Paramodular forms and compact twist

Tomoyoshi Ibukiyama,

In the early eighties, the author proposed several explicit conjectures on
correspondence between (global) Siegel modular forms of the split Sp(4) and
automorphic forms of the compact twist of Sp(4), both belonging to parahoric
subgroups locally. Actually we treated two cases, one is for paramodular type
subgroups, and the other is for the minimal parahoric subgroups. These two
conjectures were based on the evidence of global dimensional equality and
numerical examples supporting the conjectures. (cf. [5], [4], [3]). This was
an attempt to generalize the classical but neatly described Eichler correspon-
dence between modular forms of SL(2) and SU(2), rather than the general
Jacquet-Langlands correspondence. The project was abandoned for many
years but now I restarted this with young mathematician S. Wakatsuki, in
particular in the case of paramodular groups treated in [4]. Here we would
like to report some new results as well as our old thoughts. We give our con-
jecture in section 4 and evidence on global dimensional equality in section 5.
A new explicit result on the dimension of vector valued Siegel paramodular
forms is announced in section 6.

1 Paramodular groups, Siegel modular forms,
and new forms

We fix a prime p throughout the paper, and denote by K(p) the so called
(global) paramodular group defined as follows.
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Locally this is one of the parahoric subgroups of Sp(4,Q,). We denote by

pr; the irreducible rational representation of GL(2) defined by pi (g9) =
det(g)*Sym;(g) where Sym; is the j-th symmetric tensor representation.



For any function F' on the Siegel upper half space H, of degree two and
g=(45) e Sp(4,R), we write

(Flkg)lgl = p(CZ + D)"'F(Z).

Let I be any discrete (arithmetic) subgroup of Sp(4, R). A holomorphic cusp
form of T' of weight py; is a C?™'-valued holomorphic function F(Z) on H,
such that F|y ;[y] = F for all v € I which vanishes at the boundaries of the
Satake compactification of I'\ Hy. We denote by Sy ;(I') the space of cusp
forms of weight pj ; belonging to I'.

We now define new forms of Sy ;(K(p)). We put p = (p? 102
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For F' € Sy, ;(Sp(4,Z)) + Si,;(p~ ' Sp(4,Z)p) C Sk;(B(p)), we put

Tr(F)= Y Flyhl

vE€B(p)\K(p)

In [4], we defined the space of old forms of Sy ;(K(p)) as Tr(Sk;(Sp(4,Z)) +
Sk,;j(Sp(4,Z)) and the space of new forms as the subspace of Sy ;(K(p))
orthogonal to the old forms. (In [4], we treated only the scalar valued case,
i.e. the case of j = 0, but we need no essential change for j > 0.)

Locally at p there are three maximal compact subgroups of Sp(4,Q,) up
to conjugation, i.e. the completion of K(p), Sp(4,Z,) and p~*Sp(4,Z,)p,
and we are regarding in the above that those representation whose local
component at p has a fixed vector by Sp(4,Z,) or p~'Sp(4,Z,)p are "old
forms”. Recently we have more general theory by Roberts and Schmidt [§]
for local theory of new vectors for paramodular groups of level p”. Our old
(global) definition is essentially the same as their local definition for the level
p case.

We denote by S;¢”(K(p)) the space of new forms.

2 Compact twist

Let D be the division quaternion algebra ramified only at p and co. We put
G = {g € My(D);9'g = n(g)12,n(g) € Q%}
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This is a Q-form of GSp(4) and we can expect that there should exist a good
correspondence between automorphic forms of GSp(4,Q4) and G4. Here
we give necessary definitions. Let G4 be the adelization and G, or G its
local components. Let O be a maximal order of D and D, or O, the local
completion at a prime ¢. We fix a prime element 7 of O,. For any prime
q # p, we put U, = G, N My(O,)*. To describe the local group at p, we
change the model. We put

