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ABSTRACT. In the present article, we develop tensorial analysis for solutions
w of the following nonlinear elliptic system
" w =0, dw*Aoj) =0,

associated to a contact triad (M, X, J). The novel aspect of this approach
is that we work directly with this elliptic system on the contact manifold
without involving the symplectization process. In particular, when restricted
to the case where the one-form w*\ o j is exact, all a priori estimates for
w-component can be written in terms of the map w itself without involving
the coordinate from the symplectization. We establish a priori C* coercive
pointwise estimates for all k& > 2 in terms of the energy density |dwl||? by
means of tensorial calculations on the contact manifold itself. Further, for any
solution w under the finite m-energy assumption and the derivative bound, we
also establish the asymptotic subsequence convergence to ‘spiraling’ instantons
along the ‘rotating’ Reeb orbit.
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1. INTRODUCTION

Let (M, &) denote a 2n+1 dimensional contact manifold M equipped with contact
structure £ (a completely non-integrable distribution of rank 2n). Moreover, assume
that £ is co-oriented, so that one is able to choose a one form A such that ker A = &.
Such a one form is called a contact one form, and is not unique but is determined
only up to multiplication by nowhere vanishing functions. Given a contact one form,
the Reeb vector field X associated to it is uniquely determined by the equations

X,\J)\El, X)\Jd/\EO

As an immediate consequence from the definition of contact structure, (£, d\|¢) is
a symplectic vector bundle over M of rank 2n. In the presence of the contact form
A, one considers the set of endomorphisms J : ¢ — £ that are compatible with dA
in the sense that the bilinear form g¢ = dA(-, J-) defines a Hermitian vector bundle
(&,J,9¢) on M. We call such an endomorphism J a C'R-almost complex structure.
As in [5], we extend J to an endomorphism of TM by setting JX = 0. We call
the triple (M, A, J) a contact triad and equip M with the Riemannian metric

gGr=0gc+ARA

which we refer to as the contact triad metric. With the contact triad metric, a
contact triad carries the same information as a contact metric manifold. (See [5]
and the references therein for more information about contact triads.)

Our goal is to understand the contact manifold without directly using its sym-
plectization. Therefore, we focus on maps w : ¥ — M from the (punctured)
Riemann surface (E, j) to the contact manifold M. By decomposing the tangent
bundle as TM = £ ®R{X,} and denoting the projection to £ by 7, one can further
decompose d™w := wdw = 0"w + 9" w into the J-linear and anti-J-linear part as
w*€-valued 1-forms on the punctured Riemann surface . We begin by considering
maps w satisfying just 9w = 0, which is a nonlinear degenerate elliptic equation.

Definition 1.1 (Contact Cauchy—Riemann Map). Let (M, A, J) be a contact triad
and let (X, j) be a (punctured) Riemann surface. We call a smooth map w : ¥ — M
a contact Cauchy—Riemann map if it satisfies 9 w=0.

To maximize the advantage of using tensor calculus in the analytic study of
contact Cauchy—Riemann maps, we use the contact triad connection the authors
introduced in [13] associated to the contact triad (M, A,J). The contact triad
connection, in particular, preserves the triad metric. We review the contact triad
connection in Section 2.

Denote by V the contact triad connection on M and by V™ the associated Her-
mitian connection on the Hermitian vector bundle (£, d\|¢, J). Various symmetry
properties of the connections V and V™ enable us to derive precise formulae con-
cerning the second covariant differential of w and the Laplacian of the 7w-harmonic
energy density function for any contact Cauchy—Riemann map w.

The following a priori on-shell equation for the m-harmonic energy density is
the basis of our a priori estimates for the contact Cauchy—Riemann map w. This
on-shell equation is the contact analog to the equation for symplectic manifolds
derived by the first-named author in Theorem 7.3.4 [11].
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Theorem 1.2 (Fundamental Equation). Let w be a contact Cauchy—Riemann map.
Then

K 1
AV (d"w) = —w* Ao j A <2(L‘XXJ) d%) .

The upshot of this equation is that the second derivatives (the left hand side) of
w are expressed in terms of the first derivatives of w (the right hand side).

Define the &-component of the standard harmonic energy density function of
general smooth map w by

2

e" =e"(w):= |d’rw\3A = |mdwly, ,

and further introduce the following.
Definition 1.3. For any smooth map w : > — M, the w-harmonic energy EZTA J)(w,j)
of the smooth map w is defined as

N I U By
Ef 5 (w, ]) 525/26 (w)zi/zkl w|?, .

Since we do not vary A or j or J in the present article, we will use the shorthand
notation E™(w) for E7 J)(w,j) from now on. Also, we will omit the subindex gy
from the norm |- |, .

Theorem 1.4. Let w be a contact Cauchy—Riemann map. Then
1 -
—5Ac" = V™ (0™ w)|? + K |0™w|* + (RicY (w)0™w, 0™ w)
+(6V" ((w*Xo j) A (Lx, J)d™w) , 0™ w)

where K is the Gaussian curvature of the given Kdhler metric h on (273') and
RicY" (w) is the Ricci curvature operator of the contact Hermitian connection V™
along the map w.

Again the upshot of this theorem is that for a contact Cauchy—Riemann map,
the Laplacian of e™(w) which involves the 3rd derivatives of w is expressible in
terms of the second and the first derivatives of w.

Notice that due to the mismatch of the dimensions, the contact Cauchy—Riemann
map equation itself is not an elliptic system. To conduct geometric analysis, we
augment the equation w=0 by an additional equation,

d(w*Aoj) =0,
and define the following.

Definition 1.5 (Contact Instanton). Let (3, ) be a (punctured) Riemann surface
and w : 3 — M be a smooth map. We call a pair (j, w) a contact instanton if they
satisfy

"w=0, dwAoj)=0. (1.1)

We would like to point out that the system (1.1) (for fixed j) forms an elliptic
system, which is a natural elliptic twisting of the degenerate Cauchy—Riemann
equation 9" w = 0. (We refer to [12] for an elaboration of this point of view.)

Another worthwhile point is that while the first equation involves first deriva-
tives, the second equation involves second derivatives of w. Therefore it is not
enough to have a W?22-bound to get a classical solution out of a weak solution.
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Rather it is crucial to establish at least a W32 coercive estimate to start the stan-

dard bootstrapping arguments. With this in mind, we will derive an a priori local

C*-estimates for contact instantons with the help of the contact triad connection.
We start with the following

Theorem 1.6. Let (E,j) be a punctured Riemann surface with a possibly empty
set of punctures. Equip ¥ with a metric which is cylindrical near each puncture.
Let w : X — M be a contact instanton. For any relatively compact domains D1

and Doy in S such that D1 C Ds, we have
[dwl[3y1.2(pyy < CilldwlZz(p,y + Calldwla(p,),
where Cy, Co are some constants which depend only on D1, Dy and (M, A, J).

We also establish the following iterative local W2*%2_estimates on punctured
surfaces ¥ in terms of the W¥%P-norms with ¢ < k + 1. Combined with Theorem
1.6, this theorem in turn provides a priori local W2+*:2_estimates in terms of (local)
L?, L* norms of |d™w|, and |w*\|.

Theorem 1.7. Let w be a contact instanton. Then for any pair of domains Dy C
Dy C ¥ such that D1 C Do,

/D (V) (dw)|? < T (d™w, w* X).

D>
Here Jy, is a polynomial function of degree up to 2k+4 with nonnegative coefficients
of the norms of the covariant derivatives of d™w, w*\ up to 0, ..., k with degree at

most 2k + 4 whose coefficients depending on J, A and D1, Dy but independent of
w.

In particular, any weak solution of (1.1) in WI})’CLI automatically becomes a clas-
sical solution.

We refer to Theorem 5.4 and the discussions around them for further exposition
on these estimates.

Next, we focus on cylindrical neighborhoods of the punctures and consider maps
w : [0,00) x S — M which satisfy (1.1). There are natural asymptotic invariants
T and @ which are defined as

1 *
T = 5/ ‘dﬂw|2+/ (w|{0}><51) A
[0,00) xSt {0} xS?

