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Abstract. We propose a conjecture of Shimura type that the level one part of the
space of vector valued Siegel modular forms of degree two of half integral weight without
character (Haupt type) corresponds bijectively, up to liftings, to the space of vector valued
Siegel modular forms of integral weight of degree two of level one. This is a generalization
of our previous conjecture for Neben type (with character). Together with the previous
conjecture, this means that Siegel modular forms of degree two of half integral weight with
character and without character should correspond bijectively and Hecke equivariantly up
to liftings. The Harder conjecture on congruences for vector valued Siegel cusp forms
of integral weight is now interpreted as a half-integral weight version which means the
congruence between eigenvalues of Siegel cusp forms and non-cusp forms of half-integral
weight of the same group. We give a concrete example that this congruence really holds.

In the previous paper [12], we gave a conjecture on bijective correspondence between
vector valued holomorphic Siegel cusp forms of integral weight of degree two of level one
and those of half-integral weight belonging to the plus subspace in level 4 with character
(of Neben type), preserving L functions. As a by-product, we stated there a half-integral in-
terpretation of Harder’s conjecture on congruences as a congruence between a Siegel cusp
form of half integral weight of Neben type and the Klingen type Eisenstein series of half
integral weight of Haupt type. This is interesting since in the original Harder’s conjecture,
the congruence is stated as a congruence between a Siegel modular form and an elliptic
cusp form and not between Siegel modular forms. But this new version has an unsatis-
factory point, that is, two Siegel modular forms in question belong apparently to different
discrete subgroups, and this caused difficulty to imagine a general proof. In March in 2012,
Neil Dummigan wrote me an email on his guess that the case without character (Haupt
type) and with character (Neben type) might not be so different. His guess is based on the
following observation. Some lifting conjecture for half integral weight is known in [9] for
Haupt type (as a special case of [15]). On the other hand, for integral weight, there is no
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lifting to holomorphic vector valued Siegel modular forms of level one, so maybe liftings
would appear in real analytic ones. This would mean that real analytic ones correspond
with half-integral weight of Haupt type. But these real analytic ones and holomorphic ones
for integral weight would correspond up to liftings by some L packet conjecture, so maybe
Haupt type and Neben type might not be so different. By reading this, I started to think
of evidence of this problem and was fully convinced that his guess is right. So, in this pa-
per, we give a similar conjecture as the previous one with good evidence that the subspace
of vector valued Siegel modular forms of half-integral weight without character (of Haupt
type), which is orthogonal to the certain subspace of lifts, corresponds bijectively to those
of integral weights. As a result of this conjecture, we can interpret Harder’s conjecture on
congruences as a congruence between a holomorphic Siegel cusp form and a holomorphic
Siegel non-cusp form, both of the same half-integral weight belonging to the same discrete
group, and we can give a concrete example of this type of congruences. The conjecture
mentioned above are based on coincidence of (conjectural) dimension formulas and nu-
merical examples. We state our main conjectures in section 1. In section 2, we give precise
definitions and notations we used in section 1. In section 3, we give a comparison of general
dimensions of the spaces of modular forms in question as very strong evidence of our con-
jectures. In section 4, first we explain relations between the spaces of Siegel modular forms
of half-integral weight and the spaces of holomorphic and skew holomorphic Jacobi forms.
Then we give a concrete numerical example of the correspondence and the congruence in
the conjectures, together with some general explanation how to obtain such examples.

Acknowledgements. I would like to thank Neil Dummigan very much for drawing
my attention to compare the Haupt type and Neben type. Without his email, this study
would not have been done. (See his preprint [1] for discussion of related matters.)

1. Main conjectures

We will explain more details now. We denote by I, = Sp(n, Z) C M»,(Z) the Siegel
modular group of degree n. For any integer j > 0, we denote by p; = Sym; the j-th
symmetric tensor representation of GL,,. For any integer k, j > 0, we denote by Ay, ;(I5)
the space of Siegel modular forms of weight det* Sym j belonging to I3, and by Sk ;j (1)
the subspace of cusp forms in Ay ;(I3). We note that if j is odd and n = 2, then we have
Ay, j(In) = 0.

We define a congruence subgroup I O(n) (4) of I, by

1}{"’(4):{(2‘ g)efn; C50m0d4}.

We denote by i the character of FO(")(4) defined by ¥ (y) = (ﬁ(‘lD)) fory = (é g) €
I; O(n) (4), where (—4/x) is the primitive Dirichlet character modulo 4. For any character x
of FO(")(4), we denote by Sg_1,2, j(FO(")(4), x) the space of Siegel cusp form of weight
det=1/2 Sym j with character x. When x is ¢ or the trivial character, we denote by



Shimura type and of Harder type revisited 81

S, j(rg">(4), X) the plus subspace of Si_1/2,j(I"(4), x), which is a kind of level
one part. (All the precise definitions above will be given in the next section.) When x is
trivial, we omit yx in the above notation.

We first explain a lifting conjecture in [15] to the Haupt type. This is a generalization
of our conjecture in [9] on the scalar valued case to the vector valued case.

CONJECTURE 1.1 ([9],[15]). For any pair of an integer k > O and an even integer
J = 0, there exists an injective linear map L from (f, g) € Sxu—4a(I'1) X Sokq2;-2(I") to
L(f, g) € S:—l/z,j(ro(Z) (4)). Besides, if f and g are Hecke eigenforms, then L(f, g) is
also a Hecke eigenform and satisfies the relation

L(s, L(f.9) =L(s —j — 1, f)L(s. 9).

Here the L function in the left hand side is defined as in Zhuravlev [26], [27] (See also [9],
[12]) and the right hand side is the usual Hecke L function (classically normalized).

For any pair of even integers k and j > 0, we can define a concrete lifting map £ from
Sok-a(I1) X Saky2j-2(I1) into S, ) j(ro(z) (4)). (See Hayashida [8] for j = 0 and [15]
for j > 0.) In this case, we already know that if f € Sy—4(I1) and g € Spp42j—2(11)
are Hecke eigenforms and L(f, g) # O for this concrete £, then L(f, g) is also a Hecke
eigenform and

L(s, L(f,9) =L(s, 9)L(s —j — 1, f).
Our conjecture claims that this lifting map £ is an injective mapping. For odd k, we do not
know how to construct L.

We denote by S,j_’? 1. j(FO(Z) (4)) the orthogonal complement of the image of this map

L (conjectural in general) in S,j_l 1, j(FO(Z) ).

CONJECTURE 1.2. For any integer k > 3 and any even integer j > 0, there exists
a linear isomorphism
,0 2 ~
o 8§70 5 P @) = Sj43.006(1)
such that for a Hecke eigenform F € S:_’?/z’j(lﬁo(z) (4)), the image o (F) is also a Hecke
eigenform and
L(s, F) = L(s,0(F), Sp) .

Here L(s, o (F), Sp) denotes the spinor L function of o (F). Together with our old
conjecture in [12], we should have

CONJECTURE 1.3. Notations and assumptions being the same as before, there ex-
ists a linear isomorphism

2 ~ 2
S0 2@ = 87 U@, 9)
which preserves L functions.