G, = {9 € Ma(Dy): g ((1] (1)) g =n(g) <(1) (1)) n(g) € Q;},

_ * Oy 7"_1Op g
G (% T

Since G = G, we identify these two groups from now on. We put U =
Goo [ Lyprime Uv- We take a rational representation (py, s, V) of USp(4) =
{g € My(H); g'g = 15} (H: the Hamilton quaternions) corresponding to the
Young diagram parameter f; > fo > 0. We assume that f; = f5 mod 2.
Then py, 5, factors through USp(4)/{£12}. We define a representation of
G 4 by

Ga — Goo — Goo/R¥1, 2 USp(4) /{%1,} "2 GL(V)

and denote this also by py, r,. A V-valued function f(g) on G4 is defined to be
an automorphic form of weight py, s, belonging to U if f(uga) = py, 1, (u) f(g)
for any @ € G, u € U, and g € G4. We denote the space of these au-
tomorphic forms by My, 1, (U). We interpret My, £, (U) more concretely as
follows. We take a double coset decomposition G4 = U2, Ug,G and put
I, =GNg; 'Ug;. Weput Vi = {v € V;pys 1, (7)v = for all y € T;}. Then
we have My, 1, (U) = @2,V (cf. [1]). The constant function on G4 is an
automorphic form of weight pyo. Since we sometimes want to exclude the
constant function, we denote by Sy o(U) the orthogonal complement of the
space of constant functions in My o(U). When (fi, f2) # (0,0), we just put
Shp(U) =My 1, (U).

3 Thara lifting and old forms

To define old forms of My, ,(U), we must explain IThara lifting from USp(2) x
SL(2) to G4 (cf. [7], [6]). This is a kind of compact version of Saito-Kurokawa
lifting or Yoshida lifting. We put f; + fo = 2v (v: a non-negative integer).
We take the space Hy, of (real) harmonic polynomials of 8 variables. Since
H? =~ R® where H is the Hamilton quaternions, we can regard P € Ha,
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as a function on H?, so we write P = P(z,y) (z, y € H). The compact
orthogonal group SO(8) is acting naturally on Hs,. We put USp(n) =
{g € M,(H);¢9'g = 1,}. Then («,g) € USp(2) x USp(4) acts on Hay, by
P(z,y) — P((az,ay)g). For any integers a and b with a > b > 0, we denote
by (0a—p, Va_p) the symmetric tensor representation of USp(2) of degree a —b
and by (pap, Vap) the representation of USp(4) corresponding to the Young
diagram parameter (a,b). The space Hs, can be decomposed into irreducible
representations of USp(2) x USp(4) as

HQV = Z Va,b

a+b=2v,a>b>0

where V,; is the representation space of o, ® pap (Vap is more explicitly
given but we omit the details here.) We take a double coset decomposition of
the adelization D}}: D} = Ul D*h;O where O} = H" [, imes O - For i
with 1 < < h, we write E; = D* N h;lOf‘hi. For any (i, k) with 1 <i < h
and 1 < k < H, we denote by Va]:;gxr'“ the space of E; x I, invariant vectors
in V, . Then the space

Wap = @1§i§h,1§ngHV£§XF”
is the tensor product of automorphic forms of D} of weight o,_, with respect
to O} and M, ;,(U). We take F' = (F;) € W where F}, € VG%XF“.

There exists a maximal left O-lattice L in D? such that U = {g €
Ga;Lg = L}, where we put Lg = Ny(L,g, N D?), L, = O, ® L. This is
so called a maximal lattice in the non-principal genus. We put L;, = E-Lg,v
For F' = (F,,) € W, we put

Vin(T) = Z F(z)e2rin@r/n(Lic)

TEL;,

where 7 is the variable of the upper half space and n(L;,) the positive gen-
erator of the Z-ideal generated by the norms of z € L;.. We also put

Since it is easy to see that L;, is equivalent to Eg for our choice of U, and
since Fj,; is a harmonic polynomial of degree 2v = a + b, we see that ¥(7) €
Auip14(SLo(Z)), the space of elliptic modular forms of weight a + b + 4 of
SLy(Z), and if a 4+ b # 0, this is a cusp form.