Q@ = [ (o) Ao

Call T the asymptotic contact action and Q the asymptotic contact charge.

For the study of the asymptotic behavior of the contact instanton map near the
punctures, it is important to classify all possible massless instantons (i.e., instantons
satisfying E™(w) = 0) on the cylinder R x S! equipped with the standard complex
structure j. This classification of massless instantons differs greatly between the
Q =0 and Q # 0 regimes.

Proposition 1.8. Letw : Rx S — M be a massless contact instanton. Then there
exists a leaf of the Reeb foliation such that we can write woo (7,t) = Y(—Q 1+ T't),
where v is a parameterization of the leaf satisfying v = X\ (7).

In particular, if T # 0, v is a closed Reeb orbit of X with period T'. In addition
if Q =0, we 15 invariant under T-translations.
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If T =0 and Q # 0, the leaf needs not be closed but must be the image of an
immersion of R.

With this classification result, we prove the following convergence result. We
refer readers to Theorem 6.4 for more precise assumption for the following theorem.

Theorem 1.9. Let w be any contact instanton on [0, 00) x St with finite T-harmonic

energy
1

E™(w) = 7/ |d™w|? < oo,
2 [0,00) xSt

and finite gradient bound

lldw]|co;10,00)x 51 < 0.
Then for any sequence s — 00, there exists a subsequence, still denoted by sy, and
a massless instanton woo(7,t) (i.e., E™(ws) = 0) on the cylinder R x S such that

lim w(sk + 7,t) = Woo (7, 1)
k—o0

uniformly on K x S* for any given compact set K C R.
Furthermore if Q =0 and T # 0, where woo(7,t) = v(T't) for some closed Reeb
orbit v of period T, the convergence is exponentially fast.

Proposition 1.8 and Theorem 1.9 generalize Hofer’s subsequence convergence
result in [9]. Hofer’s result in the context of symplectization, roughly corresponds
to the exact case (i.e., @ = 0 in our setting). Our asymptotic analysis for the
contact instanton equations reveals the new phenomenon of ‘spiraling’ instantons
along a ‘rotating’ Reeb orbit when the asymptotic charge is nonzero.

As outlined above, our original motivation to study this new elliptic system lies
in our attempt to better understand the contact manifold itself instead of its sym-
plectization. Indeed the question of whether two contact manifolds having symplec-
tomorphic symplectization are contactomorphic or not was addressed in the book
by Cieliebak and Eliashberg ([6, p.239]). Courte [7] provided a construction of two
contact manifolds which are not contactomorphic (actually, even not diffeomor-
phic) but have symplectomorphic symplectizations. It would be interesting to see
whether our approach could lead to a construction of genuinely contact topological
quantum invariants of the Gromov—Witten or Floer- theoretic type that could be
used to investigate the following kind of question. (See [7] where a similar question
was explicitly stated.)

Question 1.10. Do there exist contact structures £ and ¢ on a closed manifold
M that have the same classical invariants and are not contactomorphic, but whose
symplectizations are (exact) symplectomorphic?

We would like also to recall a celebrated result by Ruan [16] in symplectic ge-
ometry. Using Gromov—Witten invariants, he described a pair of algebraic surfaces
which have the same classical invariants but whose products with S? are not sym-
plectically deformation equivalent.

We note that a similar equation to (1.1) was first mentioned by Hofer in p.698
of [10]. Then Abbas—Cielibak—Hofer in [2] and Abbas [1], as well as by Bergmann
in [3, 4] used this equation to attack the Weinstein conjecture for dimension 3. We
would like to point out that their equations correspond to our instanton equations
of vanishing charge, i.e., Q = 0.
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However as far as the authors are aware of, systematic a priori estimates without
involving symplectization such as those presented in this article have not been
developed in the previous literature. In this regard, our a priori estimates for w
are stronger than those in the literature in that the s-coordinates do not enter in
the a priori estimates of w even for the pseudoholomorphic maps v = (s, w) in the
context of symplectization. We hope that this kind of s-independent estimate for
w will lead to a better understanding of the convergence behavior of the contact
instanton w even for the exact case. For this reason, we split Part I of the preprint
[14] and write the present article. We view this one self-contained with focus on
the tensorial derivation for a priori estimates.

2. REVIEW OF THE CONTACT TRIAD CONNECTION

As defined in the introduction 1, assume (M, A, J) is a contact triad of dimension
2n+1 for the contact manifold (M, €), and equip with it the contact triad metric g =
ge+FA®A. In [13], the authors introduced the contact triad connection associated to
every contact triad (M, A, J) with the contact triad metric and proved its existence
and uniqueness.

Theorem 2.1 (Contact Triad Connection [13]). For every contact triad (M, X, J),
there exists a unique affine connection V, called the contact triad connection, sat-
isfying the following properties:
(1) The connection V is metric with respect to the contact triad metric, i.e.,
Vg=0;
(2) The torsion tensor T of V satisfies T(X», ) =0;
(3) The covariant derivatives satisfy Vx, Xy = 0, and Vy Xy € £ for any
Yeg;
(4) The projection V™ := wV|¢ defines a Hermitian connection of the vector
bundle £ — M with Hermitian structure (d\|e, J);
(5) The &-projection of the torsion T, denoted by T™ := «T satisfies the fol-
lowing property:
T"(JY,Y)=0 (2.1)
for all'Y tangent to &;
(6) ForY €&, we have the following

1
6¥X)\ = §(VyX)\ —JVv X)) =0.

From this theorem, we see that the contact triad connection V canonically in-
duces a Hermitian connection V™ for the Hermitian vector bundle (¢, J, g¢), and
we call it the contact Hermitian connection. This connection will be used to study
estimates for the m-energy in later sections.

The following remark provides some intuition of constructing the contact triad
connection.

Remark 2.2. Recall that the leaf space of Reeb foliations of the contact triad
(M, X, J) canonically carries a (non-Hausdorff) almost Kéhler structure which we
denote by (M\ LA\, T ). We would like to note that Axioms (4) and (5) are nothing but
properties of the canonical connection on the tangent bundle of the (non-Hausdorff)
almost Kéhler manifold (M\ , c/i}\, jg) lifted to £. In fact, as in the almost Kéhler case,
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vanishing of the (1, 1)-component also implies vanishing of the (2, 0)-component and
hence the torsion must be of (0,2)-type. On the other hand, Axioms (1), (2) and
(3) indicate this connection behaves like the Levi-Civita connection along the Reeb
direction X. Axiom (6) is an extra requirement to connect the information in the
¢ part and the X, part, which uniquely pins down the desired connection.

Moreover, the following fundamental properties of the contact triad connection
was proved in [13], which will be used to perform tensorial calculations later.

Corollary 2.3. Let V be the contact triad connection. Then
(1) For any vector field Y on M,

Vi X = 5 (Lx, )Y (2.2)
(2) A(Te) = dx.

We refer readers to [13] for more discussion on the contact triad connection and
its relation with other related canonical type connections. In particular, we would
like to remark that

Remark 2.4. Using the identity Lx, A = 0 = Lx, d\ it is not hard to see that, the
Reeb vector field is a Killing vector field with respect to the triad metric if and only
if Lx,J = 0. In general, this is a strong additional requirement. For example, for
3-dimensional contact manifolds, it is equivalent to the Sasakian condition. Hence,
for the contact triad connection, VX, doesn’t vanish, which indicates that it is
different from the canonical connection for the symplectization when lifted. For
more details regarding this, refer [13] and the references therein.

This section ends with introducing the following notation for later use. Asso-
ciated to the projection m = 7 from TM to & we use Il =1I\ : TM — TM
to denote the corresponding idempotent, i.e., the endomorphism of T'M satisfying
2 =11, ImIT = ¢, ker IT = R{X,}.

3. THE CONTACT CAUCHY-RIEMANN MAPS

Denote by (¥,j) a punctured Riemann surface (including the case of closed
Riemann surfaces without punctures).

Definition 3.1. A smooth map w : Y — M is called a contact Cauchy—Riemann
map (with respect to the contact triad (M, A, J)), if w satisfies the following
Cauchy—Riemann equation

_ _ 1 ‘
" w = B;Jw = i(wdw + Jrdw o j) = 0.

