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Abstract. Let F be any finite field with g elements such that ¢ is the square of an
odd prime. For each extension F’ of odd (resp. even) degree over F, we shall show that
there exists a curve of genus 3 defined over F' such that the number of F'-rational points
attains the maximum (resp. minimum) of the Weil estimation.

For any curves C defined over finite fields F, (9= p% p:prime), Weil [20] gave an
estimate for the cardinality of the set C(F,) of F -rational points of C as follows:

|#(C(F)—1-q|<29./q

where g=¢g(C) is the genus of the curve C. When g is a square, for a fixed g and variable
g, very interesting phenomena occur and the upper bound and asymptotic behaviour
for g— oo were studied for example by Ihara [11], Manin-Valdut [12]. Now, Serre
[19], [18] studied the bound for a fixed g and variable g. A part of his results says
that for any square g=p?2° when g =1, and for each square g#4 or 9 when g=2, there
exist curves C; and C, defined over F, such that

#HC1(F))=1+q+29p°,  #(Cy(F))=1+q—29p°,

that is, there exist curves such that the number of F -rational points attains Weil’s
maximum, or minimum. But it remained open, except for several small g and g, whether
this is also true for any g >3 and for almost all g. (Serre, loc. cit. When ¢ is some power
of 2, see also Oort [14].) In this paper, we shall show the following:

THEOREM 1. For each odd prime p and each positive integer e, there exists a
nonsingular irreducible curve C of genus 3 defined over F, such that the number of F .
rational points attains the maximum (resp. the minimum) of the Weil inequality for odd
(resp. even) e, that is,

H(C(Fae))=1+p2+(—1)*16p°.

More precisely, there exists a curve C defined over F, such that the Jacobian variety J(C)
of C is isomorphic over F,: to the product of three copies of a supersingular elliptic curve
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E defined over F,.

This work is motivated by Professor Serre’s letter [17], where he pointed out that,
to obtain the above theorem, it is sufficient to show the existence of an (irreducible
nonsingular) hyperelliptic curve (over any field) whose Jacobian is the product of
supersingular elliptic curves. When p=3 mod 4, it is easy to show the existence of such
curve, using the class number formula of ternary quaternion Hermitian forms by
Hashimoto [3] (cf. Oort [14], [5]). In this case, we need not assume that e is odd.
Also, when p=3mod 4, it is known that the curve C: x* +y* =z* satisfies the conditions
in our Theorem ([17], [14]). On the contrary, for general p, we do not know whether
we can take a curve C in the above theorem so that C is hyperelliptic. Hence, we do
not know whether there exists a curve C such that #(C(F,.)) attains the minimum (resp.
maximum) for odd (resp. even) e. The outline of the proof of the above theorem is as
follows: We fix an odd prime number p and take a supersingular elliptic curve E defined
over F, such that F?= —pid;, where we denote by F the Frobenius endomorphism
over F, of E. (The existence of such a curve is due to Deuring [1].) Any principal
polarization @ on E? is defined over F »2 (€.2. [9]). We can give a number-theoretical
criterion whether (E*, @) has a model (4, ®') over F, which is isomorphic to (E>, ©)
over F .. Itis known by Oort and Ueno [15] that any 3-dimensional principally polarized
abelian variety is the Jacobian of a ‘good’ curve (which is, in general, reducible). If
(4, ©’) as above is the Jacobian of an irreducible curve C, (i.e., if @ is indecomposable),
then by Serre [17] or Oort [14], we can take a model C, of C such that C, is defined
over F, and that the Jacobian variety J(C) is isomorphic to (4, ®') over F,. By
calculating the mass formula for elements of a certain type of the group G of quaternion
hermitian similitudes, we can show the existence of such a principal polarization on
E3. Incidentally, a similar method cannot be applied in general for further study. That
is, when p=1 mod 4, there exists no curve C of genus 3 defined over F,. such that the
Jacobian variety J(C)= E® and that its Frobenius over F,. induces —p? in J(C). (This
is caused by the fact that, in this case, the automorphism group of J(C) does not contain
an element with characteristic polynomial (x? +1)3, cf. [3]).