We can naturally define the action of Hecke operators of G4 and D on F.
We assume that F'is the common eigenform of all the Hecke operators S(m)
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of (D},0%) and T'(m) of (G4,U). Or in other word, F' = F} ® Fy where F}
or Fy is a common eigenform of D} or G4. We put S(m)F; = s(m)F; and
T(m)Fy = 7(m)Fy, where S(m) and T'(m) are the Hecke operators consisting
of those elements of similitude norm m. We write so(m) = m"s(m).

Under the assumption that F' is a common eigenform, we can show that
Ir(7) # 0 if and only if the coefficient of Jr(7) at €*™" does not vanish.

Theorem 3.1 ([7],[6]) Assumptions and notation being the same as above,
we assume that Vg # 0. Then we have

L(s, F3) = L(s — b— 1, F1)L(s,UF).
Here we define

L(Sﬂl?p) _ H (1 _ c(q)q_s + qa+b+3—2s)—1

g;anyprime

as usual where c¢(m) is the Fourier coefficient of O, and

L(s, F1) = (1= so(p)p) " [ [(1 = so(@)g > +¢* ") ",
q7#p

The definition of L(s, Fy) is given in the next section

We define the space of old forms to be the subspace of S, ,(U) generated
by those Fy such that ¥pgr, # 0 for some automorphic eigenform Fy of D7
with respect to O} of weight o, . We denote this space by Sg¢*(U).

We note that by Eicher’s theorem, F; corresponds to an elliptic modular
new form of weight a — b + 2 belonging to I' (()1) (p) where

r(p) = {(‘C‘ Z) € SLy(Z): ¢ = 0 mod p}.

4 Local L functions at good and bad primes

For a prime ¢ # p, we see that U, = GSp(2,Z,), so for each common eigen-
form F € Sy j(K(p)) or F € Myy_3,-3(U), we define

L,(s, F) =

(1= M@)q + (A(@)2 — M(@?) — 2FH=4)g25 — \(q)2e+i =373 4 gth+2i—6-1s)-1

where T'(q)F = Mq)F and T(¢*)F = A\(¢*)F. Here T(q") is the Sp(4,7Z,)
double coset consisting of g € GSp(4,Q,) N My(Z,) with gJ g = ¢"J.
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Now we consider the L function at the bad prime p. The Hecke algebra for
the pair of G and U, is generated by T'(1,p) = U, ((1] 2) Uy, R(p) = Uy,
and U,m'. We put

vy — * Op 7'0,\ (0 1\ (01

Then we can show that

oy v 1+ pR(p)u
VZ:OT(p =T (T(p) = pR(p))u+ p*R(p?)u*’

Let F' € My, 1,(U) be a common eigenform of T'(p) and R(p) with T'(p)F =
7(p)F and R(p)F = r(p)F. We note that r(p?) = p/i*t/2 and r(p) =
+plf1+f2)/2  Although the denominator in the above series is of degree two
with respect to p~°, we define the local L function of F' at p to be the degree
three one with respect to p~* given by

1
(1 =r(p)p'=*)(1 = (7(p) — pr(p)p® + r(pP*)p~*)
The reason of this definition is as follows.
For the split GSp(4), for a local new vector ¢, of the local admissible

representation m of (paramodular) level p, Roberts and Schmidt gave the
definition of local L-function by

Ly(s, F) =

1

L r) =
P(57¢ ) 1 o q_g/g(/\ﬂ _|_ eﬂ_)q—s + (q_Ql’LTF _|_ 1)q—28 + Eﬂ_q—l/Qq—&S

where the notation is as in [8]. But actually we can show that this L function
decomposes into the product of degree one and two. That is, we can show
the following theorem (obtained after the conference).