Recall that for a fixed smooth map w : ¥ — M, the triple (w*&, w*J, w*ge)
becomes a Hermitian vector bundle over the punctured Riemann surface 3. This
introduces a Hermitian bundle structure on Hom(TY, w*§) = T*¥ ® w*€ over X,
with inner product given by

(a®( B@n) =h(a,B)ge(¢n),
where a, 3 € Q(2), ¢,n € T(w*€), and h is the Kihler metric on the punctured

Riemann surface (%, j).
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Let V™ be the contact Hermitian connection. Combining the pulling-back of
this connection and the Levi-Civita connection of the Riemann surface, we get a
Hermitian connection for the bundle T*Y®@w*¢ — 3. By a slight abuse of notation,
we will still denote by V7 this combined connection.

The smooth map w has an associated m-harmonic energy density defined as the
norm of the section d™w := wdw of T*Y ® w* — 3. In other words, it is the
function e™(w) : ¥ — R defined by e™(w)(z) := |d"w|?(z). (Here we use | - | to
denote the norm from (-,-) which should be clear from the context.)

Similarly to the case of pseudoholomorphic curves on almost Kéhler manifolds,
we obtain the following basic identities.

Lemma 3.2. Fix a Kdhler metric h on (E,j), and consider a smooth map w : ¥ —
M. Then we have the following equations
(1) em(w) = |d™w|? = [0™w|* + 8" w|?;
(2) 2w*d\ = (—|8" w|? + |0™w|?) dA where dA is the area form of the metric
hoon Y;
(3) wAAw*Noj=—|w*\?dA.

As a consequence, if w satisfies 0w = 0, then
1
|d™w|? = |0"w|* and w*d\ = §|d’rw|2dA. (3.1)

Proof. The proofs of (1) and (2) are exactly the same as the case of pseudo-
holomorphic maps in symplectic manifolds replacing dw by d™w and the symplectic
form by dX and so they are omitted. See e.g., Proposition 7.2.3 [11] for the state-
ments and their proofs in the symplectic case corresponding the statements (1) and
(2) here. Statement (3) follows from the definition of the Hodge star operator which
implies that for any 1-form 8 on the Riemann surface x5 = —f o j, and we take
B =w*A. O

Notice that the contact Cauchy—Riemann equation itself is not an elliptic system
since the symbol is of rank 2n which is 1 dimension lower than T'M. Here the
closedness condition d(w*A o j) = 0 leads to an elliptic system (see [12] for an
explanation)

9"w=0, dw*Aoj)=0. (3.2)
Definition 3.3. We call a solution of the system (3.2) a contact instanton

Contact instantons are the main objects of our study in the present paper.

To illustrate the effect of the closedness condition on the behavior of contact
instantons, we look at them on closed Riemann surface and prove the following
classification result. The following proposition is stated by Abbas as a part of [1,
Proposition 1.4]. For readers’ convenience, we separate this part for closed contact
instantons (which are called homologically perturbed pseudo-holomorphic curves in
[1]) and give a somewhat different proof.

Proposition 3.4. Assume w : ¥ — M is a smooth contact instanton from a closed
Riemann surface. Then

(1) If g(X) =0, w is a constant map;
(2) If g(X) > 1, w is either a constant or the locus of its image is a closed Reeb
orbit.
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Proof. For contact Cauchy—Riemann maps, Lemma 3.2 implies that |d"w|? dA =
d(2w*X). By Stokes’ formula, we get d™w = 0 if the domain is a closed Riemann
surface, and further, dw = w*\ ® X, i.e., w must have its image contained in a
single leaf of the (smooth) Reeb foliation.

Another consequence of the vanishing d"w = 0 is that dw*\ = 0. Now this
combined with the equation d(w*X o 7) = 0, which is equivalent to dw*\ = 0,
implies that w*A (so is xw*\) is a harmonic 1-form on the Riemann surface X.

If the genus of ¥ is zero, w*\ = 0 by the Hodge’s theorem. This proves statement
(1).

Now assume ¢g(X) > 1. Suppose w is not a constant map. Since ¥ is compact and
connected, w(X) is compact and connected. Furthermore recall w(X) is contained in
a single leaf of the Reeb foliation which we denote by £. We take a parametrization
v : R — £ C M such that ¥ = X (v(¢)). By the classification of compact one
dimensional manifolds, the image w(X) is homeomorphic either to the unit closed
interval or to the circle. For the latter case, we are done.

For the former case, we let I denote w(X) which is contained in the leaf £. We
slightly extend the interval I to I’ C £ so that I’ still becomes an embedded interval
contained in £. The preimage v~ *(I’) is a disjoint union of a sequence of intervals
[Ty Th+1] With -+ < 7_1 < 79 < 7 < --- for k € Z. Fix any single interval, say,
[To, 7'1] C R.

We denote by v~1 : I’ — [19,71] C R the inverse of the parametrisation -
restricted to [0, 71]. Then by construction y=*(I) N [ro, 71| C (70, 71)-

Now we denote by t the standard coordinate function of R and consider the
composition f :=~"1ow: 3 — R. It follows that f defines a smooth function on
Y. satisfying

yof=w

on X by construction. Then recalling ¥ = X (), we obtain
wiA = fF(y*A) = f7(dt) = df.

Therefore Af = ddf = dw*A = 0, i.e., f is a harmonic function on the closed
surface Y and so must be a constant function. This in turn implies w*A = 0. Then
dw = d"w+w*AX\(w) =0+0 =0 i.e., wis a constant map which contradicts the
standing hypothesis. Therefore the map w must be constant unless the image of w

wraps up a closed Reeb orbit.
O

4. CALCULATION OF THE LAPLACIAN OF T-HARMONIC ENERGY DENSITY

In this section, we use the contact triad connection to derive some identities re-
lated to the m-harmonic energy for contact Cauchy—Riemann maps. Our derivation
is based on coordinate-free tensorial calculations. The contact triad connection fits
well for this purpose which will be seen clearly in this section.

We start with looking at the (Hodge) Laplacian of the m-harmonic energy density
of an arbitrary smooth map w : ¥ — M, which is not necessarily contact Cauchy—
Riemann, i.e., in the off-shell level in physics terminology. As the first step, we
apply the standard Weitzenbock formula to the connection V™ on T' *Y ® w*€ that
is induced by the the pull-back connection on bundle w*¢ and the Levi-Civita
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connection on T, and obtain the following formula
1 ™ ™
—§Ae”(w) = V™ (d™w)> — (AY d"w,d"w) + K - |d"w|* + (Ric"" (d"w), d"w).
(4.1)

Here e™ := e™(w), K is the Gaussian curvature of ¥, and RicV " is the Ricci tensor
of the connection V™ on the vector bundle w*¢. (For readers’ convenience, we give
the proof of (4.1) in Appendix A. For the basic differential notations, such as dV,
dV etc., we also refer readers to that section if necessary.)

Next we derive an important expression for d¥" d™w in the off-shell level, which
is the analog to a similar formula [11, Lemma 7.3.2] in the symplectic context.