In §1, we shall review algebraic geometry and give the criterion mentioned above.
In §2, we shall give explicit results on the mass formula for some elements of the group
G in Theorem 2. Sections 3 and 4 are devoted to the proof of Theorem 2. The calculation
of local data we need for a calculation of the above mass will be given in §3. We
encountered similar kind of calculations, for example, in [6], [3], [8]. Although this
calculation is fairly elaborate, it is lengthy and the proof will be omitted here. The
proofs of Theorem 2 and the above Theorem 1 will be completed in §4.

I would like to thank Professor Jean-Pierre Serre for explaning this problem and
its subtle point in his letter [17] and also for valuable comments, and also Professor
Toshiyuki Katsura for valuable discussions.
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1. Review on algebraic geometry. We fix an odd prime p and a supersingular
elliptic curve E such that the Frobenius endomorphism F of E over F, satisfies
F 2 = — p ldE.

LEMMA 1.1. Let n>2 be a positive integer. An n-dimensional principally polarized
abelian variety (E", ©) rational over F,. has a model (A, ©') such that it is both defined
over F, and also isomorphic to (E", ©) over F ., if and only if there exists an endomorphism
o of E" which satisfies the following three conditions (1), (2) and (3):

(1) aeAut(E")-F,

(2) a?=—pidg, and

(3) a*(©)~pO, where we denote by =~ the algebraic equivalence of divisors.

ProoF. First, assume that there exists such a model (4, ®’), and denote by f the
isomorphism of (4, @) onto (E", @) defined over F,.. Denote by ¢ the generator of
the Galois group Gal(F,./F,). Then, if we set a=f"f"°F, this « satisfies the above
conditions. In fact, we get @'~ f*(@)~(f°)*(@°), which implies (3). On the other
hand, for any endomorphism f of E”, we get F- = °F. Hence, we get (2). Conversely,
assume that there exists an endomorphism o which satisfies (1), (2), and (3). By (1),
we can put a=g¢-F, where e Aut(E"). By (2), we get e’¢=idg. By (3), we get
F*¢*(@)~pO = F*(©°), which implies ¢*(@)~ ©@° and ¢ is an isomorphism of (E", ©)
onto (E", ©7). Hence, by the Weil criterion, we get a model (4, @’) defined over F,
and an Fp-rational isomorphism f of (4, ©') onto (E", ©). q.e.d.

LEMMA 1.2. Assume that a principally polarized abelian variety (E®, ©) satisfies
the conditions in Lemma 1.1, and that © is an indecomposable polarization. Then, there
exists an irreducible curve C of genus three rational over F, such that

H(C(F,2))=p2+1+6p.

PrOOF. By Oort and Ueno [15], any (E3, ©) is the Jacobian of a good curve,
and if @ is indecomposable, then C is irreducible. Now, it has been shown by Serre
[17] and Oort [14], using the Torelli Theorem, that, if any principally polarized abelian
variety (4, ©,) rational over a field k is the Jacobian variety of a curve C, (over the
algebraic closure of k), then we can take a model C of C, such that C is rational over
k and that the Jacobian variety J(C) of C is isomorphic to (4,, ®,) over a quadratic
extension of k. Going back to our situation, we get an irreducible curve C rational over
F, whose Jacobian is isomorphic to (4, @) and hence to (E?, @) over F, »2- This means
that the Frobenius endomorphism of J(C) over F,. is —pidga. q.e.d.

2. Relation to the mass formula. In this section, we shall interpret Lemma 1.1
into an arithmetic theory of the quaternion Hermitian forms, explain how to show
Theorem 1 by the mass formula, and then state the results on masses.

We put @ =End(F) and B=End(E) ® Q. Then, B is a definite quaternion algebra
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over @ with discriminant p, and ¢ is a maximal order of B. As has been shown in [10],
principal polarizations on E" (E: the supersingular elliptic curve over F, which we fixed)
correspond bijectively to the set of classes of lattices in the principal genus .#(n) of the
n-ary positive definite quaternion Hermitian space B" (with standard metric). We need
notation to interpret the conditions in Lemma 1.1. We denote by G=G(n) the group
of quaternion Hermitian similitudes on B™

G=G(n)={ge M,(B); g'g=A(9)1,} ,

where A(g) is a positive rational number depending only on g. We denote by G ,=G 4(n)
the adelization of G(n). For any place v of Q, we denote by G, =G (n) the v-component
of G,. For any finite place v, denote by 0, the v-adic completion of @ and define a
compact subgroup U, of G, by

U,=G,nGL,(0,) .
We also define a subgroup U of G, by

U=G,x[] U,.

v<ow

Now take the double coset decomposition
H
G,.=]] Ug;G (disjoint) .
i=1
Then, the number H of these double cosets is equal to the class number of #(n) and
a complete set of representatives L, ..., Ly of the classe of £(n) is given by
L;=0"g;nB".