Theorem 4.1 [n the above, we have
e + €A +q+1=0.

In particular, we get

1
(1+q Y2e,q°)(1 —q32N\s + (¢ + Dex)g + g %)

L(S, ¢7r) -



Sketch of the proof. We can show that the action on ¢, of the double coset
corresponding to i +€; A +q+1 induces Sp(4, Z,,) fixed vector which should
be zero by our assumption that ¢, is a new vector of level p. The details
is omitted here. (Roberts and Schmidt informed me later that this can be
shown also by using their table of the classification of the local representation
in [8].)

Judging from this split GSp(4) case, it is also natural that we took the
degree three local L function for the compact twist defined as above.

In both split and compact case, the global L function is defined to be the
product of the local L functions at all primes, including the bad prime.

5 Conjectures and comparison of dimensions

The following conjecture was first proposed for the scalar valued case in [4].

Conjecture 5.1 For any integer k > 3 and even j > 0, we have an linear
1somorphism

b SEg (K(p) = SE5 s -3(U)
such that L(s, F) = L(s,%(F)) (including the bad Euler factors) for any
common eigenforms F € Sy ;(K(p)) of Hecke operators.

We can show the following relation between dimensions which gives a
good evidence for the above conjecture.

Theorem 5.2 (cf. [4] when j = 0. The case j > 0 is new.)
For k > 4 and even j > 0, we have

dim Sy ; (K (p)) — 2dim S ; (Sp(4, Z))
= dim Spyjap3(U) — dim Sopyj-o(SL2(Z)) x AT%(0Y (p))

Here A3*“(T'{(p)) is the space of modular forms (not necessarily a cusp form)
of F(()l)(p) of weight 2, and for j > 0, A7¢5(T (()1) (p)) is the space of new cusp
forms of weight j + 2,

Proof. The first term of the right hand side is known in [2] II for any
k > 3. The first term of the left hand side for j = 0 and k£ > 4 is in [4] and
the case 7 > 0 and k > 4 is a new result jointly obtained with S. Wakatsuki
and given in the next section.

Remark. We have also several partial results on comparison of traces of
Hecke operators, but not completed yet.

Based on the above relation, we give conjectures on the dimension of the
space of new forms.



Conjecture 5.3 We assume that j is even with j > 0.
For even k > 3, we should have

dim SPG°(K(p)) = dim Sy o(K(p)) — 2dim S o(Sp(4,Z)) + dim Sop_o(SLa(Z)).
dim Spet, (U) = dim Sy_g_3(U) — dim Spg_o(SLa(Z)) x dim So(T5" (p)).

For odd k or positive j, we should have

dim Sy (K(p)) = dim S, ;(K(p)) — 2dim Sy ;(Sp(4,Z)),
dim SPY g 5(U) = dim Spyjoa-3(U) — dim Sappsa(SLa(Z)) x S35 (T (0)
Of course this conjecture for Sp¢% 5, 3(U) implies a certain kind of non-
vanishing theorem of the Thara lifting, with slight modification when £ is
even and 7 = 0. We omit the description in detail.

6 An explicit dimension formula of S ;(K(p))

Theorem 6.1 (See [4] when j = 0. Joint with S. Wakatsuki when j > 0)

For k > 4 and even 5 > 0, we have

12 7
dim Sy, (K(p) =Y Hi+>_ 1
=1 =1

where H; and I; are given belowe.

Here the condition k& > 4 in the theorem comes from the condition on the
convergence of the Godement’s trace formula.

We use the following notation. For natural number m and n, we mean
by [ai,...,a, : m], that it is a; if n =i mod m.
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LGk =2+ k= 1)+ 2k —3).

if p # 2,
if p=2.