Lemma 4.1. Letw : ¥ — M be any smooth map. Denote by T™ the torsion tensor
of V™. Then as a two form with values in w*§, de(d”w) has the expression

™ 1
dV" (d™w) = T™(Hdw, dw) + w*\ A (2(£XA J) Jd”w) . (4.2)

Proof. For given &1, & € T(TY), evaluate dV (d"w)(£1, &) as
AV (d"w) (&1, &)
= (Vg (mdw))(&2) — (VE, (mdw))(&1)
= & (mdw(&2)) — mdw(Ve, &) — (VZ@T2 (rdw(&1)) — mdw (Ve &1))

= W( (Ve (dw(&2)) = Ve, (Mdw(£2))X1)) = (Ve, (dw (1)) = Ve, (A(dw(£1)) X))

—dw (Ve & — V51€2))
= 7 (Ve (d(6) — Ve, (du&r)) — [duw(€n). du(e))
Ve, (Mdw(&2))X2) + Ve, (Ndw(€)) X))
= w(T(dw (&), dw(€)) — Adw(E)Ve, X — &M (dw(€))] X
FMd()) Ve X + G2\ du(€)]X))
= (T (dw(E), dw(€2))) — Mdw(€2)) Ve, X + Alduw(€1) Ve, X
= T (Mdw(6), Hdw (&)
A () (Lx, T)mdw(€) — N dw(E)) T (L, T)mdu(E)
= T"(Ildw(&), Hdw(&2))
M) (Lx, J) Trdu () + A dw(€n)) (Lx, T) ()

Here we used (2.2) and Axiom (3) for the last second equality. Rewrite the above
result as

x 1
dV" (d"w) = T™ (Idw, Tldw) + w*\ A (2(5)@ J) Jd”w)
for any w, and we have finished the proof. ([

We warn that readers should not get confused with the wedge product we have
used here, which is the wedge product for forms in the usual sense, i.e., (a1 ® ¢) A
as = (a1 A ag) ® ¢ for g, as € Q*(P) and ¢ a section of E. This is not the wedge
product defined in Appendix B.
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We now restrict the above lemma to the case of contact Cauchy-Riemmann
maps, i.e., maps satisfying 9 w=0.In [11, Theorem 7.3.4] the author proves that
for any standard J-holomorphic map « in an almost Kahler manifold, the u*T M-
valued one-form du is harmonic with respect to the canonical connection. Now the
following Theorem 4.2 is its contact analogue, which describes how much d™w(=
0™w) deviates from being a w*¢-valued harmonic one-form. The formula explicitly
calculates the difference, which is caused by Reeb projection and corresponds to
the second term of (4.2).

As an immediate corollary of the previous lemma applied to the contact Cauchy—
Riemann maps, we derive the following formula, calling it the fundamental equation.

Theorem 4.2 (Fundamental Equation). Let w be a contact Cauchy—Riemann map,
i.e., a solution ofgww =0. Then
A VT ar * . 1 T

d¥ (d"w)=d" (0"w)=—w"AojA §(£XAJ)3w . (4.3)
Proof. The first equality follows since d"w = 0"w for the solution w. Also notice
that being a contact Cauchy—Riemann map implies that

T™ (dw, dw) = T™(0"w, 0"w) = 0

which is due to the torsion T™|¢ being of (0, 2)-type (in particular, having vanishing

(2,0)-component). Furthermore we write (4.2) as

A (@) = wAA (;(EXA J) J@“w)
1 .
= wW'AA (2(£XAJ)(9”w) o]

1
= —w*>\oj/\ (2(£X)\J) aﬂ'w) B
using the identity JO™w = 0™w o j. (]
Corollary 4.3 (Fundamental Equation in Isothermal Coordinates). Let (7,t) be
an isothermal coordinates. Write ¢ := m2% 5. as a section of w*§ — M. Then
ow ow
L /\

Proof. We denote W% by 7. By the isothermality of the coordinate (7,t), we have

Ja% = %. Using the (7, J)-linearity of d™w, we derive

0 0 0
=dw"(j=—) = Jdw" (—

o) = W Ug) = TG

Now we evaluate each side of (4.3) against (%, %). For the left hand side, we
get

V¢ + JVTC — ( S)(Lx, ) I¢ =0, (4.4)

n = dw™( = JC¢.

Vin — V¢ = VIJ¢ — Vi¢ = JVIC — ViC.
For the right hand side, we get

A e, — A e, )
- ~A<f§“><m N M) (L, ) I
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where we use the equation n = J( for the equality. By setting them equal and
applying J to the resulting equation using the fact that £x, J anti-commutes with
J, we obtain the equation. O

The fundamental equation in cylindrical coordinates (7,t) € [0,00) x ST plays
an important role in the derivation of the exponential decay of the derivatives at
cylindrical ends. (See Part II of [14].)

Remark 4.4. The fundamental equation in cylindrical coordinates is nothing but

the linearization of the contact Cauchy—Riemann equation in the direction 3%.

The following lemmas will be needed in the calculation of (AY" d™w,d™w) for
contact Cauchy—Riemann maps d"w = 0™ w.

Lemma 4.5. For any smooth map w, we have
(dV" 5V 0™ w, 0™ w) = (6V " dV" 0" w, " w).

As a consequence,

(AV" ™ w, 0™ w) = 2(6V " dV" 9™ w, O™ w). (4.5)
Proof.
GV dV " w, 0"w) = —(xdV xd¥ " w,d"w)
= —(dV" «dV O™ w, x0"w)
= —(dV «dV O"w, —0"w o j) (4.6)
(dV" % dV" 0w, JO™w)
= —(JdV" «dV 8w, w)
= —(dV" «dV JO"w, " w) (4.7)
= —(dV" «dV 9" wo j,0"w)
= (dV «dV" % 0" w, " w) (4.8)
= @V 6V 0w, 0" w).
Here for (4.6) and (4.8), we use xa = —a o j for any 1-form «. For (4.7), we use
the fact that the connection is J-linear. d

The following formula expresses (AY" d™w, d"w), which involves the third deriv-
ative of w, in terms of terms involving derivatives of order at most two.

Lemma 4.6. For any contact Cauchy—Riemann map w,
—(AY d™w, d"w) = (6V [(w*X o j) A (Lx, J)O™w], d"w). (4.9)

Furthermore we can write

SV [(w*ho §) A (Lx, J)0™w)

= —*x((V'(Lx,J)0"w,w*\)

—*% ((Lx, J)VTOTw,w*\) — *((Lx, J)0"w, Vw* ). (4.10)
Proof. The first equality (4.9) immediately follows from the fundamental equation,
Theorem 4.2, and (4.5) of Lemma 4.5 for contact Cauchy—Riemann maps.

For the second equality (4.10), using the identities §V~ = —%d"" x for two-forms
and *a = —a o j for general one-form «, we rewrite

SV [(w* X o j) A(Lx, J)I™w] = —xdV" x [(Lx,J)0™w A (xw*\)],
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and then apply the definition of the Hodge * (see Appendix B) to the expression
*[(Lx, J)O™w A (xw*A)], and get
SV [(w* X o g) A (Lx, J)d™w]
= —xdV ((Lx,J)0"w, w*\)
= —x((V'(Lx,)0"w, w* ) — «((Lx, J)VTOTw, w*\) — «((Lx, J)0"w, Vw* ).

This finishes the proof. ([

Here in the above lemma (-,-) denotes the inner product induced from h, i.e.,
(a1 ® ¢, ag) := h(ay, as)(, for any oy, s € QF(P) and ¢ a section of E. This inner
product should not be confused with the inner product of the vector bundles.

By applying 6V to (4.3) and the resulting expression of AV (d"w) = AV (9™ w)
thereinto and (4.9), we can convert the Weitzenbock formula (4.1) into

—ZA™(w) = V(O w)|? + K|0"w|? + (RicY (87w), 0" w)
+(8V [(w* X o §) A (Lx, J)d™w], 0™ w) (4.11)

for any contact Cauchy-Riemann map, i.e., any map w satisfying 9" w = 0.

5. A PRIORI ESTIMATES FOR CONTACT INSTANTONS

In this section, we derive some basic estimates for the (full) energy density |dw|?
of contact instantons w. These estimates are important for the derivation of local
regularity and e-regularity needed for the compactification of certain moduli space.
(See [12] for further study along this lines.)