LemMA 2.1. If P=(E", O) satisfies the condition in Lemma 1.1, then for the lattice
L; which corresponds to this P, there exists an element ge G(n) with g*= —pl, such that
L.gcL; and that g;99; *enU.

The proof is obvious.
Now, we shall review some mass formulas for G. We denote by I'; the automorphism
group of the lattice L;:

Aut(Li)=Fi={g€G;Lig=Li} .

In the adelic language, we get I';= G ng; ' Ug,. To simplify notation, for each i (1 <i< H),
we denote by 77(r) the subset of G(n) defined by:

Ti(n)={g€eG; g;g9; 'enU and g*>= —pl,},

and we denote by M(n, L;) the rational number
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HTIm)

M(n, L;)= )

For each positive integer n, we denote by M(n) the following rational number (which
is a kind of “mass” of some subset of G ,):
& ¥(Ti(m)
M@n)=) — 27
i=1 ¥I)
In the above summation, some lattices L; are decomposable and hence correspond to
decomposable polarizations. Now, changing the indices if necessary, we assume that

the lattices L,, ..., Ly are indecomposable and that for any i> H’, the lattice L, is
decomposable. Now, we define M'(n) by
, T HTH(m)
Mm)=>)Y — 22,
i=1 ¥

It is obvious that the following two conditions are equivalent:

(1) There exists an indecomposable lattice L such that Lgc Lfor some g e T(r).

(2) We get M'(n)>0.

On the other hand, it is known which kind of calculation is needed in order to
obtain M(n) (cf. Hashimoto [4]), although actual calculations are somewhat elabolate.
If we get M(1), M(2), and M(3), then we can calculate M'(3) by using the following lemma.

LEMMA 2.2. Notation and assumptions being as above, we get
1
M’(3)=M(3)—M(1)M(2)+? M(1)3.

PrOOF. Assume that a lattice Le #(n) is decomposable. So, for some positive
integer r> 1 and some positive integers d,, . .., d, such that Z;= , dj=n, there exists non
zero indecomposable left O-lattices M, ..., M, such that, for each j (1 <j<r), the left

B-vector space V;=B® M, is of dimension d;, and that
L=M,1---1M,,

where we denote by L the orthogonal splitting of lattices with respect to the metric we
fixed. It is trivial that each M belongs to £(d;), if we identify V; with B%. It can also
be proved easily in the same way as in O’Meara [13, p. 321] that the above orthogonal
splitting is unique up to order. Now, we set L= L, for some i with 1 <i< H, and assume
that Lgc L for some ge G such that g>= —pl, and that g,gg;* =nu for some ue U.
Then, we get also

Lg=Mgl---1Myg,

and
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Lg=0"nug;=n0"g;=nL .
Hence, we get the following orthogonal splitting of L into left @-lattices:
L=n"'Mgl---1n"'M,g.

Hence, by the uniqueness of the orthogonal splittings, it is shown that for each j with
1 <j<r, there exists j' with 1 <j'<r such that

szn_le'g .

The above lattice M; is not necessarily isometric to M as quaternion Hermitian lattices.
Now, we assume that Le #(3). Then, we have two cases:

(1) r=2,d,=1, and d,=2, or

2) r=3,d,=d,=d;=1.

In the case (1), we get M;=n"'M;g for each j=1, 2. Hence, as Aut(L)=
Aut(M,) x Aut(M,), we get

M@, L)=M(1, M) x M(2, M)

in this case.

In the case (2), there are several possibilities. We shall say that the nonisometric
left O-lattices M and N of rank 1 (but not necessarily left ¢-free) are conjugate with
each other, if M =Nb for some be B*. In other words, M and N correspond to
supersingular elliptic curves defined over F,. which are conjugate with each other.

(i) If M; (1<j<3) are not isometric with each other and M, is conjugate to M,
then we get

M@, L)=M(, Ml)xm.

(i) Ifany M;(1<;<3) are not isometric and not conjugate with each other, then
we get

M@, L)=M(1, M) x M(1, M) x M(1, M) .