These conjectures lead us to an interesting conjecture of Harder type and now we
explain this. Harder gave the following conjecture in [3]. Let g be a Hecke eigenform in
Sok+j—2(11) and assume that [ is a big prime ideal dividing the algebraic part Ly;q(k+ j, g)
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of L values of g at k+ j. For each prime p, we denote by a4 (p) the eigenvalue of the Hecke
operator T'(p) of g. Then there should exist a Hecke eigenform F' € Si ;(12) such that

1— )»(p)u + (Mp)z . )»(pz) . p2k+j—4)u2 _ K(p)p2k+j_3u3 + p4k+2j—6u4
= (1 — p*2u)(1 = pF ) (1 — ag(p)u + p**+=3u?) mod |

for all primes p, where A(p') is the eigenvalue of the Hecke operator T (p') of F, u is
an indeterminant, and the congruence means that all the coefficients as polynomials in
u are congruent. Here the left hand side is the Euler p-factor of the spinor L function
L(s, F, Sp) if we replace u by p~®. We note that the word “big prime” is not a rigorous
mathematical word. Here we understand this in the meaning that the ideal [ seems generic
enough excluding exceptions of all small primes.

For a Hecke eigen cusp form / € S,j -1 /2(F 0(1)(4)), let g be an elliptic (primitive)
cusp form in Spx42;-2(11) corresponding to £ in the sense of Shimura. Then for k& > 5,

there exists a Klingen type Siegel Eisenstein series E(h) € A,:“_l 2 j(F 0(2) (4)) such that

L(s, E(h) =¢(s—j—D¢(s—2k—j+4)L(s, 9).
The existence of such form E'(h) is explained in [12] in terms of Jacobi forms.

For Ax—1/2,; (I} 0(2) (4)), for each odd prime p, there are two fundamental Hecke oper-
ators T1(p) and T>(p) of the metaplectic double coset explained in the next section. Since
A,f_l 2, j(FO(Z) (4)) is isomorphic to a space of certain Jacobi forms of level one (see §4),
we can define also 77 (2) and 7>(2) from the action of Hecke operators on Jacobi forms (see
[9] and [12]). If we denote by A*(p) and w(p) the eigenvalues of G € A}, , ; (> @)
for T1(p) and T»(p) respectively, then for any prime p, the Euler p-factors of L(s, G) are
defined by H,(p™*, G), where

Hp(u, G) =1 = 1*(pu + (po(p) + p* =21 + p*)u?
— W (p) pPREITI3 o kA6, 4
In particular, for the Klingen type Eisenstein series E (h), we have
Hp(u, E() = (1= p"'uy(1 = p* =) (1 — ag(p)u + p* 277302,

where a4 (p) is the eigenvalue of g at p.
By taking Conjecture 1.2 into account, we can interpret Harder’s conjecture on con-
gruences for S;3 2x—6(12) to that of Slj_—l/Z,j (FO(Z) (4)) as follows.

CONJECTURE 1.4 (Half integral version of Harder’s conjecture). Notation being
as above, assume that | is a big prime ideal dividing Lajg(2k + j — 3, g). Then there
exists G € Sl:?/z,j(ro(Z) (4)) such that

H,(u,G) = Hy(u, E(h)) mod [
for any prime p. In particular, we have
W (p)=pt 4 p* T 4 ag(p) mod I,

where A*(p) is the eigenvalue of T\ (p) of G.
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We had this type of conjecture already in [12] on congruences between an element
of Slj_—l/z,j(r()(Z) (4),¥) and E(h), but there was an inconvenience that E (k) belongs to
Fo(z) (4) without character while G with character. The above conjecture has an advantage
that both G and E () belong to the same discrete group. This enables us to prove the
congruence modulo a fixed congruence prime for all Euler p-factors for a concrete example.
Also there are several known general strategy to prove this kind of congruence and our
conjecture will give a key to the general proof.

2. Review on definitions and notations

We write the Siegel upper half space of degree n by
H,={Z=X+iYeM,(C); ' X=X,Y=Y eM,(R),Y >0},

where ¥ > 0 means that Y is positive definite. We denote by Sp(n, R) the split real
symplectic group of size 2n. Let (pp, V) be an irreducible representation of G L, (C) which
does not contain the determinant part (i.e. the depth of the corresponding Young diagram is

less than n). For any positive integer k, any g = <2 g) € Sp(n, R), and any V-valued

function F, we write
Flipylgl = det(CZ + D) *po(CZ + D)"'F(gZ).

We say that a V-valued holomorphic function F of H, is a Siegel modular form of weight
det* ®po if F satisfies

Fliplyl=F forall y € I, = Sp(n, Z)

(and with extra boundedness condition of F on the boundary when n = 1). We denote
this space by Ay ,,(I},), We say that FF € Ay ,,(I}) is a cusp form when F vanishes on
the boundary of the Satake compactification of I\ H, (i.e. if @(F) = 0 for the Siegel
@ operator), and the subspace of cusp forms is denoted by Sk ,,(/7). When pg is the
Jj-th symmetric tensor representation p; = Sym;, we write Ay p,(I,) = Ag, j(I}) and
Sk.poIn) = Sk, j(I). If j = 0 besides, we simply write these as Ax(1},) and Si(13).
When n = 2 and pyp = Sym(j), the Euler p-factor of the Spinor L function of F €
Ay, j(I%) is given by

l _ )\‘(p)p—b + (A’(p)2 _ )"(pZ) _ p2k+j—4)p—2S _ )\‘(p)p2k+j—3—3s + p4k+2j—6—4S ,

where each A(p') is the eigenvalue of the Hecke operator T (p') of F.
To define modular forms of half-integral weight and the action of Hecke operators, we
introduce the metaplectic group. We write

GSpt(n,R) = {g € GLy(R); "gJg =n(9)J, n(9) € R},

where J= (O -1

1 0 ") . The metaplectic group GS, p+ (n, R) consists of elements (g, ¢ (Z)),
n

where g= <é g) €GSpT(n,R) and ¢(Z) is a holomorphic function such that |¢(Z)| =
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det(¢g)~ /4| det(CZ + D)|'/2. The multiplication of elements of GSp ™ (n, R) is defined by
(91, 91(2)) (92, $2(2)) = (9192, 91(22)$2(2)) .

We put 9,(Z) = > e(pZ'p) for Z € H,, where we write e(x) = exp(2mix) for any

x. Then we can define an injective homomorphism of FO(") (4) into GA§p+(n, R) by

"4 sy = (v, 9(y2)/9.(2)) € GSp" (1, R).

peEL

We denote by FO(")(4) the image of FO(")(4) by this map. For any V-valued function F,
any element y € I},"(4), and any § = (g, ¢(Z)) € GSp™ (n, R) with n(g) = m?, we put

A1 B
-1, _ 1 1
m-g= <C1 D1> and define

Fli12,p[01 = ¢(Z) " * M po(C1Z + D1) ' F(92).