5.1. W?2-estimates. Recall from the last section that we have derived the follow-
ing identity
1 ko
—iAe“(w) = |V (0"w)|? + K|0"w|?* + (RicY" (9™w), 0™ w)
+(8V [(w* X o §) A (Lx, J)d™w], 0™ w). (5.1)

By (4.10), the first entry in (§V" [(w*X o j) A (Lx,J)0Tw], 0™ w) can be written
as

SV [(w* X o §) A (Lx, J)O™w]
= (V7 (L, J))0 w, w*A) — #(Lx, J)VT 0w, w*A) — #((Lx, J)0w, Vw* A).
(5.2)
Hence we get a bound for the last term (§V [(w* X o j) A (Lx, J)d™w], 0™ w) by
{8V [(w* X0 j) A (Lx, J)Tw], 07 w)]

< IV (Lx,y )l coanldwl*
+{((Lx, J)VT(0"w), w* N)||dw| + [{(Lx, J)0"w, Vw* A\)||dw].
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We further bound the last two terms of (5.2) via

{(Lx, HVT (0™ w), w* M||[dw| < [|Lx, I[lcoan| VT (8T w)||dw|?
1 ran c
< %W (0 w)|2+§||£X>\J||ZCO(]\/I)|dw|4
and
1 c
(L D)™, T Nlldu] < [V M2+ L, T [Boganldul

similarly. Here ¢ is any positive constant.
Finally, we get the upper bound for

[0V [(w* X o §) A (Lx, J)O™w], 0™ w)|
(IV™ (0™ w)|* + [Vw* A]?) + (cllﬁxxJH%W) - ||VW<£XAJ>||CO<M>) |dw|*
(5.3)

1
< J—
- 2

for any contact Cauchy—Riemann map w.

Now we consider contact instantons which are Cauchy—Riemann maps satisfy-
ing dw*\ = 0 in addition. Using the Bochner—Weitzenbock formula (applied to
differential forms on a Riemann surface), we get the following identity

1
—§A|w*)\|2 = |Vw* A2 + K|w* A2 — (A(w* ), w* ). (5.4)
Write
A(w* ) = do(w* ) + dd(w* ),
in which the first term vanishes since dw*A = —d(w*X o j) = 0. Then
(AW A),w Ay = (dd(w™ ), w* )
1
= —§<*d\8”w|2,w*)\>
= —(x(VT0"w, 0" w), w*\).
Similarly as in the previous estimates for the Laplacian term of 0w, we can bound
| — (A(W*A),w*A)| = [(x(V70"w,d"w), w* \)|
< V™" w||dw|?

IA

1 c
— VT w4+ Z|dw|. 5.5
970w + S fdul (55)
At last, we calculate the total energy density which is defined as

e(w) := |dw|* = e™(w) + |[w* A2

Summing up (5.1) and (5.4), and applying the estimates (5.3) and (5.5) respectively,
we obtain the following inequality for any contact instanton w

f%Ae(w)
> (1-L)jvrerwp+ (1- L) vwap
- c v 2c v
™ c .
- (C”‘CX)\J”ZCO(M) HIVI L Dllcoan + 5 + ||R1C||C°(M)) e(w)® + Ke(w)
(5.6)
>

T c .
- (C”EX)\JHZCO(M) + VT (Lx, I)lleoan + 5t ||RIC||CO(M)) e(w)? + Ke(w),
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for any ¢ > 1. We fix ¢ = 2 and get the following

Theorem 5.1. For a contact instanton w, we have the following differential in-
equality
Ae(w) < Ce(w)? + || oo 5y €(w),
where
C =2|Lx, I Eoary + IV (Lx,I)llcoar) + [Ricllcoiar + 1

which is a positive constant independent of w.

Once we have this differential inequality, we obtain the following interior density
estimates by the standard argument from [17]. (Also see the proof of [11, Theorem
8.1.3] given in the context of pseudoholomorphic curves.)

Corollary 5.2 (e-regularity and interior density estimate). There exist constants
C, g and ro > 0, depending only on J and the Hermitian metric h on ¥, such that
for any C' contact instanton w : X — M with

1
E(rg) :== 2/})( : |dw|* < eo,
7o

and discs D(2r) C Int ¥ with 0 < 2r < rg, w satisfies

max | o? sup e(w)| < CE(r) (5.7)
o€(0,] D(r—o)
for all 0 < r < rg. In particular, letting o = r/2, we obtain
4CE
sup |dw|* < ¥ (5.8)
D(r/2) r

for allr < rg.

Now we rewrite (5.6) into

1 1
1—-Z= (AT 2 1— — *y 12
( c) V™ (0" w)|* + ( 2c> |[Vw* Al
< f%Ae(w) — Ke(w)
T c :
(e T Ewqan) + IV (Ex, Dl oy + 5 + [Ricllcog ) ¢ (5.9)

We want to get a coercive L? bound for Vdw, which consists of the two parts
given below according to the decomposition dw = d™w + w*\ ® Xj.

IVdw|? = |V(d"w) + V(w*A ® X)) < 2/V(d™w)? + 2|V(w* A ® Xy (5.10)
For the first term on the right hand side of (5.10), we write
V(d™w)[* = |[VT(d"w)* + [(V(d"w), Xx) |

= VW) + i|<d”w, (L, J)Jdw)[? (5.11)

1
< VHdT )+ J1Lx, TP ]!

s U 1 U
< |V'(d w)|2+ZH£X>\J||%‘U(M)|d wl?,
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where (5.11) comes from the metric property of the contact triad connection to-
gether with (2.2).

For the second term on the right hand side of (5.10), we again apply (2.2) and
derive

IV A X)))? = [(Vo'd) @ Xy + (w')) @ VX, |?
1
= |Vw*)\|2+|w*)\|2|§(£XAJ)Jd”w|2

VAN

VAP + 1L, oo NPl
Summing up the two terms and going back to (5.10), we get
IV(dw)* < 2|V™(d™w)]* + 2|Vw*\|?
5 1Ex, TWBoqan Tl + 2 1L, TV a0 AP (5.12)

Hence from this, we have

V(dw)? < — [(1—i) |Vﬂ(8”w)|2+<1_216) |vw*)\|2]

1-1

HILx, T o ardw]*

and combine it with (5.9), we get

|V (dw)?
2
< [( 2c + DILx\ &0 + 2 (||V7r(£x Dlleoary + o4 HRiCHcO(M)) |dwl*
= le-1 rleran e » 2
2c- K 9 c
. S A
C_1|dw| +1—c e(w)

for any constant ¢ > 1. We still take ¢ = 2 and get the following coercive estimate
for contact instantons

|V (dw)|* < Cy]dw|* — 4K |dw|* — 2Ae(w) (5.13)
where
Cr =9 Lx, TN Eoary + 4V (Lx, )l cocary + 4lIRicl|cocary + 4

denotes a constant.
The following local a priori estimate can be easily derived from (5.13) by the
standard usage of cut-off function. We give its proof in Appendix C.

Proposition 5.3. For any pair of domains D1 and Dy in Y such that Dy C Do,
|\V(dw)H%2(Dl) < Cl(DlaD2)||dw||%2(D2) + 02(D17D2)||dw||%4(pz)

for any contact instanton w, where Cy(D1,D2), Co(D1,D2) are some constants
which depend on Dy, Do and (M, A, J), but are independent of w.

We remark that this proposition is nothing but a re-statement of Theorem 1.6
in the introduction.
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5.2. Local W?2*%2 estimates for k > 1. Starting from the above W?22-estimate,
we proceed to higher W?2*2_estimates inductively. For this purpose, we consider
the decomposition

dw=d"w+w'A® X,

and estimate |V*T!dw| inductively staring from k = 0 which is done in the previous
subsection.
The rest of this subsection will be occupied by the proof of the following theorem.

Theorem 5.4. Let w be a contact instanton. Then for any pair of domains Dy C
Dy C ¥ such that D1 C Do, we have

[ @@ < [ g, o,
D+ D,

Here Ji is a polynomial function of degree up to 2k+4 with nonnegative coefficients
of the norms of the covariant derivatives of d™w, w*X up to 0, ..., k with degree at
most 2k + 4 whose coefficients depending on J, A and Dy, Dy but independent of
w.

We start with the following lemma
Lemma 5.5. For any k > 0,
Vi dw = (VT d™w + VA A @ Xy 4 Og(d™w, w* ),

where O (d™w, w*\) denotes some tensor living in T*H @Q' (w*TM) C TFH (w*TM).
More specifically O (d™w,w*\) can be written into the form of a polynomial which
consists of monomials of one of the following forms

a-( ® (VH)™d™w @ ® V" w*A) @ d"w,

i=1,,|m| J=1,--,|n]

b Q (VOdTwe KR VW) @ Xa(w)

/=1, |m|/ J'=1|nl
with 1, §,7', j', my,n;,mi, ;, <k and
L<Em; +8m; <k+1, 2<Xpmj +Xym), <k+1
and a,b are some C™ bounded functions on 3.