(iii) If M, and M, are isometric and if M is not isometric and not conjugate to
the others, then #(Aut(L))=2 x ($(Aut(M,)))*#(Aut(M,)) and we get

$({be B; M;b<= M, and n(b)=p})
2+ (#(Aut(M,))?

1
M, L)=<?M(1,M1)2+ )XM(I,Ms),
where we identify M, with left ¢-ideal of B and denote by n(b) the reduced norm of b.
(iv) If all M; are isometric with each other, then #(Aut(L))=6-(#(Aut(M N3,
and by easy calculation, we get
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#({beB; M ,b=M, and n(b)=p})
2-(#(Aut(M)))?) ’

1
MG, )=—M(1, M )3+ M(1, M) x

where the notation is as in (iii).
(v) In the remaining cases, we get M(3, L)=0. Hence, by easy combinatorial
argument, we get our lemma. q.e.d.

It is wellknown (Deuring [2]) that when p=3,

2
M=

and for any p>35,

. h(/ —p)/2 if p=1mod4
M(1)=—2~(h(—p)+h(—4p))= 2h(~/ —p) if p=3mod8
-/ —p) if p=7mod8,

where h(d) is the class number of the order of Q(,/ d) with discriminant d and A/ d)
is the class number of the maximal order of Q(\/ﬁ).

To get M(2) and M(3), we must calculate various complicated data. Here, we just
state the results and the proof will be given in later sections.

THEOREM 2. We assume that the discriminant p of B is an odd prime. Then, we get
19/72 if p=3,
(1/48)h(\/ —p)(4p—1) if p=1mod4,

MQ2)=
@ (12Hh(/ —p)8p—5)  if p=3mod8, p#3,
(1/6)h(/ —p)(p—1) if p=7mod38,
and
77/23-34 if p=3,
MG3)= (1/25-32)h(,/—p)B3,1 if p=1mod4,

(77)2%-3*h(/ —p)Bs,,  if p=3mod8, p#3,
(13/2*-3)h(/ —p)B;_, if p=Tmod8,

where we denote by y the quadratic character which corresponds to the imaginary quadratic
field Q(./ —p) and by B, , the generalized third Bernoulli number with respect to y.

The proof will be postponed until the final section.
THEOREM 3. For every odd prime p, we get

M'(3)>0.
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Besides, lim,_, , M'(3)= + o0, and the number of curves over F, such that #C(F,.)=
1+ p2+6p tends to infinity as p— 0.

ProOF. By Lemma 2.2 and the above Theorem, we get an estimate for M'(3)
from below. It is fairly easy to show that

By, >p*/p if p=1mod4,

and
>—p2./ if p=3mod4.

In fact, it is wellknown that

2
By~ N 15,

x 2n3
where f is the conductor of y, and also that

L3, 1) =Lo=»(3/L03),

where the L functions and zeta functions are defined as usual. As {(3)<1.21 and
Lo =5(3)>{(6)=mn"/945, we get the above estimate for B; ,. Hence, as h(,/ —p) <p, we
can always show that M’'(3)>0 for sufficiently large p. For example, if p=1 mod 4,
then the above estimate gives that M'(3)>0 for p>150. As for p<150, we calculate
the exact value of M’(3) directly, and we can see that M’'(3)>0. For those primes with
p=3mod 4, we can show in a similar way that M'(3)>0. It is also obvious by the
above estimate that M'(3)— oo as p—co. For each lattice L, it is obvious that M(3, L)< 1.
Hence, the number of indecomposable lattices L such that M(3, L)#0 increases to
infinity as p—oco. q.e.d.

3. Review on the mass formula. From now on, we shall calculate M(2) and M(3).
In this section, first we shall review the general (but not explicit) formula for M(n), and
secondly, we shall review conjugacy classes.

ProrposiTION 3.1 (Hashimoto [4], see also [6,§1]). We have
M(n): Z Z MG(A) l_[ Cq(g’ Aqa an) )
{9} Lg(A) g<o

where the notation will be explained below.