Let x be a character of I} 0(")(4). We say that F is a Siegel modular form of weight
det" =172 @pg of I} (4) with character x if Fli—1/2,[y] = x(¥)F forall y € I"(4)
and besides if F satisfies the boundedness condition at cusps of I O(n) (4) whenn = 1. The
space of such forms is denoted by Ax—1,2, p, (FO(")(4), x) where x is omitted if x is triv-
ial. If po = Sym(j) (the j-th symmetric tensor representation), we write Ax_1/2,p, =

Ag—1,2,j. The form F is said to be a cusp form if it vanishes on the cusps of FO(")(4) and
this space is denoted by Sx_1,2,p, Or Sk—1/2, j. To extract the level one part of these spaces,
we define the plus subspace, originally defined by Kohnen for n = 1 and generalized for
general n in [10], [9], [4], We write the Fourier expansion of F' € Ag_1/2 4, (FO(") 4), 1//1)
(I=0o0r1)by
F(Z) = Z a(T)e(Te(T 2)),
TeL}

where a(T) € V and L} is the space of n x n half-integral symmetric matrices. We say
that F belongs to the plus subspace, if a(T) = 0 unless T — (=D =Tty e 4L% for
some u € Z" (row vectors). The plus subspace is denoted by A,j_l 1. pO(FO(")(4), ¥!) and
we put Sy 1y o (107 @), ¥ = Sk172,00 (I3 @), ) 0 AL 0 (T3 (@), ¥). When
[ = 0, we omit 1//1 in the above notation. When n = 2, there are two fundamental Hecke
operators 71 (p) and T>(p) for each prime p. When p is odd, these are defined as follows.
We define elements K (p?) and K2(p?) of GSp™ (2, R) by

1 0 0 O 1 0 0 O
0 0 0 0O1 0 O
2y p 1/2 2y
Kl(l’ ) = 0 0 p2 ol p s KZ(P ) = 0 0 p2 ol p
00 0 p 00 0 p?

For the double cosets
Ti(p) = Ty WK(pH Ty @) = Ty @7, .

v
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and F € Ag_12,;(F\7 (4)), we define

Fli—1)2,;Ti(p) = p'*+i=1/2 Z Fle—12,j[9].
%
When p = 2, we define 7;(2) from the corresponding action on Jacobi forms (see §4). The
Euler factors explained in §1 was defined by using these.

3. Comparison of dimensions

Tsushima calculated certain Euler Poincare characteristics (for k > 5), which should
be equal to the true dimension of the plus space of degree two under some standard con-
jectural vanishing theorem of cohomology. He expressed this formula by a sum of a large
number of combinatorial arithmetic quantities depending on k and j, and it is not so easy
to see. Here we change his formula to a generating function of dimensions. We note that it
is needed considerable efforts to change it into the generating function written later. It is a
routine but length calculation. He stated the conjecture only for k > 5 but there is a good
reason to expect this is also true for k > 3. Actually, as we state later, the half of the cases
of this conjecture is now proved.

The result is given below.

CONJECTURE 3.1 ([25]). Fork > 3, the following equality holds.

o0
> dimsf, . j(I"o(4))tksj

k=3,j=0
Jjeven

h(t,s)
(1 =31 =HA =51 =191 —sH (1 —s0)(1 —s10)(1 —512)

o0
> dimsf 1. (T0(), V)tkst

k=3,j=0
Jjeven

_ hv,(t,s)
(I—=HA -1 = A =191 — sH(A —50)(1 — s10)(1 — 512)
Here we define
h(t,s) =
§3203 4 (518 4 520 4 24 4 (26 _ 30y,
(12 51 510 18 4 20),5

+ (88 4 510 4 512 4 514 4 516 4 518 4 520 _ 532y,6

(S s s10pagl2 pogld p 16 (18 (24 (26 (30 (32,7
P2 st O p S 1012 I8 20 24 26 4 (30 (32y8

(st 256 4 2sB 4510 16 3618 320 (24 (26 4 (30 (32,9
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+ (1452 + 5P+ 50 +58 — 2512 — 261 — 2510 _ 3418
— 420 _ 24 _ (26 4 (30 4 (32,10
+(1+ 524 st —4g12 —aglh 3610 18 3520 (224 (244 (26 30 4 s32)t11
+ (1457457 =258 — 2510 — 4512 — 4514 _ 3416
18 20 4 (24 (26 (30 4 o (32y,12
+ (1452 =258 — 258 — 2510 — 4512 — 4514 2416
+ 2518 4 520 4 2624 42520 — 2630 4 32y, 13
+ (—s® — 258 — 2510 — 2612 014 16 4 18 4 920 4 2624 4 9426 _ (30 4 (32),14
(=1 =g — 268 10121416 4 o8
44520 24 020 4 (28 (30 (32,15
(1 — 82— s 2512 214 G164 020 4 (28 4 (30 (32,16
(=1 42512 4 M 510 10620 4 224 (30 (329,17
F(—1—s? 450458 4510 43612 pogl4 18 _ (244 (28 (30 (32),18
(O B gt 16 18 20 (22 (026 (30y,19
(58 510 g20),20 (g 12 20 4 (329,21
hy(t,s) =
§3263 4 (518 4 520 4 24 4 26 _ 30y
+ ("2 4 51 4 516 4 518 4 20y
+ (s8 + 510412 1 o164 18 4 20 s32)t6
(O 4 58 10 o612 ogld 16 (18 (24 (26 (30 (327
(O 58 10 012 ogld (16 (18 (20 524 926 L (30 (328
(st 250 28 4510 16 318 3020 (24 (26 (30 (32,9
(5% 50 4 58 10 14 016 3418 420
_§22 g% 26 4 (30 (32,10
(st O B 10 012 3gl4 16 318 420 22
+ 526 452 4 P
(52 st — 8 — 10 312 _ggl4 316
—0g18 _0g20 _ (22 4 (24 (26 5 (32y,12
b st — g0 8§10 3612 514416

_ S22 +2S24 + 3S26 +S28 _ s30 +s32)t13



Shimura type and of Harder type revisited 87

4 (—s% — 2510 2512 o4 2616 18 4 (20 4 2624 4 026 4 (B 4 314
(5% — 50 — 268 — 210 _ 12 _pg14 (16 4 518

+ 4520 4 572 4 2574 4 2576 4 28§30 _ 32,15

+ (—s8 =510

+ (—S8 _ SlO +S12 +S14 +S16 +S18 + 3S20 + 2S22 _ S32)t17

+ 518 43520 4§22 4§24 4 520 4 B 3216

(512 gt g6 18 20 (22 (32,18
F (51 2510 4§18 4 22 (26 (28),19

F (58 4 510 — 520,20

F st o012 gt o616 (18 (20 (26 (28 4 (32y,01

The numerator Ay (¢, s) of the generating function is also written in [12], but we re-
produce it here for the readers convenience. Now about Tsushima’s conjecture above, we
can prove the following results.

THEOREM 3.2 ([16]). The above formula for Sk_1/2,j(1“0(2) (4)) is true for even k >
8, and the formula for Sk_1,2, (1"0(2) (4), ) is true for odd k > 9.

In order to evaluate the part for liftings, we need the generating function of
dim Sz, —4 (1) x dim Spx42;-2(11). By the classical formula of dimensions of elliptic
cusp forms, for even k > 0, we have

dim S () = k-1 + l(—1)’</2 + l[1, 0, —1: 3] — 1 + 82,
12 4 3 2

where 8> = 1 if kK = 2 and = 0 otherwise, and the notation [1, 0, —1; 3] means that if
k = 0, 1 and 2 mod 3, then it takes values 1, 0 and —1, respectively. By using this, by
routine but lengthy calculation, we can show

oo
Z dim Sp—a(I'7) x dim Soi2j—0 (I1)tFs7
k,j=0
Jieven
10 4 5208 — 19) 4 54 (112 — £13) — 6411
(=D =3 (1 =) (1 — s (1 — 5°)
Here we note that j is assumed to be even. If j is odd, it is easy to see that ¢ ;(/>) = 0 and
Sk—172,;(To4) = Sk—1/2,;(T0o(4), ¥) = 0. When j is even, the dimension of dim S ; (1)
was obtained by Igusa for j = 0 and Tsushima for £ > 4 for any even j > 0 (See [18],
[19], [22]). The conjecture that the same formula for S ; (/%) should be true even for k > 3
was given in [17], and I heard recently that Dan Petersen proved this conjecture([21]).