Proof. For the case k = 0, we compute

Vdw = Vd"w+ V(w*A® X))
= VTd"w+ (V(d™w), X)) X\ + VA ® X\ + w' A @ VX,
= V™d"w — {d"w, VX)) X\ + (Vw'\) @ X + w A VX,
V™ d™w + (Vw*\) @ Xy (w)

1 1
+ wA® §(L'XAJ)Jd”w - <d’rw, 2(£XAJ)Jd”w> ® X».
It is obviously of the form in our induction assumption with the help of the metric

tensor over M. (Here |m| = 0, |n|] =1, ny = 1, and |m| = 2, mj = m} = 1,

n|" =0.)
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Now assuming the expression for any 0 < ¢ < k with £ > 0 holds, we show that it
holds for k + 1 too. First by the induction hypothesis, V¥*1dw can be decomposed
into

Vi ldqw = V(VFdw)
= V((VFd™w) + V(VFw* A @ X)) + VOr_1(d™w, w*\).

We examine them one by one. For the term, we compute
V((VHFd™w) = (VO d™w + (V(VT)Fd™w), X)) @ X»
= (VO dmw — (VM ™w, VX)) © X

1
(VM dmw — <(V”)kd“w, 2(£XAJ)Jd”w> ® X,

where the second term is absorbed into O (d™w, w*\).
For the second term, we obtain

V(VEwA® X)) = Ve X, + Vi A e VX,
. 1
VAL A @ Xy + VR A © S (Lxy ) Jd™w,

where the second term again goes into O (d™w, w*\).
For the third one, we observe that when we take one more derivative of each
term Og_1(d™w, w*X), the result becomes one of the following six types,

Voo ( @ (VH™dwe & VYiwi)edw (5.14)

i=1,-,|m| J=1,,n]
a-V( Q) (VH"dwe Q) VYiwAedw (5.15)
i=1,-,|m| Jj=1,,|n|
a-( Q) (VH™Mdwe Q) V4w Vdw (5.16)
i=1,-,|m]| Jj=1,--,|n|
Ve & VHYdIwve & VIVUNSXy (517
=1, Jm|" =1, Inl’
bV Q) (VOMdTwe Q) VW) ® X, (5.18)
i1=1,0ee |l =1, Inl’
b QR (VHTdTwe Q) VWA @ VX (5.19)
ir=1, |ml’ §'=1, |’

The (5.14) and (5.17) live in Oy, because we assume Va (so it Vb) can be written
as a bounded function tensor along dw = d™w + w*A ® X . Other four terms live
in Oy, because they all raise the order by 1 either via a direct differentiation or via
a usage of the metric property to rewrite

V(V)"dTw = VM dTw — (V) dw, VX)X

followed by the insertion Vg, X, = %([:XA J)Jd™w.
This completes the induction step and hence the proof of the lemma. ([l

Then applying Proposition 5.3 and using the Cauchy—Schwarz inequality induc-
tively, we immediately get
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Corollary 5.6. For any pair of domains Dy and Dy in Y such that D1 C Ds,
IV dw|Zzp,y < IV w]|72p,) + IV (@ M52y

+ Gr(d"w,w*\)
Do

for any contact instanton w, for another polynomial function of Gy of the type
described in Theorem 5.4

Remark 5.7. Starting from Proposition 5.3, and applying Cauchy—Schwarz in-
equaltiy and the induction, we can further obtain the inequality of the form

/D2 Gr(d™w, w*\) < Ci;py o, (ldwl 2z (p,), ldw]|z2(p,))
where Cy.p,.p,(r,s) is a polynomial function of r, s satistying C.p, p,(0,0) = 0.
Now we estimate |(V™)¥T1d™w|? + |V*+1(w*)\)|? inductively. We first denote
Sp = (V)*d™w, T) = V*(w*)\).

The general Weitzenbock formula (see (C.7) Appendix [8] e.g.) applied to Si and
T}, respectively, we obtain

V7S |?

1 ~
—§A|Sk\2 + (AT Sy, Sp.) — (RS}, Si.) (5.20)
1
IVTi? = —§A|Tk|2+<ATk,Tk> — K|Ty|*. (5.21)

where R is a zeroth order operator acting on the sections of w*¢ ® T*% which
depends only on the curvature of the pull-back connection w*V™ and the Levi-
Civita connection of (3, k). In particular, R is a bounded bilinear form.

Now it remains to prove

Proposition 5.8. For any pair of domains D1 and Dy in Y such that Dy C Do,
||Vk+1d77w||%2(D1) + Hvk+1w*>\”%2(D1) < /D Mk(dﬂ'w,’w*)\)
2

for any contact instanton w, where My is another polynomial function of the type
described as in Theorem 5.4.

Proof. The k = 0 case is proved by Proposition 5.3.
For k > 1, we first quote the following general lemma whose proof is a direct
calculation which we leave to the readers.

Lemma 5.9. For any &-valued 1-form a over the map w,
dvﬂ(V’(T,)oz) = V’(T_)(dvﬂa) + (R™ (dw, dw(-)) o)™ (5.22)
where (R™ (dw, dw(-)) ) **¢¥ is the skew-symmetrization of the bilinear map (£1, &)

R™(dw(&1), dw(+)) a(&s), with R™ the &-projection of the curvature of the triad con-
nection V.

Now we choose and ﬁf a domain P and a smooth non-negative cut-off function
X : D2 = R, such that D1 C D C D C Dy, and x =1 on Dy, x =0o0on Dy — D.
Obviously we have

[ wmarwp = [ vrsie < [ e
Dy

D1 D
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On the other hand, applying the Weitzenbock formula similarly as k = 0, we write

2 ~
[ =— [ Sajsie [ amses) - [ @s.gs,
D D D D
(5.23)

for k£ > 1, where D and x are chosen the same as in the proof of Proposition C.1.
Obviously the last term can be bounded by the norm ||dw|\i’2; Dp,» and so we will
focus on the first two terms henceforth.

Similarly as before we get

[lamsusgl < @+ ladiow) [ 187 S+ s w2 [ (sl
D

Dy Do
= 2(1+||dXHCO(D))/ |dVﬂSk|2+2/ |Sk|?,
Ds Ds

(5.24)
where the last equality follows from the J-linearity of V™ similarly as for Lemma
4.5. Again the last term sz |Sk|? can be bounded by the norm ||dw||i72;D2, and so

it remains to focus on [}, |dV" S |2.
We first observe the following

Lemma 5.10. For any k >0, d¥' Sy, can be written as a sum of tensors of forms
a;; ®8; @ T; with 0 < 4,5 < k, where a;;’s are some C°°-bounded sections in
Q) @w*TM.

Proof. The proof of this lemma is again by an induction argument. For k = 0, we
have Sy = d™w and the fundamental equation (4.3)
T ™ 1
dV' Sy =dV d™w = —iw*x 0j A(Lx,J)d w.
It can be easily checked
1 1
—§w*/\ oj A (Lx, J)d"w = §w*/\ A (Lx,J)Jd™w.

Combining the two, the initial case k = 0 holds.
Now suppose the lemma holds for k — 1 with & > 1. Applying Lemma 5.9, we
derive

dv' S, = dV VS,
V™ (dYV" Sk_1) + (R™ (dw, dw(-)) Sp_1)*™. (5.25)
The curvature term is certainly of form required in the lemma (even for k—1 instead
of k) by the induction hypothesis.

