ay)=N(a)'f(x, y) for all a ¢ H*, and

2) A4f=0,
where N(a) is the reduced norm of @ and 4 is the usual Laplacian. Sp(2)
acts on V, by

SO, )—>f((x, »)g) for all g e Sp(2).

For the sake of simplicity, we assume here that the class number of U,(p)
is one, i.e. dim M (U(p))=1 for v=0, although, as Ihara has kindly
shown us, his theory works completely in the same way without any such
restriction. Put I'=U,(p)NG’. Then, under the above assumption,
we get

MUUpN=1{S & V; f((x, ) =f(x, ) for all T e I'}.

Let f e M (U{(p)) be a common eigen form of all the Hecke operators
T(m). For such f, put

9= 3 [l peme@or cep,

Then, 9,(z) € Sy (I'o(P))-

Theorem 7.1 (Ihara [28]). Assume that f(1, 0)=£0. Then, 9, is also
a common eigen form (of the Hecke operators of I'y(p)), and we get

L(s, /) =8(s—v—D(s—v—2)L(s, 9,)
up to the Euler p-factors.

This Thara’s result was the first one among results on lifting
obtained later by many mathematicians. For example, the Saito-Kuro-
kawa lifting may be regarded as a similar version of Thara lifting for the
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split group Sp(2, R). The second author has extended Theorem 7.1 to
general n: under a similar condition on f as f(1, 0)£0 for n=2, he
expressed the eigen values of f by some group theoretical numbers and
coefficients of some one dimensional automorphic forms, and at least for
n=3, gave L(s, f) explicitly.

Some examples of Theorem 7.1 have been given by Ihara (loc. cit.).
We give here another example. We assume n=2. Putp=2 and y=2.
Then, dim M, (U{(2))=1 and this space is spanned by:

f(x, )=N()—3NENG)+N(Y.

Then, by Theorem 7.1, we have
L(s, f)={L(s—5)L(s—6)L(s, h),

up to Euler 2 factors, where A is the unique normalized cusp form of
S:(I'y(2)). On the other hand, Maaf [38] has shown that

L(s, F)={(s—5){(s—6)L(s, 1),

for some F e S,(",(1)) (unique up to constant), where [',(1) is the unique
index two subgroup of Sp(2, Z) which contains the level two principal
congruence subgroup. So, (f, F) gives an example for the Langlands
philosophy. But, this example is less essential than the examples in [21],
because this is a relation through one dimensional forms and does not
satisfy the Ramanujan Conjecture. In our set-up in Conjecture 1.11,
there is no relation, at least apparently, between old forms and those
forms obtained from lifting. As for another aspect between lifting and
old forms, see [24].

(2) Construction of automorphic forms. For n=1, it is well-known
that we can construct the forms in S,(I"(p)) from IN,_,O,) through the
Weil representation: We can embed Sp(1)=SU(2) to SO(4), and roughly
speaking, we can get forms in S,(I",(p)) through theta functions

)= 2, P, te§,
neZ4

where Q are quadratic forms of four variables and P are spherical func-
tions (i.e. automorphic forms of Sp(1)). In our case of n=2, the situa-
tion is fairly different. We can embed Sp(2) to SO(8) for example, and
get a Siegel modular form in a similar way, but the weight of this form
cannot be y+3. On the other hand, we have Sp(2)/+1=S0(5). By
using this isomorphism, it has been shown in [25], that we can construct

automorphic forms on S]g(?,/ R) (the non-trivial double cover of Sp(2, R))
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from forms belonging to Sp(2), and that this construction preserves L- J
functions. Let p(f,f,) be the representation of Sp(2) whose Young

aNERY
1| ]A]

Then, p(f,,f;) factors through SO(5) if and only if f,+ f,=even.
We assume this. Then, from any form ¢ ¢ I, ,,,(Ui(p) (n=2), we
can construct a vector valued Siegel modular form o(g) of weight
detV-72+9QSym (f;), where Sym (f;) is the symmetric tensor representa-

tion of GL(2) of degree f,, We can develop the Hecke theory on S;(2\,/ R)
and define L-series. By some local theory similar to Yoshida [51], we
can show that L(s, )= L(s, o(¢)) up to finitely many Euler factors. It is

very plausible that there exists a similar mapping from forms of S]ga/ R)
to those of Sp(2, R). So, the above results might be regarded as the first
half of an explicit mapping of forms of Sp(2) to those of Sp(2, R).

diagram is

(3) A relation to supersingular abelian varieties. We have some
geometrical interpretation of dim IM(Ui(p)) (i=0,1) and the Hecke
operators. Let H, be the class number of the principal genus of the
definite quaternion hermitian space D" with metric N(x)+ - - - 4+ N(x,) for
(xy -+, x,)e D". Put

U=G., [ (GL,(0,)NG)).

Then, dim M(U)=H,, so dim M(Ui(p))=H, (cf. Shimura [44]). For
n=1, it is known by Deuring [8] that H, is equal to the number of
isomorphism classes of super singular elliptic curves E over fields of
characteristic p. It is clear that the Brandt matrices defined by Eichler
[9] coincide with matrices which consists of numbers of isogenies between
- supersingular elliptic curves. Now, we assume n>2. We have a similar
(but slightly different) relation also for these cases: H, is equal to the
number of principal polalizations of E” up to Aut (E") (cf. Ibukiyama-
Katsura-Oort [26], J-P. Serre [42]). Combining this fact for n=2 with
some geometrical consideration, the number of supersingular curves of
genus two with prescribed automorphism groups have been counted (Ibuki-
yama-Katsura-Oort. loc. cit.). This gives an example of explicit descrip-
tions of [, in (1.3) up to isomorphisms. Next, let C,(i=1,- - -, H,) be the
complete set of representatives of the principal polarizations of E™ up
to Aut (E”). For natural integers m, put

5:(m)=4{p € End (E,); p*(C)=mC }/Aut (E,, C),
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where = denotes the algebraic equivalence. Put S(m)=(s,;(m)). On the
other hand, denote by H(m)=(h,,(m)) the Brandt matrix, i.e., the matrix
induced from the Hecke operator T'(m) on the right hand side of (1.4)
(c.f.[15], §1). Then, changing the numbering, if necessary, we get H(m)
=S(m). The class number H; of the non-principal genus in D* is equal
to dim M(U{(p)) (cf. Shimura [44]). It is known by Katsura-Oort [31]
that H} is equal to the number of irreducible components of the set of
principally polarized supersingular abelian surfaces in the coarse moduli
scheme 4, ;.
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