THEOREM 3.3. Assume that k and j are integers such that j is even, j > 0, and

k > 3. Assuming the above conjectural formulas of Tsushima on dimensions, we have
. 2 . .
dim S, 5 (Iy? (4)) — dim Sy_4 (1) x dim Sai12;-2(1)

= dim S}, ;(Fy2 (@), ¥) = dim Sj13 24 6(12) .
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This claim surely supports our Conjecture 1.1, 1.2, 1.3 and 1.4 strongly.

4. Numerical examples on L functions and congruences

In this section, we give numerical examples of liftings, correspondences and congru-
ences in the conjectures we already mentioned.

4.1. General set up
The structures of Sy_1/2, j(FO(z) (4), x) for x = ¥ or x trivial are known for small j

(see [24], [14]), but the subspace S,:r_ 12, j(FO(Z) (4), x) is much more smaller and it is very

hard to determine elements of this subspace from Sx—1,2, ; (I 0(2) 4), x), as we can see in
[12]. But now we have a better strategy in case when the weight and the character have
good parity since the structure of holomorphic Jacobi forms of degree two of index one are
now known in [16] and these correspond Siegel modular forms of half integral weight in
the plus subspace of Haupt type when k is even. For readers convenience and to clarify
the meaning of the plus space, we review here the isomorphisms between Siegel modular
forms of half integral weight and Jacobi forms. First we define Jacobi forms of general
degree. We define the Jacobi modular group I’ by the following subgroup of I7,41:

A0 B O\ [l, 0 0 'u
ro_ o v o offr oo
n c oD ollo o 1, —af
000 1/\o o o 1

(2 g)e]"n, A,MGZ",KGZ}.

We identify I}, as a subgroup of I/ by taking the first factor of the above definition.
Let (po, V) be an irreducible representation of G L(n, C) without determinant factor. Let
F(z, z) be a holomorphic function F : H, x C" — V. When n > 2, we say that F is a
holomorphic Jacobi form of weight det‘ ® p of index one of I’ '/ if it satisfies the following
conditions (1) and (2);

(1) F(yt,z(Ct + D)™ ") = e(z'(Ct +d)~'Cz) det(CZ + D)*
X po(Ct + D)F(z, 2),
) F(t,z+ At +u) =e(=Ath —2A"2)F(1,2),

forany y = (é g) € Iy and A, u € Z". The Fourier expansion of F is written as

F(t.2)= Y C(N.re(Tr(ND))e(r'z)
(N, r)eLExn
For the definition when n = 1, we need the extra condition that C(N, r) = O unless 4N —
'rr > 0 for the definition. (When n > 2, this condition is satisfied always by the Koecher
principle proved by Ziegler.) For general n, if C(N,r) = 0 unless 4N — “rr is positive
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definite, we say that F is a Jacobi cusp form. We denote this space of holomorphic Jacobi
forms of index one by J(k,po),l(FnJ) and Jacobi cusp forms of index one by J(L;f;l;)’l (FnJ).
For a real analytic function F : H, x C" — V, we say that F is a skew holomorphic Jacobi
form of index one if it satisfies the condition (2) above and the following relation

(1*) F(yt,z2(Ct+ D)™ ") = e(z(Ct + D)"'C'2)
x det(Ct + D)' ' det(Ct + D)| 20(Ct + D)F (1, 2),

for any y € I, where the bar is the complex conjugation, and besides the condition (3)
that F has the Fourier expansion of the shape

F = Z C(N, r)e<Tr<Nr — %i(N — trr)Y))e("tZ),

(N, r)eLixzn
where (N, r) runs over L} x Z" such that “rr —4N is positive semi-definite. If C(N,r) =0
unless ‘rr — 4N is positive definite, we say that F is a skew holomorphic Jacobi cusp form.
We denote by J(Skk’ep'(‘)’)’l(l“ /) and J&If;z])’flwp (I')) the space of skew holomorphic Jacobi
forms of index one and skew holomorphic Jacobi cusp forms of index one, respectively.
The following theorem is known.

THEOREM 4.1 ([101,[4], [9], [20]). We have the following Hecke equivariant iso-
morphism.

Jte.p) 1 () if k+1iseven,

AT @) 0 %{
k—1/2, 0 ’ . .
/200 Jkew (0] if k+1isodd,

J(Clcbf;[;),l(rnj) if k+1iseven,

J(A}(/f;l(l)J),fiMSP (FnJ) lf k+1isodd.

Throught these isomorphisms, we defined the Hecke operators at 2.
In case pg = Sym(j), we write (k, po) = (k, j). Together with the conjecture 1.3, we
should have

CONJECTURE 4.2. Let j be an even integer with j > 0. For any even integerk > 3,
there exists an injective linear isomorphism

TN (@) = Ja ),

and for any odd integer k > 3, there exists an injective linear isomorphism

J(k,j),l(rzj) — J(Sklfj‘l)v,l(rzj%
which commute with the action of Hecke operators. The kernels correspond with the lifting
parts from Spr—4(I'1) X Spp2j—2(I1).

+ (n) Iy ~
Sk_l/z’po(ron (4)1 %0 ) =

Since we do not know how to describe the structure of skew holomorphic Jacobi forms
directly, we consider here only the case of holomorphic Jacobi forms. For simplicity, we
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assume that k is even from now on until the end of the paper. Then the above theorem
means in this case that

2 ~
A (7 @) = T ),

+ 2) ~  pCUSp J
Sk—1/2,j(F0 @) = J(k,j),l(FZ ) -

We note that for k > 5, we have

dim Ji jy,1 (1) = dim J(LZ%)J(QJ) + dim Spg42;-2(11) ,

~ 1 ~ K ..
where Sy12j-2(I') = S, i1 /2(1“0( )(4)) = J,fijp L (I'{'). (We use the characterization of
Jacobi cusp forms of index 1 by Jacobi-Siegel ®“ operator and the surjectivity of &7 for

k>>5to chﬁ{)l (FIJ). The details will be explained in [16].)

Now we explain first how to construct elements of A,:“_l 2 j(FO(z) (4)) from Jacobi

forms in J(k,j),l(FZJ) foreven k. Form = (m,my) € (Z/ZZ)2 and (t,z) € Hy X (CZ, we

define
0= (03 e 3) e 5

peZ?