On the other hand, for the first term V™(dV" Sj_1) in (5.25), the induction
hypothesis implies dV" Sj_; is a summand of the terms each of which of the form
a;; ® S; @ T; with 0 < 4,5 < k — 1. By differentiating this and applying Lemma
5.5, we have proved the lemma for k. This finishes the proof. O

Using this lemma, we have obtained

/ 1dV" S |? < Hy(d™w, w*\),
Do D»>
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where Hj, is some polynomial function of the type as in Theorem 5.4. Combining

the above two terms in (5.24), we have obtained the desired polynomial integral
bound

/ (AT Sy, Sk)| < I(d™w, w* \)
D

again with the same kind of polynomial I, which in particular implies
/ CHATSE, S| < Te(d™w, w2, (5.26)
D

Next we go back to the first term in (5.23), which is — [}, X;AKV”)kd”w\Z. For
this one, using similar computation as in Appendix C, one can obtain

1
‘/ eals? < L[ vsee [l
D €Jp D,
1
<! / VIV S + elldx|o o) / S (.27)
€JD Do

The second term is bounded by a similar polynomial integral bound, which we
denote by I;. Then by substituting this inequality into (5.23), setting ¢ = 1,
using the two polynomial integral bounds from Ij and I;, and applying a back-
substitution, we obtain

1
/X2|v7fs,€|2 < 5/ X2|v7fs,€|2+/ (Lo + 1)
D D Do

which is equivalent to

/ VTS < 2 / (I + 1)),
D

Do

Therefore we obtain

/ V7 S| g/ X2V™ Sk |2 §2/ (I, + I,).
D1 D Do

The treatment for |’ D |VTy|? is similar but much simpler, so we omit details.
These together finish the proof of Proposition 5.8.
O

Combining Proposition 5.8 and Corollary 5.6, we have proved Theorem 5.4,
where the polynomial J can be taken as the sum of all the polynomials arising
from the proofs of Proposition 5.8 and Corollary 5.6. The order of J; can be limited
to 2k 4+ 4 with a careful look at the induction steps.

The following is an immediate consequence of Theorem 1.6, Theorem 5.4 and
Remark 5.7.

Corollary 5.11. Any weak solution of equation (3.2) in I/Vltf automatically lies
m Wl‘icz and becomes a classical solution, hence smooth.
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6. ASYMPTOTIC BEHAVIOR OF CONTACT INSTANTONS

In this section, we study the asymptotic behavior of contact instantons on the
Riemann surface (2, j) associated with a metric h with cylindrical ends. To be
precise, we assume there exists a compact set Ky, C %, such that 3 — Int(Ky) is
a disjoint union of punctured disks each of which is isometric to the half cylinder
[0,00) x ST or (—00,0] x S, where the choice of positive or negative cylinders
depends on the choice of analytic coordinates at the punctures. We denote by
{p;"}i:L.“ 1+ the positive punctures, and by {pJ_ }j=1,... .- the negative punctures.
Here | = It 4+ 1~. Denote by qbii such isometries from cylinders to disks. We first
state our assumptions for the study of the behavior of punctures.

Definition 6.1. Let Y be a punctured Riemann surface with punctures {p;r}i:L... a+U
{p; }j=1,.. 1~ equipped with a metric h with cylindrical ends outside a compact

subset Ky. Let w: Y — M be any smooth map. We define the total w-harmonic
energy E7(w) by

T T 1 us
B™(w) = B}, yo(0) = 5 [, 1070l (6.1)

where the norm is taken in terms of the given metric & on Y and the triad metric
on M.

We put the following hypotheses in our asymptotic study of the finite energy
contact instanton maps w:

Hypothesis 6.2. Let 7 be the metric on 3 given above. Assume w : 3 — M
satisfies the contact instanton equations (3.2), and

(1) E(”)\ 758 (w) < oo (finite m-energy);

(2) lldwl|co(sy < oo

Throughout this section, we work locally near one puncture, i.e., on D%(p)\ {p}.
By taking the associated conformal coordinates ¢+ = (7,t) : D°(p)\ {p} — [0, 00) x
S1 — such that h = dr? + dt?, we need only look at a map w defined on the half
cylinder [0, 00) x S1 — M without loss of generality.

The above finite m-energy hypothesis implies

/[ g lrular < oo, dwlenqooe s < >0 (6.2)
0,00) XS

in these coordinates.
Let w satisfy Hypothesis 6.2. We can associate two natural asymptotic invariants
at each puncture defined as

1 *
T = 5/ ‘dﬂ’w|2+/ (w|{0}><51) A (63)
[0,00) xSt {0}x St
Q = / (wloyxs)* A0 9)- (6.4)
{0} xSt

(Here we only look at positive punctures. The case of negative punctures is similar.)

Remark 6.3. For any contact instanton w, since 1|d"w|? dA = d(w*X), by Stokes’
formula,

T = */ |d7r’w|2 +/ (w‘{S}XSI)*)\’ for any s > 0.
2 [s,00)x St {s}xS1
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Moreover, since d(w*A o j) = 0, the integral
/ (w]gsyxs1)*Aoj, foranys>0
{s}xS1

does not depend on s whose common value is nothing but Q.

We call T the asymptotic contact action and @ the asymptotic contact charge of
the contact instanton w at the given puncture.

For a given contact instanton w : [0,00) x S' — M, we consider the family of
maps w; : [—8,00) x ST — M defined by w(7,t) = w(T + s,t). For any compact
set K C R, there exists some sy large enough such that K C [—s,00) for every
s > sg. For such s > sg, we can also get an [sg,o0)-family of maps by defining
’U)g( = wS|K><5'1 K xSt — M.

The asymptotic behavior of w at infinity can be understood by studying the
limiting behavior of the sequence of maps {wX : K x S' — M} selso,00), for each
given compact set K C R.

First of all, it is easy to check that under Hypothesis 6.2, the family {wX :
K x St — M }elsy,00) satisfies the following

(1) 3" wk =0, d((wX)*No j) = 0, for every s € [sg, 00)
(2) limsﬂoo ||d”w§(||Lz(KX51) =0
(3) lldwX llco(xxsry < ldwllco(o,00)x 51y < 0.
From (1) and (3) together with the compactness of the target manifold M (which
provides a uniform L?(K x S') bound) and Theorem 1.7, we obtain

[wE lws2x sty < Crya2) < 00,
for some constant Ck,(3,2) independent of s. Then by compactness of the embedding
of W32(K x S1) into C1*(K x S*) for some 0 < a < 1, {wX : K xS' = M} ie(50.00)
is sequentially pre-compact. Therefore, for any sequence s — oo, there exists a
subsequence, still denoted by sy, and some limit w’X € C1(K x S, M) (which may
depend on the subsequence {sx}), such that

K K
Wy, — Ws, ask — oo,

in the C'(K x S, M)-norm sense. Further, combining this with (2), we get
dwl — dwf and dwk = (W) A ® X,

and both (wX)*\ are (wX)*\ o j are harmonic 1-forms by (1).

Notice that these limiting maps wX have a common extension w., : Rx St — M
by a diagonal sequence argument where, one takes a sequence of compact sets K
one including another and exhausting R. Then wq, is C, satisfies

|[dwoo||co@x sty < lldwl|co(o,00)x51) < 0
and d"ws, = 0 and hence
AWeo = (Woo)* A R Xy

Then we derive from Theorem 1.7 that ws is actually in C°°. Also notice that
both (ws)* A and (weo)* Ao j are bounded harmonic 1-forms on R x S, and hence
they must be written in the form

(Weo)* A =adr +bdt, (weo)*Aoj=bdr—adt,
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where a, b are some constants. We will show that such a and b are actually related
to T and @ as
a=-Q, b=T.

By taking an arbitrary point r € K, since we|{r}x 51 is the limit of some sequence
Wg, [{r1xs1 in the C sense, we derive

b o— / (wm|{r}xsl)*xz/ i (wse |y st )™ A
{r}xst {r}xs1 k—oo

= lim (wsy | 1r1xs1)*A = lim (W] grs a1 x1) A
k—o0 {r}xS? w i} x k—o0 {r4sp}xst (s
1
~ im (T—f/ | wl?)
k—oo 2 [r+sk,00) xSt
1
= T - lim 7/ |d™w|?* = T;
k—oo 2 [r+sg,00) X S1
—a = / (woo|{r}xs1)*)\oj :/ lim (wsk‘{r}xsl)*)\oj
{r}xst {r}xs1 k—oo

= Jim {r}xsl(wsk‘{r}xsl) Ao

= lim (w|{r+5k}xsl)*>\0j :Q.
k—oo {r+si}xS?t
Here in the derivation, we use Remark 6.3.