NoraTiON. (1) {g}¢ runs over G-conjugacy classes of elements of G such that
2
g°=—rl,
(2) Here, we shall explain the meaning of Lg(A). For each element ge G, we
denote by Z(g) the commutant of Q(g) in M, (B): Z(g)={;eM,,(B); zg=gz}. We put
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Z5(9)=2(9)nG. Now take an order A of Z(g). For any prime g, we denote by Z(g),
the g-adic component of the adelization Zg(g) 4, and put 4,=A® Z,. We denote by
L(A) the G-genus containing A:
Ls(A)={A'=Z(g); A" is an order of Z(g)
and for every prime g, A;=yq‘1Aqu for some y, e Z(9),} -

In the second summation of the above Proposition, Lg(A) runs over all the G-genera.
(3) M (A) is the mass of the G-genus A defined below.
Take a double coset decomposition of Z;(g), as follows:

h(A)

Zs(@a= kI;[1 Zg(9)yd A4 N Zg(9).4) -

For each k with 1 <k <h(A), define an order A, of Z(g) by

A=Ay 'nZ(g)) .
The G-mass My(A) is defined by

h(A) 1
Mg(A)= kz'x W .
(4) The quantity in the last product is now defined. For each prime ¢, we set
M(g, A, nU)={xe G, x 'gxenU, and

Z(g)nxM,(0)x™ ' =aAa™" for some ae Zy(g),} .

The “local datum” ¢, is defined by
¢(g. A TU) =HZo(9)\M(g, A, nU/U,) .

To get M(2) and M(3), we must calculate every datum in the above propostion
explicitly. Here, we review conjugacy classes of elements of G (cf. [6]). For each n and

each prime g, we define a subset C,(n) of G,(n), and a subset C(n) of G, respectively as
follows:

Cq(n) = {ge Gq(n)s gZ = _plm and g'g =p1n} 5

C(n)={geG(n); g>=—pl, and g'g=p1,} .
When n=3, put

n 0
g=| 0 0
00
Then, any element g’ of C(3), or C,(3), is G-conjugate, or Gq-conjugajz, to g, respectively.
When n=2, for an element ge C(2), set F=Q(g)=~0(/—p). Then, Z(g) is a
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quaternion algebra over F with Z(g) ® F=~ M,(B) and there exists a unique quaternion
subalgebra Z,(g) over Q of Z(g) such that Z4(g)=F* - Z,(g)* (an amalgamated product
with FnZ,(g)=0".) The mapping C(2)—Z,(g) gives a bijection from the set of
G-conjugacy classes in C(2) onto the set of definite quaternion algebra D with
D®gqF=B® F. (As for a more precise statement, see [6].) As for C,(2), the same holds,
if we replace each global object above by the corresponding local one, e.g. Z(g) by Z(g),
etc. Hence, the set C (2) consists of at most two G,-conjugacy classes.

4. Local data. We shall give the most delicate term c (g, 4, nU,) in the mass
formula for n=2 and 3. The proof consists of fairly long calculation on matrices which
is similar to that in [6] and will be omitted here. The above data are determined locally,
and we calculate them for each G -conjugacy class in Cy(n), n=2, or 3. When n=2, we
shall also calculate some numbers d,=d,(g, A) and e,=e¢,(g, A) which are necessary for
the calculation of M;(A) and defined by

d,=[Ag max: 40 1[0 : Z,[9]7],
and
e,=[A"nG:Z,[g]"A5],

where we put A,=Z(g) n A, and denote by A any maximal order of Z,(g) which contains
Ay and by o, the maximal order of Q,(g). Throughout this section, we assume that the
discriminant p of B is an odd prime.

4.1. The case n=2. In this subsection, we treat the case n=2. For the sake of
convenience, we put
01 01
G¥={geM,(B); 'g= ,

Ur=G*nGLy(0,).

and

As we can choose an element ¢ e GL,(0,) such that

iz (01
o)),

the mapping G,3g—¢g¢ ™' € G} induces isomorphisms G, =G} and U,~U}. We fix ¢
for each prime g and we shall often identify G, with G} through the above isomorphism.
When g#p, it is also convenient in some case to use generalized symplectic group

GSp(2, Q,):

0 -1, 0 -1
GSp(2, Q2)={96M4(Q4);g<__1 0 )tg=<—1 02>}.
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For g #p, we get GSp(2, Q,)=G,, and we fix this isomorphism and identify these groups
sometimes.