Then for F € J(k,j),l(l“z]), there exist holomorphic functions ¢;;(t) (0 < i,j < 1),
uniquely determined by F, such that

F(z,2) = coo(7)P00(T, 2) + co1(t)P01(7, 2) + c10(T)Po(z, 2) + c11() 11 (7, 2) -
We call this expression the theta expansion. If we put
h(t) = coo(t) + co1(r) + c10(7) + c11(7),

then we have h(4t) € A,‘:_ 12, j(F 0(2) (4)) and this gives an isomorphism between
J(k,j),l(l*zj) and Al-c’_—l/2,j(FO(2) (4)). By this map, Jacobi cusp forms correspond to cusp
forms. Now we can describe elements in J, j) 1(1" 21 ) by using the coefficients of the
Taylor expansion along z = 0, and we can describe those coefficients by vector valued
Siegel modular forms as we shall see in [16]. From that paper, we extract here the nec-
essary result only in the case j = 2 under some special assumptions since the general
theory is much more complicated. We omit all the proofs here. The Taylor expansion of

F(t,2) € Ju, pa (FZJ) along z = (21, z2) = (0, 0) has no terms of odd degrees as we can
see by the action of —14, and it is written as

F(1,2) = fo(r) + fa(0)2? + fi1(D)z122 + foo(1)22 + 0H .

We can show that the mapping of F to (fo, f20. f11, fo2) is injective. The reason is as
follows. We write 9;; = ﬁ% where we write T = (t;;) for T € Hp. We denote by
¥;j (7) the theta constants ¥;;(t) = ¥;;(t, 0). It is easy to see that 2(1 + §;;)0;; ¥ (1) =

1 920 (.2)
(2ri)? 09z;9z; 1z=0

for any m € (Z/27)?, where §; ; is the Kronecker delta. If we put
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oo () Bo1(7) P10(T) t11(7)
d11%00(t) d11Po1(r) d1110(r) d111(7)
012%00(t)  d12P01(7) 912v10(r)  912P1(7)
022000(t)  InPo1(t) 022010(T)  I22P1(7)

(1) O(r) =

then we have

(1) Jo(o)
) (1) Z8(1)(;) B Mfzo(t)
e | T mfn(t)
c11(7)

1
302 J02(7)

and since we can show that det(®(z)) # 0, the functions c¢;; () are uniquely determined
by fo, f20, fi1 and fp2. In fact, if we put x5(r) = det(®(r)), then x5 is the unique non-
zero cusp form of weight 5 (up to constant) of I> with character sgn : Sp(2,F2) = S —
Se/As = {£1}, where S¢ and Ag are the symmetric group and the alternating group on six
letters, respectively. Now we see necessary conditions on fo(t) and f;; (7). Itis easy to see
that fo(t) € Ag, j(I%2). Now for the sake of simplicity, we write

1
folt,2) = W(fzo(r)z% + fil(t, 22122 + foa(1)23) .

Then f> takes values in
Vj2 = Cluy, uz]; ® (Cz3 + Cz122 + Cz3),

that is, the space of polynomials in u; and z; of degree j with respect to # and of degree 2
with respect to z. On Vj 5, the group GL(2) acts naturally by P(u,z) — P(uU, zU) for
polynomials P(u, z) and U € GL>(C), but this action is not irreducible. The irreducible
decomposition of V; > is given by
Vio = Sym(j +2) ® det Sym(j) ® det? Sym(j —2),

if j > 2. We can show that if we add to f>(t, z) a certain polynomials in z; of degree
two whose coefficients are certain derivatives of fo(t) by 7;;, which are polynomials in
u of degree j, then the result is regarded as an element of Ay j12(1) @ Axt1,;(I2) &
A2, j—2(I7). Since the general case is slightly complicated (and will be explained in [16]
in details), here, for simplicity, we assume that j = 2 and Ay 2([32) = Ak4+12(012) = 0.
This is satisfied when k = 8 and 12, for example. Under this assumption, we have fy = 0,
so there is no correction term from fj, and hence f> itself is written as follows. We write
an element A(t) € Axa(l2) by Z?:o ai(r)u‘f_iug € Ag.4(I7), where we identify the
representation space of Sym(4) by polynomials in u1, u» of degree 4. For A(t), we put

A(t,u, 2) = 6ag(T)utz? + 3a) () (uiuaz} + ulz122)
+ az(r)(uzz% +4uiuzzizo + u%z%)

+3a3(v)(u3z122 + uruaz3) + 6a4(T)u3z3) .
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Then we have

f(1,2) = AT, u, 2) + (U122 — uzz1)*c(z)
for some A(t) € Ak 4(I?) and c(t) € Ak42(12). On the other hand, put fo = 0 and define
J20, f11, foz forany A(t) € Ak 4(I7) and c(t) € Ax42(172) by the above relation, that is,

Fr0(0)/2Q7i)* =(6ao(T)ut + 3ay(Duiuz + ar(V)u3) + c(v)u3
f11(2)/2Q2ri)? =Bai (t)zu} + 4az(D)urua + 3a3(v)u3) — 2¢(Duua ,
fo2(2)/2Q27i)? =(aa(v)ul + 3az(v)uruz + 6as(v)u3) + c(r)u? .

For these fy(t) and f;;(t), we can show that the solution ¢;; (t) of the simultaneous equa-
tion (2) are holomorphic if and only if W(f11) = 0, where W is the Witt operator which
means

v =7 (% 2.

2
Since W(aj) and W(a3) are products of elliptic cusp forms of odd weights, we have
W(ay) = W(a3) = 0, so the only condition is

3) W(day —2¢) =0.
As a whole, we have

PROPOSITION 4.3. Let k be an even positive integer and assume that Ag »(12) =
Ag41,2(12) = 0. We write
AL (D) = {(A(T), ¢(1)) € Apa(I2) x Arga(In); 2W(a2) = W(c).}
Sia(I2) = {(A(1), ¢(v) € AL,(I2); A7) € Ska(T2)).
Then J(k,z),l(sz) can be identified with the space A,iz(Fg), and J(C,:;[;J(sz) with SIZ:Z(FZ)'

Let ©(t) be as in (1) and denote by B;;(t) the (i, j)-cofactor of @ (t), that is, (—1)+/
times the determinant of the matrix obtained by removing the i-th row and the j-th column
of ®(t). We write

Bi(t) = Bi1(v) + Bia(7) + Biz(7) + Bia(1) .
Then the solution (c;; (7)) of (2) is given by
x5(0)coo(t) = B11(7) fo(r) + (Ba1(1) f20(1) + B31(7) f11(7) + Ba1 () for (7)) /2(2mi)?
x5(D)co1(t) = B12(v) fo(r) + (Bxa (1) f20(1) + B32(7) f11(7) + Bao () fon (1)) /2(27i)?
xs5(D)e10(t) = B13(v) fo(r) + (Ba3(1) f20(1) + B33(1) f11(1) + Baz () foa (1)) /2(27i)?
xs(D)e11 (1) = Bia(v) fo(r) + (Baa(r) f20(1) + B3a(t) f11(1) + Baa(2) foo (1)) /2(27i)?
So, for each element (A(7), ¢(7)) € A,?Z(Fz) with A(t) = Z?:o ai(r)u‘l‘_iué, the associ-
ated element h(47) = Zosi,jsl cij(4t) € S,:r_l/z’z(l“o(z) (4)) is given by

4) ((6a0(4r)Bz(4t) +3a1 (47) B3 (47) + ax(47) B4 (47))uf

+ (3611(4‘[)32(41’) + 4ay(4t)B3(4t) + 3613(4‘[)34(4‘[))141142
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+ (a2(4r)Bz(4r) + 3a3(4t)B3(47) + 6a4(4t)B4(4r))u%
+ c(47)(Bs(4T)uf — 2B3(40)uuz + By (4r)u§))/x5 (41).