([(=172(k =2), = + k= 1), =(=1)2(k = 2),( + k — 1);4]/2* - 3

if p # 2,

B(=1)72(k = 2), =(j +k = 1), =(=1)/2(k = 2), ( + k — 1);4]/2° - 3

ifp=2

(G+k—1,—(G+k—1),0;3], + [k — 2,0, —(k — 2); 3],14)

123 ifp#3
5/22-3% ifp=3

[~ +k—1),—(G+k—1),0,(j+k—1),(j +k—1),0;6]./2% - 3?

( 5(p+1)(=1)7%(2k +j — 3)

(p+ D120 + 1)

273

(p—1(=1)"2(2k +j —3)

+
if p=1mod4

27

| 3= DD +1)

27

3(—1)77%(2k + j — 3)

if p=3 mod 4

273

27

ifp=2
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p—1

p+1
2233
if p=1mod 3

p+1

5 3)[~1,0,1;3] 42 + s

(2k +j —

D P+ =3)1,0,1:3) 0+ 2

if p=2mod3

2233

(j+

1)[_17 07 17 3]2k+j72

1
J + 1)[_17 07 17 3]2k+j72

33

1
(] +1)[—1,0,1; 3]ok4j-2

Hg = 271371y,

where

Gy

Hy

SR
where
[1,0,0,—1,
=< [- 1,1,0,1,
[0,—1,0,0,1,0; 6]k
2/5

Hl(]:CgX 1/5

0 076]k
1,0: 6],

L if p = 3.

2], if j =0 mod 12
2 if j =2 mod 12
2], if j =4 mod 12
2], if j =6 mod 12
2]
2]

9 I

1,1;
~1,0;
~1,0;
—1,1;
1 0;

—1;

r if j =8 mod 12
r if 7 =10 mod 12

Y I

1
1
1
1
1
i1

if p£2

ifp=2

(7 =0 mod 6)
(7 = 2 mod 6)
(j =4 mod 6)

if p=+41mod5
ifp=>5

0 if p=2,3mod 5

where
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if j =2 mod 10
if j =4 mod 10
if 7 =6 mod 10
if 7 =8 mod 10

1prl,—1mod8
if p=3,5mod 8
ifp=2



where

H12 =

I

I

where

I5

Ig

I

[1,0,0,—1;4]x 7 =0mod8
o _ ) [FL10,0:4) j=2mod38
Y7) [-1,0,0,1;4]; j=4mod8
[1,-1,0,0;4] 7 =6mod8

1 )
—6(—1)<ﬂ+2>/2[1, 0,—1;3]ak42 if p=1mod 12

1 .
6(_1)(2k+j_2)/2[1’0’ —1;3];4 if p=11mod 12

0 if p=15,7mod 12
1 A
E(—1)<2’“+J—2>/2[1,0, ~1;3]j.0 ifp=2or3.
\
. . +1)(j+1 .
—p(j +1)(2k + 5 —3)/2*3* + % —(j+1)/24
1 -1 .
?(_N <4 — <?)) — (=1D)*(j + 2k — 3)/24.
_2_2[(_1)j/27 _17 (_1)j/2+17 17 4]k
(
1
Iy = ! + IC if p=1mod 3
177 9 if p=1mo ,
1
—B ifp=2mod3.
¢ 9
A = —[1,—1,0;3]k—[1,0,—1;3]j+k
C = —2[1,0,1;3]x — 2[0, =1, —1; 3], 4%
B 2A—-C
1
—5 % ([-1,-1,0,1,1,0; 6], + [1,0, =1, —1,0,1; 6], 1) .

(—1)0+/2 é (1 + (%)) :
1 —3)> [—1,0,1:3],12

—(1+(—

-z 5

By several reasons, we propose the following coinjecture.
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Conjecture 6.2 Fork >4 ork =3 andj > 0, the formula for dim Sy ;(K(p))
is the same as above. For k =3 and j = 0, the formula for dim Sso(K (p))
should be the above formula plus one.
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