For each prime g, we fix an element 7 of ¢, such that 72= —p, and put

Then, &g,&7 ! belongs to Cy(2), and the corresponding algebra Z,(g,) (defined in the
preceding section, or [6]) is given by

Zo(gy) = {(C‘; ”;) € My(B,); a, b, c,de Qq} ,

and is isomorphic to M,(Q,). When Qq(\/——p);Qq(—B Q,, then @5'1 represents the
unique G,-conjugacy class in C,(2). Besides, if g#2 and Q,(,/—p) is an unramified
quadratic extension of @,, then for any ge C, such that Zy(g) is a division algebra,
namely, if g belongs to the other G,-conjugacy class in C,(g) than £g,¢7", we have
c,(9, 4, U))=0 for any order A<Z(g) (see [6, Proposition 4]). First we assume that
g#2and 0/ -P)=Q,DQ,
PROPOSITION 4.1. Notation and assumptions being as above, we get
_ L if A~A =My (Z,[n]),
cq(églé 1’ A) Uq)={ ' n
0  foranyother A,
and d(A))=e(A;)=1.
Now, we assume that g #2 and that Qq(\/ —p) is an unramified quadratic extension
of @,
PROPOSITION 4.2. Notation and assumptions being as above, we get
- 1 if A~A=My(Z[n]),
c69:€71 4, U.,)={ Lo
0  foranyother A,

and d(A})=e(A)=1.

Next, we assume that g=p. In this case, Q,(g) is a ramified quadratic extension
of Q,. We fix an element 7 of O, such that n?= —p. Then, there are two G,-conjugacy

classes in Cy(2), each of which is represented by g, defined before, or g, defined as
follows: When p=1 mod 4, we put

n 0
= eqG,,
92 (0 7'L'> 4

and if p=3 mod 4, we put



322 T. IBUKIYAMA

n 0
= eqG,.
92 (O —n) 4

PROPOSITION 4.3. Let the notation be as above.
(i) As for g, we get
_ L if A~A=My(Z[r]),
cp(é9:671, 4, Uq)={ LR
0  fortheother A,

and d,(A)=p+1,e,(4;)=2.
(ii) As for g,, we get
1 if A~A,=My(Z[n]),
Cp(g2’ Aa Uq)={ 2 2 !
0  fortheother A,
and d,(A;)=1, e, (A;)=2.

Finally, we assume that g=2. Recall that we assumed p#2. When p=1 mod 4, we
define g, e G% as before. When p=3 mod 8, we get

(oo 1)
= .
—(p+1)2 -1

This setting is convenient, because Q,(n)n M,(Z,)=Z,[(1 + n)/2] =the maximal order
of @,(n). When p=7 mod 8, we set

wl 0
g1=( 2 )eGSp(z, 0,),
0 —wl,

where  is an element of Z, such that w?= — p. We also define g, for each characteristic
(or discriminant) p as follows:
When p=1 mod 4, put

00 -1 0
00 0 -
= GSp(2, ,
92 p0 0 0 €GSp(2, 0,)
Op 0 O
and when p=3 mod 8, then put
1 0 2 0
01 0 4
9= 5. 0 —1 o |§95P222),
0 ¢ 0 -1

where e= —(p+1)/4.
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PROPOSITION 4.4. Notation and assumptions being as above, we get
(1) if p=1mod 4, then

1 if A~A =My(Zy(n),
cq(gl’A7 Uq)= 1 lf. A~A2=Z(gl)n<1 ﬁ>5

01
0  foranyotherA ,

1/1 0
ﬁ’?(o —1>’
and d(A;)=1, e (A,)=1, and d(A,)=3, e,(A,;)=2,

1 if A~A;=2Z(g)nMy(Z,),
1 for any other A ,

where

Cq(g29 A’ Uq) = {

and d(A,)=3, e, (A;)=2.
(i) If p=3 mod 8, then

1 if A~A=Z(g)nM,(0,),
AUy |l A~ A=ZE)n MO,
oL TITNL i AN A =Z@nyMy(0,)y 7t
0  for any other A,
where
10 0 O 1000
o120 o210
oo 1 0" Y|ooi1ol°
00 0 1 0002
and dq(A1)=3a eq(Al)=3’ dq(A2)=99 eq(AZ):: 1, dq(A3)=39 eq(A3)= 1.