4.2. The eigenvalues in the case k = 8 and k = 12
For j = 2, we give a table of dimensions for small k& below.

k 2 4 6 8 10 12 14 16 18 20
dim Jg 2,1 (I5) 0002 2 3 6 8 10 16

dim J§' (1) 0001 1 2 4 6 8 13

dim Sok—a(I) x dim Sop42(17) [0 O O 1 1 1 4 4 4 9
dim S2k42(11) 00 0 1 1 1 2 2 2 3

. . . us ~ 2 ~
In this section, we describe the space J(Lg'f;f’l(lﬂzj) = S1+5/2’2(F0( )(4)) and J(12,2),1(F2J) =

A;g s » (I 0(2) (4)) and give the Euler 2 factors explicitly. We sometimes denote an element

t t12/2
T = (t 1/2 li/ ) IS L; by (t1, 12, t12) and the Fourier coefficient a(T) of a form F by
12 2

a(ty, b, t12) = a(ty, t2, t12; F). First we assume that k = 8. Then we have dim Ag 4(I2) =
1, dim Sg 4(I%) = 0 and dim A19o(I2) = 2. We denote by ¢; the Siegel Eisenstein series
of weight / normalized so that the constant term of the Fourier expansion is 1. For any

A(T) = Z?:o a; (r)u‘l‘_iué € Ag 4(12), we know that W (az) should be a product of elliptic
cusp form of weight 10, but since S19(I7) = 0, we have W(az) = 0. On the other hand
A10(I%) is spanned by x10 and ¢s¢e. where x19 = x52 is the unique cusp form in S19(1%)
such that the Fourier coefficient at (1, 1, 1) is 1. Since W(x10) = 0 and W (¢4¢s) #~ 0, we
have Ag,z(Fz) = Ag 4(I2) x S10(I2) and S§:2(F2) = {0} x S10(12). Let Fg_1/2 = Fi5/2 be
the element in ng/z,z(ro(Z) (4)) corresponding to (0, x10) € SST’z(Fz). Then since x10 = x2,
we have
Fisja = Ba(47)x5(4T)ui — 2B3(47) xs(40)uruz + Ba(47) xs(47)u3 .

Then by using the concrete Fourier coefficients of /5,2 (Which we omit here), we can show
that the Euler 2 factor of L(s, Fi5,2) is given by
(1 —24-2575 4217729 (1 4+ 528 . 275 4217725y,
Actually in this case we can show directly that the concrete lifting map £ from Sj2(17) x
S18(11) to STS/Z,Z(FO(Z) (4)) in [15] does not vanish and we can prove that
L(s, F152) = L(s — 3, Ap)L(s, Ag) ,

where A1y and Aqg are primitive elliptic eigenforms of weight 12 and 18, respectively.
Next we see the case k = 12. Then we have dim A2 4(/32) = 2, dim A14(I2) = 2.
For A(z) = Z? -0 ai(r)u‘f_iug € A12.4(I7), W(ay) is a product of elliptic cusp forms of
weight 14, which is zero. So the condition that (A(7), c(7)) € A1T2’2(F2) is that W(c(7)) =
0. Since A14(I») is spanned by ¢2¢6 and ¢4 x10, and W (¢Z¢e) # 0, W(gaxio) = 0, we



94 T. IBUKIYAMA

have
A1T2,2(1“2) = {(A(1), c(7)); A(r) € A12,4(I7), c(r) € Chaxi0},

St (M) = {(A(1), ¢(x)); A(r) € S12.4(1), ¢(r) € Cohaxio} -

Now, we have dim A12.4(/2) = 2 and dim S12.4(/2) = 1. The space S12.4(132) is
spanned by {@4, @6} det 25ym(4)» Which is a kind of Rankin-Cohen bracket explicitly defined
as follows (See [13]). We define differential operators m and A by

0o
IRRTET ! 23t12 2912
d 1 0
0TI 20112
A=
1 0 ad
281’12 81’22

Then
(B4, B6} et symia) = — 924(Ada) (> ) + 2156((Am)$a) (mps) — 924(Adps) (m¢6)
— 210(p4) (Am>6) + 945(mepa) (Amgpg) — T56(m*$a) (Agps)
L1155 <% d(m>¢p) _ 1 9gs d(m>¢e) %3(7112456))

4 T d711 20t 07112 aty1 012
_ o4 d(meq) d(meps) 1 0(mes) I(mes)  (mes) d(meps)
Jd1T22 0TI 2 0112 JaT12 0TI Jd1T22

dT2 97111 2 0t12 0112 at11 012

. 539<a(m2¢4> dds _100n’ge) dg;  D0n’ps) I )

We denote by Fia_1/2 = F232 € S;g /2’2(1“0(2) (4)) the Siegel cusp form corresponding
to ({¢4, $6)aet sym(sy- o) € ST, ,(I2). We also denote by Gaz 2 € 555, ,(I” (@) the
Siegel cusp form corresponding to (0, ¢4x10) € Ssz’z(F 5). We will calculate the Euler
2 factors of eigenforms in S;g /2’2(1* 0(2) (4)). Now we review how to calculate the eigen-

values of the Hecke operators. For F(r) € A,:“_l/z j(FO(Z) (4)) for even k, let F(t) =
ZTGLZ a(T)e(Tr(Tt)) be the Fourier expansion. We denote by a(7;(p); T) = a(T;(p);
(t1, 12, t12)) the Fourier coefficient of 7; (p) F at (t1, t2, t12). Then we have

20 2 -1
a(T1(2); (3,3,2)) =p; (O 1) a(3,12,4) + p; (O 1 )a(S, 12, 16)

0 1 ;
+ pj (2 0) a(3,12,4)-2"7"%(3,3,2),

a(T»(2); (3,3,2)) =27a(12, 12, 8)
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, 20 0 1
— ki3 p; 3,12,4) + p; 3,12,4
(pj (0 1) a( )+ pj (2 0) a( ))

+2%+2/764(3,3,2),

20 2
a(T1(2); (3,4,0)) =p; (O 1) a(3,16,0) + p; (O 1 )a(7, 16, 16)

0 -1
+ 0 (2 O)a(4, 12,0),

a(T2(2); (3,4, 0) =277, (2

‘ 2 2 -1
4+ 2k+i—3 (—pj (0 (1)>a(3,16,0)+pj (0 1)a(7, 16,16))

— 2%k+2j=64(3,4,0) .

1 .
2) a(4,12,12)+2/a(12, 16, 0)

In the following explanation, we identify the representation space C/*! of p i =
Sym(j) with the space Cluy, uz]; of homogeneous polynomials in u{, us of degree j.
Then the Fourier coefficients a(T') are polynomials a(T)(u1, u2) € Cluy, uzl; in uy, uz
and the action of p; = Sym(j) is given by p;(U)a(T)(u1,u2) = a(T)((u1,uz)U) for
U € GLy(R). We denote the Fourier coefficient of F23,7 and G232 by A(T) and B(T),
respectively. Then by computer calculation we have

A(3,3,2) = —u% —2ujuy — u% =—(uy + u2)2
A(3,4,0) = —18u? + 4u3
A3, 12,4) = —1328u? — 3872uus — 1664u3
A(3,16,0) = —5472u% — 11264u3
A(4,12,0) = 1280u? — 9600u3
A4,12,12) = 4u? + 12u1uz + 12u3
A(7, 16, 16) = 19488u? — 5376uus — 5376u3
A8, 12, 16) = 6144u? + 12288u us + 5760u3
A(12,12, 8) = 6017024u3 4 11247616111 + 6017024u3
A(12, 16, 0) = 74686464u7 — 41369600u3 .

1
B(3,3,2) = _Euluz
B(3,4,0) = —u3

B(3,12,4) = —788uus — 564u3
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B(3, 16,0) = 4328u3
2 2

B(4,12,0) = 112u? + 24u3
B(4,12,12) = —u? — 3ujus — 3u3
B(7, 16, 16) = 240u? — 4056u1uy — 405613
B(8, 12, 16) = —12u? — 24u us — 36u3
B(12,12, 8) = 359232u% — 1355456u1us + 359232u3
B(12, 16, 0) = 10668672u? — 374656u3.

By these Fourier coefficients, we see that

A(Ti(2); (3,3,0)) = —2880(—u} — 2ujuy — u3) = —28804(3, 3,2),
A(T1(2); (3,4,0)) = —2880(—18u? + 4u3) = —2880A(3,4,0),

B(T1(2); (3,3,0)) = 360(u? — 3ujuy + u3) = 3600B(3, 3,2) — 360A(3,3,2),
B(T1(2); (3, 4,0)) = 720(9u? — Tu3) = 3600B(3, 4,0) — 360A(3, 4,0) .

So we have

0 3600
So F23/2 and Fa3,2 — 18Ga3)2 are eigenforms, and eigenvalues of 77(2) are given by
A*(2, Fo30) = —2880 and A*(2, F23/2 — 18G23/2) = 3600, respectively. Actually again
we can show that the concrete lift £ in [15] from S»q(I7) X S»(I7) into S;g /2’2(1“0(2) 4))
does not vanish and the image is spanned by F23/2 — 18G23/2. We have

L(s, F232 — 18G23/2) = L(s — 3, A0) L (s, Az) ,
where Ayp and Ajg are the unique primitive cusp form of weight 20 and 26 of I7, re-

spectively. Calculating the action of 72(2) on £33, in the same way, we see that w(2) =
—34160640 and the Euler 2-factor of L(s, F23,2) is given by

Hay(F3)2, u) = 1 +2880u — 26378240u® + 2880 - 22543 4 2504

where u = 27%. We have dim 823/2,2(1“0(2) 4), ¥) = dim Ss5,18(/2) = 1, and we denote
each basis by Fz'é 2 and Fs 13. Then by the calculation in [12] p. 123, we see that

-2 _
(TiQ)F. Ti(2)G) = (F. G) ( 880 360) |

Hy(Fp3p2,u) = Hz(leé/z, u) = Hy(Fs 18, u) .
Similarly we can show the same equaliy for the Euler 3 factors:
H3(F23/2,u) = H3(F2ﬁ/2, u) = H3(Fs18,u) .

These support Conjecture 1.3 and 1.2. (Note the correction of the typo in the previous paper
at the end of this paper.) The calculation for the Euler 3-factors can be done by using the
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following Fourier coefficients and the relations for either (3, 3, 2) or (3, 4, 0). We omit the
details.

A(3,27,6) = 115182u? + 230364u1us — 29500213
A(3,27, —6) = 115182u? — 230364uus — 295002u3
A4,3,4) = A4, 3, —4) = —u3
A8, 11, 8) = 227988u? 4 227988u uy — 51219u3
A(19,4,4) = —681201u? + 36864u us + 36864u3
A(27,27, 18) = 15501347379u? — 212400813061 11z + 15501347379u3
A(3,36,0) = 1010394u? 4 320468413
A(7,36,24) = —660492u? — 1820880u 1> — 2011608u3
A(19, 36, 48) = —851220u} — 2202336111z — 2011608u3
A(4,27,0) = 87624u? — 397213213
A(27, 36, 0) = 440392060944u% — 200717867808u3

1

0 -1 1 =2
+m<3 0>A621—®+m<1 1>AU%4®

A(T1(3); (3,3,2)) = pj (T ) A(8,11,8) + p;j ((3) (1)) A(3,27,6)

A(T2(3); (3,3,2)) = 3/A(27,27, 18)

, 3 -3 2 -1
32%FI=5 | p; A(4,3,4 ; A(4,3,—4
+ Pj 2 1 ( )‘|‘,01 3 3 ( )
‘ 2 -1 1 -2
+ 3KFi3 <pj (1 | )A(S, 11,8) — p; (1 | )A(19,4, 4))

— 32427704 (3,3,2)
30 3 -1
ANMB), G40 = pj|, ]AG360+p0;| 0 ]AT, 36,29

0
—3KHT24(3,4,0),

3 -2 0 -1
+pj< l)A(19,36,48)—|—,0j(3 O)A(4,27,0)

, ‘ -1
A(T2(3), (3,4,0)) = 3/ A(27,36,0) — 3173 (p; (g ) )A(7,36, 24)
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3 =2 0 -1
i A(19, 36,48 i A4,27,0
+P]<0 1) ( )+,0]<3 0) ( ))

+2.3%F2i=64(3 4, 0).

4.3. The congruence

Now we explain an example of the half-integral version of Harder’s congruences. For
any prime p, let A*(p) and w(p) be the eigenvalues of T1(p) and T>(p) of F3,, respec-
tively, and a¢(p) the eigenvalue at p of the unique primitive elliptic cusp form Ajg of level
1.

THEOREM 4.4. Notations being as above, for any prime p, we have the following

congruence.
L= 2*(p)u+ (po(p) + pP (p* + D)u? + 3% (p) pPu® + p™u*
=(1-p w1 — p2uw) (1 — ars(p)u + p*u*) mod 43 .
In particular, we have
W(p) = p’ + p + aze(p) mod 43
for all primes p.

It seems to the author that, even in the case of integral weight, there had been no
known example such that such congruence holds for all the Euler p factors for a fixed
congruence prime, since this type of theorem for all p cannot be checked just by calculating
the examples of eigenvalues at finitely many p. By the way, if we believe Conjecture 1.2,
this congruence means the congruence between eigenvalues of the cusp form of weight
det’ S ym(18) and the quantity as above coming from Aje, which is the original Harder’s

conjecture.
We note that 43|L;4(23, Aze) (see [3]) and that there exists the Klingen type Eisen-

stein series E23/2 € A;“3/2’2(F0(2) (4)) such that
L(s, Ex30) = &(s — 3)¢(s — 22) L(s, A2e)

and the right hand side of the first congruence in the above theorem gives the Euler p factor
of L(s, E23/2). So this theorem gives an example of Conjecture 1.4.
Now in order to give E23,2 explicitly and prove the above theorem, we consider a

non-cusp form in A;g /212(1“0(2) (4)). First we define a non-zero non-cusp form His;; €
ATS /2’2(1*0(2) (4)). We define His,, from a certain Jacobi form in J(g 2),1 (1" 2J ) correspond-
ing to (A(7),0) € Agz(Fz) with A(t) € Aga(l2). The space Ag4(l3) is spanned
by {¢4, ¢4}sym). (See [13].) Here for any f € Ax(I2) and g € A;(I3), the form
{f, g}sym@4) € Ak,a(I?) is the Rankin-Cohen type bracket defined by