1 if A~A;=Z(g)nM,0,),
a4, U= { f A~A,=Z@)n My(0;)
0 for any other A ,
and d(A,)=9, e(A,)=3.
(iii)) Ifp=7mod 8, then

if A~A;=Z(g)nM,(0,),

if A~Ay=Z(g)nxMy(0)x™ ",
if A~A3=2Z(g)nyMy(0y)y~ ",
if A~A4=2Z(g)nzMy(0))z™ ",
for any other A ,

cq(gl, As Uq) =

O = e
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where
10 0 1/2 1 0120 1 012 0
01172 0 01 0 O 01 0 12
xX= y= zZ=
00 1 0 |, 00 1 0], 00 1 0 |,
00 0 1 00 O0 1 00 0 1

and dq(Al)zl’ eq(A1)=13 dq(AZ)zla eq(A2)=15 dq(A3)=3’ eq(A3)=1’ dq(A4)=39
e(A)=1.

4.2. The case n=3. Itis not difficult to show that for each prime g, there exists
an element e GL,(0,) such that

001
EE=l0 10
100

We set
001 001
G¥=19geMyBy);gl 0 1 0)g={0 10|,
100 100
and

Ur=G}nGL5(0,) .

Then, G, 39+ ¢g&~ ' e G¥ induces isomorphisms G,~G* and U, = U¥*. Now, we put

n 00

g={0 7w 0],

00
where n is any fixed element of O, with n?=—p. Then, any element g'eC,(3) is
G,-conjugate to &g&~'. Hence, we shall treat everything in G} and use g as a
representative of C,(3). To calculate M(A), we need some local mass, which is denoted
by d,(A) and defined by
[A*nG, : A5 nA* nG¥]
[A5nG¥:AFnA nG*] '

dq(A) =

where we put A, =M;(o,).
ProOPOSITION 4.5. (1) When q+#2, we get
!f A~A0 ’

1
cl(9, 4, nU*)={
! ! 0 for any other A .
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(2) When q=2, we get the following results:
(1) If p=1mod 4, then
1 if A~A4,,
es(g, 4, nU§)={ 4 °
0  for any other A .

(ii) If p=7mod 8, then

if A~Ay,

if A~A;=My(Qy(m)nx, My(O))x1 ",
if A~ Ay=M3(Q,(m)nx,M,(0)x; ",
if A~A3=M3y(Qy(m)nx3M,(0)x5 ",
if A~Ay4=M3(Q,(m)nx My (O)xs ",
L O for any other A,

CZ(g’ Aa ﬂU;‘) =

‘
D Ju— b —_— L
=

where, for each i with 1 <i<4, we put

<13 (I/Z)Si>
Xi= s
0 1

and
100 000
S;={010], S,={010],
001 001
000 000
Sy=[00 1], S,=[ 00 0],
010 001

and dy(Ao) =1, dy(A,)=28, d,(A,)=21, dy(A3)=T, dy(A4)=21.

When p=3mod 8, the same kind of calculation seems fairly complicated, so we
shall determine the local data at 2 for n=3 by another method as follows: We can
reduce the problem to the case p=3 as we shall see later. When p =3, the class number

of the principal genus in B3 is two (cf. Hashimoto [3]). In this case, we can take the
maximal order O as

1 1
(9=Z+Z_+ix_+zﬁ+zﬂ,
2 2
where a?=—3 and f?= —1. Then, the unique indecomposable lattice class in the

principal genus of B? is represented by L= 03x, where xe GL,(B) such that

3 a a+f
Y.=x'x= —a 2 0
—a—f 0 3
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The other lattice class is represented by ©3. Since #(Aut(¢))=1/123-6 and since

13 1 1
12567 #Aw0Y) T~ #AuL)

by the usual mass formula ([6, p. 568]), we get #(Aut(L))=123-7. Now, define a subset
N of G by

N={geG; LgcL, g>*=—3-15}.
Then, it is easy to see that
$(N)=1#{ge M;(0); gY'g=3Y, g*=—3"15}.

The latter number was calculated by computer and we obtained #(N)=504. Hence, we
obtained M’'(3)=1/23+3 and M(3)=77/233* for p=3. When p=3 mod 8, then we have
—p=—3¢? for some ee Z;. So, if g2= —p, then (ge~')*= —3. Hence, it is obvious
that for any order A4, = Z(g),, the datum c,(g, 4,, nU,) does not depend on p as long
as p=3 mod 8. For p=3, and hence for any prime p=3 mod §, we get

Y dy(A)ey(g, A, nU%) =154 .
A
These data are enough for later use.