Qi) f, gYsym@) =

I0+1)d%f af dg  k(k+1) 829) 4
—g—(+Dk+) L =Ty
( 2 3T1219 ( A )31113111 2 It} !
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For (¢4, ¢4} syma)/14400 = 1_o a; (v)ut " ul, the form Hispp € A /2,2(1“0( )(4)) is de-
fined as in (4) with c(r) = 0. This is a non-cusp form. Examples of the Fourier coefficients
of His, are given by

A(3,0,0; Hispp) = u?,
A(4,0,0; Hyspn) = —2u7,
A(3,3,2; Hi52) = (—=1/2Ququz,
AQ3,4,0; His5p0) = —M% .
Now we put Hz3,2(t) = ¢4(4t)Hy5,2(7). Then it is clear that H3,; is also a non-cusp

form in A% 2 L (I 0(2) (4)), though this is not an eigenform. Next we determine a Hecke
eigen non-cusp form. Since there exists the Klingen-type Eisenstein series E23,2 such that

L(s, Ex3y2) = (s — 3)5(s — 22)L(s, Az)
and we have dim Ay , ,(I§? @) — dim S5, , ,(IyP(4)) = 3 —2 = 1, we see that

T1(2)Hysjo — c(2)Hazpa € S350 ,(Iy 7 (4)) where c(2) = 23 + 2% + ae(2) = 4194264,
and az6(2) = —48 is the eigenvalue of Ay at 2. We denote the Fourier coefficients of
H>3,2 by C(T'). Then by computer calculation we have

C(3,3,2) = 27u? + 58uyus + 27u3

C(3,4,0) = 552u% — 104u3
C(3,12,4) = 1775979u? + 2431012u1us 4 541596u3
C (3, 16,0) = 100608456u7 — 24084608u3
C(4,12,0) = —9827008u + 175689613
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C(7, 16, 16) = 2559648u? 4 7944384u us + 794438413
C(8,12,16) = —167688u? — 335376uus — 33139213

By this table we can calculate the coefficient of T1(2) Ha3/2 as follows.
C(T1(2); (3,3,2)) = 72(100049u? + 131646u1us + 100049u3) ,
C(T1(2); (3,4,0) = 192(2117109u? — 288793u3) .

Then the coefficients of T1(2) H23,2 — ¢(2) Hz3,2 at (3, 3, 2) and (3, 4, 0) are given respec-
tively as follows.

(3.3,2) —67200(1578u? + 3479u us + 1578u3)

(3,4,0) —134400(14202u? — 2833u3) .
So by comparing the coefficients at (3, 3, 2) and (3, 4, 0), we easily see that
T1(2)Hy3 2 — ¢(2) Haz 2 = 134400(789 Fr3/2 + 323G23/2) .

So we have
T1(2)Hy )2 23,21 +1) — 48 (134400) - (323)  (134400) - (789)\ [ H23)2
Ti(2)Goap | = 0 3600 —360 G2
T1(2) F23)2 0 0 —2880 F

and the eigenform E33/2 corresponding to the eigenvalue ¢(2) = 23219 4 1) — 48, that is,
the Klingen type Eisenstein series, is given by

En30 = 7508273 Hp3/2 + 77778400G 23,2 + 189691200 F235 -

We know already that E»3,> and F33,; are eigenforms for any Hecke operators. We denote
by A(T;(p), F) the eigenvalue of T;(p) for any eigenform F for each i = 1, 2. Then we
have

MTi(p), Ex32) = p>(1+ p'%) — ax(p).,
MTa(p), Ezzp2) = p*(1 + pazs(p) + p™ + p**,
and these are integers. We have
T; (p) E23 2 =7508273T;(p) Ha3 /2 + 777784007 (p) G232
+ 1896912007 (p) F23,2
MTi(p), E23/2) E23j2 =75082730(Ti(p), E23/2) Hazp2 + A(Ti (), E23/2) G232
+ 189691200A(T;(p). E23/2) Fa3/2 -

Since we have T;(p)E232 = A(T;(p), E23/2) E23/2, subtracting both sides of the above
equalities, we have

) 189691200<k(7}(17), Fr372) — MTi (p), E23/2)) Fypp =
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7508273 (X(Ti (p), Ex32)Hazpp — T; (P)H23/2>

+ 77778400<)u(7"i(17), Ey3/2)Ga3yo — Ti(P)G23/2> .

We have 7508273 = 43 - 283 - 617 and 77778400 = 2> - 52 -7 - 17 - 19 - 43, both divisible
by 43, but 189691200 = 2° - 33 . 52 . 4391, which is not divisible by 43. Now we see that
the Fourier coefficients of Ha3/2, G23/2 (and F,32) are 43-adically integral. First we see
that the Fourier coefficients of ¢4, ¢¢ and x1¢ are all integral since these are obtained by the
Maass lift (or the Saito-Kurokawa lift) of Jacobi forms with integral coefficients given by
E4 1, E6.1, x10,1 of degree one of weight 4, 6, 10 (See [2]). Then Rankin-Cohen operators
are integral except for the power of 2. The normalizing constants 14400 = 2° .32 . 52
and 24449040 = 2% .3%.5.73 . 11 used as the denominator in the definition of Jacobi
forms corresponding with Hys/; and F23,2 does not contain 43 as a prime factor. Now the
cofactors B;;(t) have integral coefficients, since all ¢%;; do so, and all xs5(t)c;;(7) have
43-integral Fourier coefficients. Now in the final stage, we must divide x5(47)c;;(47) by
x5(4t). This calculation can be done by using the Fourier expansion by induction with
respect to the orders of e(z11) and e(122). By definition, we see that the Fourier coefficients
of x5 are integral, and since we have

x547t) = e(2t11)e(2122)(e(2712) — e(—2712)) + higher terms,

and the lowest order term has coefficient 1, the quotients by this have also 43-integral
Fourier coefficients. By the formula of Fourier coefficients of T;(p) F for F € AZ‘_I 2.j

(I 0(2) (4)) (see [12] pp.127-128), we see that if F has [-adically integral Fourier coefficients
for a prime [, then T; (p) F' also. So we see that the Fourier coefficients of the right hand side
of (5) are all divisible by 43 locally, and hence the Fourier coefficients of (A(T; (p), F23/2) —
MTi(p), E23/2)) F /43 are all 43-adically integral. So, seeing the Fourier coefficient — (u1+
u2)2 at (3, 3, 2) of F23/2, we have

AT (p), F23j2) = AMTi(p), E23/2) mod 43
fori = 1 and 2 for any prime p. This proves Theorem 4.4.

Correction. There are following typos in [12].
Inp. 111,15, |¢(Z)| = | det(CZ + D)|'/? should read
|$(2)| = (det(9))~"/*| det(CZ + D)|'/.
In p. 123, 1.6 from the bottom, two 538970 should read 538920.
-1
0
In p. 134, 1.7 from the bottom, “holomorphic Jacobi form ¢ (71, z1) € Jij,1” should read

“holomorphic Jacobi cusp form ¢ (t, z1) € J,ﬁ_’:jp |- In p. 134, 1.2 from the bottom, “For

skew » « skew,cusp,,
¢ € ‘]k+j,1 should read “For ¢ € JkJrqu .

0 -1
Inp. 129,1. 10, p; 0 3 should read p;
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