S. Proof of the main theorem. In this section, we complete the proof of Theorem
1 in §1 by showing Theorem 2 in §2. First, we treat M(3). Let F be any imaginary
quadratic field over @, and denote by o, the maximal order of F. For any natural
number n, we define the generalized unitary group GU(n, F) and the unitary group
U(n, F) as usual by

GU(n, F)={he M,(F); h'fi=n(h)1,} ,

and
Un, F)={he GU(n, F); n(h)=1} .
If we put
nt 00
g={0 n O
0 0=

as before, then

Z(g)=M4(Q(m)) ,

and

Zg(9)=GUG, Qm)) .
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Hence, for Ay=M;(op) = Z(g), where F=Q(n), the mass Ms(A,) is the usual mass of
the generalized unitary group GU(3, F). To get the mass M4(A,) from the usual mass
of the unitary group

Zs(9)' ={he Zg(g); n()=1}=UG, F),

we shall compare the class numbers of both algebraic groups. We shall treat this problem
in a slightly more general setting. Again, let F be any imaginary quadratic field over Q.

LeEMMA 5.1. Notation being as above, assume that n is odd. Then, we get
hGU(n, F))=2'""-h(U(n, F)),
where t is the number of prime divisors of the discriminant of F.

PrROOF. Put oj =C* x[], ., o5, where o, is the maximal order of the v-adic
completion F, of F. If g,, g,€ GU(n, F,) and if n(g,) ¢ N(F*)n(g,)N(o;), then it is clear
that g, ¢ GU(n, F)g,GU(n, o,). On the other hand, for each R=F*, F, or o}, the set
of multiplicators rn(g) of GU(n, R) is N(R), respectively, where we denote by N the usual
norm over Q or Q,. Indeed, for any aeR, al,e GU(n, R) and N(a)=n(al,). On the
other hand, for geGU(n, R), we get det(g'g)=n(g)", and since n is odd, we get
n(g) = N(det(g)/n(g)"~V'2). So, if n(g) e N(F *)N(a)N(o} ) for some ae F, then replacing
g by some other representative in GU(n, F)gGU(n, o ,) if necessary, we may assume that
n(g)=N(a). Now, for each aeF,, put S(a)={geGU(n, F,); n(g)e N(F*)N(a)N(o;)}
and T(a)={geGU(n, F,); n(g)=N(a)}. We show that #(GU(n, F)\S(a)/GU(n, 0 ,))=
#(U(n, F)\T(a)/U(n, 0,))=~(U(n, F)). Indeed, if geS(a), then replacing g by some
other representative in GU(n, F)gGU(n, o ,) if necessary, we may assume that n(g)=a.
So, take g;,g,€S(a) such that n(g)=a. If g,=kg,u for some keGUn,F) and
ueGU(n,0,), then n(ku)=1. So, we get n(k)e N(F*)nN(o;)=1. This means that
aeU(n, F) and ue U(n, o,). Besides, for any ge T(a), we get a_'ge U(n, F) and so
T(a)=a T(1). So we get the above results. By the genus theory, it is wellknown that
FN(FPOO\N(F;)/N()=2""1. q.ed.

By the above lemma and by using the fact that the unit group of a GU(n, F)-class
is the same as those of U(n, F)-classes in that, it is obvious that

Mo(M,(0p)=2"""-M(U(n, F)),

where M(U(n, F)) is the usual mass of the unitary group (with respect to the genus
containing o}). But, the explicit value of M(U(n, F)) is well-known (cf. Otremba [16],
Hashimoto-Koseki [7]) and when n=3, this is given by:

1
MUG, F)=~ g5 BioBa, o

and hence, for F=Q(/—p) (p: odd prime), we get
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1/24-34 if p=3,
(1/2%-3%)h(/ —p)B;,,  for p>5.
For any order A< Z(g), we get Mg(A)=Mg(A,) ][] ,4,(4). Hence, gathering the local

data in §4 together, we get the result for M(3) in Theorem 2.
As for the case where n=2, it is known (cf. [6, p. 572, Proposition 12]) that

M(GU3, F))= {

Mo)="N=P 1 - [T dyfey)

124(05 ) 11DZoa)

for any A < Z(g). Hence, gathering local data in §4 together, we get the results for M(2)
in Theorem 2.
Thus, Theorem 2 was proved and hence Theorem 1 as well.
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