As we have already seen in the proof of Proposition 3.4, the image of we, is
contained in a single leaf of the Reeb foliation by the connectedness of [0, 00) x S*.
Let v : R — M be a parametrisation of the leaf so that 4 = X (). Then we can
write weo (T,t) = Y(s(7,t)), where s : R x S1 — R and s = —Q7 + T't + ¢y since
ds = —Qdt + T dt, where ¢ is some constant.

From this we derive that, if T' £ 0, v is a closed orbit of period T. If T'= 0 but
Q@ # 0, we can only conclude that v is a Reeb trajectory parameterized by 7 € R.
Of course, if both T" and @ vanish, w., is a constant map.

In summary, we have given the proof of the following subsequential convergence
theorem. This includes the special case of [9, Theorem 31] given in the framework
of symplectization which corresponds to the case @ =0, T # 0 and K = {0} here.
Besides looking at two constants T and @, this also strengthens the convergence
statement of [9, Theorem 31] in that the s-coordinates do not enter into the con-
vergence statement or its proof. Moreover, uniform convergence on any compact
subset K x S C [0,00) x S (which enhances the result for K = {0} shown in [9])
is an important ingredient which enables us to follow the three-interval method in
deriving the exponential decay result for the case of Morse-Bott type contact forms
in [15] (see also Part II of [14]).

Theorem 6.4 (Subsequence Convergence). Let w : [0,00) x S* — M satisfy the
contact instanton equations (3.2) and Hypothesis (6.2).

Then for any sequence s, — oo, there exists a subsequence, still denoted by s,
and a massless instanton we (T,t) (i.e., E™(wso) = 0) on the cylinder R x S such
that

lim w(sg + 7,t) = woo (T, t)
k—o0
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in the C'(K x S', M) sense for any l, where K C [0,00) is an arbitrary compact
set.

Furthermore, weo has the formula we (1,t) = v(—=Q 7 + T't), where v is some
Reeb trajectory, and for the case of Q@ = 0 or T # 0, the trajectory v is a closed
Reeb orbit of X, with period T.

From the previous theorem, we immediately get the following corollary.

Corollary 6.5. Let w : [0,00) x St — M satisfy the contact instanton equations
(3.2) and Hypothesis (6.2). Then

) ow . ow

Jimm, ”aﬁ”ﬂ’f)‘ =0, [lim ”at“*”)’ =0

im A(22)( He—q, 1im A2 =T
R A

and
lim |V'dw(s +7,t)| =0 for any 1> 1.
8—$00

All the limits are uniform for (1,t) in K x S' with compact K C R.

Proof. We first consider the first derivative estimate, i.e., the C''-decay estimate.
If any of the above limits doesn’t hold uniformly (take \W%—f(s +7,t)| for example),
then there exists some ¢y > 0 and a sequence k — 0o, (7j,t;) € K x S' such that
\W%—f(sk + 7j,t;)| > €. Then we can take a subsequence limit (7;,%;) — (70, to)
such that |7r‘g—:‘_’(sk + 70,t0)| > Leg for k large enough.

However, by Theorem 6.4, we can take a subsequence of s such that w(sy +7,t)
converges to v(—Q 7+ T't) in a neighborhood of (79, tg) € K x S', in the C* sense.
Here ~ is some Reeb trajectory. Then we get lim,_ oo |7Tg—"f(sk + 70,t0)| = 0 and
get a contradiction.

Once we establish this uniform C!-decay result, the higher order decay result
is an immediate consequence of the uniform local pointwise higher order a priori
estimates on the cylinder from Theorem 5.4. (]

APPENDIX A. THE WEITZENBOCK FORMULA FOR VECTOR VALUED FORMS

In this appendix, we recall the standard Weitzenbock formulas applied to our
current circumstance. A good exposition on the general Weitzenbock formula is
provided in the appendix of [8].

Assume (P, h) is a Riemannian manifold of dimension n with metric h, and D is
the Levi-Civita connection. Let £ — P be any vector bundle with inner product
(-,+), and assume V is a connection on E which is compatible with (-, -).

For any E-valued form s, calculating the (Hodge) Laplacian of the energy density
of s, we get

—%A\S\Q = |Vs|? + (TrV?s, s),

where for |Vs| we mean the induced norm in the vector bundle T*P ® E, i.e.,
|Vs|? = 3, |VE,s|? with {E;} an orthonormal frame of TP. TrV? denotes the
connection Laplacian, which is defined as TrV? = Y7, V% ps, where V% ) =
VxVy —Vy,y.
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Denote by Q*(E) the space of E-valued k-forms on P. The connection V induces
an exterior derivative by

& . QFE) = QY(E)
dV(a®¢) = da®(+(-1)Fan V.
It is not hard to check that for any 1-forms, equivalently one can write
d¥ B(v1,v9) = (Vo 8)(v2) = (V, 8) (01),

where v1,v9 € TP.
We extend the Hodge star operator to E-valued forms by

x 1 QME) - Q" MNE)
# o= x(a®()=(xa)©(

for B =a® (e Q¥ (E).
Define the Hodge Laplacian of the connection V by

AV :=dV6Y +6VdY,

where §V is defined by
6V 1= (1)t gV

The following lemma is important for the derivation of the Weitzenbock formula.

Lemma A.1. Assume {e;} is an orthonormal frame of P, and {a'} is the dual
frame. Then we have

v = Z Q' AV,
(SV = — Z eij Ve
Proof. Assume 8= a® ( € QF(E). Then

dV(a®¢) = (da)@¢+ (-1)FaAVC
= ) ' AVi,a®@(+ (1) Fa AV

On the other hand,
Y a'AV(a®() = Y a'AV,a®(+a Aa® Ve
> a'AV,a®(+ (~1)Fan Ve,

so we have proved the first statement.
For the second equality, we compute

NVla®l) = ()" dV s (a® ()
= (60) @ ¢+ (=)™ (=1)"F(xa) AV
= Z V. a®§+z D™=k (k) A a) @ Ve, C

- 7261 veimc—ZeiJa@V@C
- _Z Ve, (a® ().
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d

Theorem A.2 (Weitzenbock Formula). Assume {e;} is an orthonormal frame of
P, and {a'} is the dual frame. Then when applied to E-valued forms

AY = —TrV? + Y o A(e;]R(eire)))
(2%

where R is the curvature tensor of the bundle E with respect to the connection V.
Proof. Since the right hand side of the equality is independent of the choice of
orthonormal basis, and it is a pointwise formula, we can take the normal coordinates
{e;} at a point p € P (and {a'} the dual basis), i.e., h;; := h(e;, e;)(p) = d;; and
dh; ;(p) = 0, and prove that the given formula holds at p for such coordinates. For
the Levi-Civita connection, the condition dh; j(p) = 0 of the normal coordinate is
equivalent to letting T'¥ ;(p) := o* (D, e;)(p) be 0.

For B € QF(E), using Lemma A.1 we calculate

VdVB = =Y €]V, (o) AV, B)
,J
= fZeiJ(Deiaj/\VejﬂJraj/\VeiVejﬂ).
,J

At the point p, the first term vanishes, and we get
VAV B(p) = — ) el(@d AV Ve, B)(P)

2,]
= - Z Ve, Ve, B(p) + Z o’ A (ei]Ve, Ve, B)(p)

»J
= =D Vi BB+ 0 Al Ve Ve, B)p):
i N

Also,
VeV = — Z a' AV, (€] Ve, B)
,J
= =) A" A(6]Ve, Ve, B) =Y a' A((Dese))| Ve, B)-
%,J ,J

As before, at the point p, the second term vanishes.
Now we sum the two parts VY and §VdY and get

AVB(p) = — Z V2 ..B(p) + Z o’ A (e;]R(ei, e5)B)(p).

O

In particular, when acting on zero forms, i.e., sections of F, the second term on
the right hand side vanishes, and there is
AY = —Trv2.

When acting on full rank forms, the above also holds by easy checking.
When § € QY(FE), which is the case we use in this article, there is the following
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Corollary A.3. For B =a®( € QY(E), the Weizenbick formula can be written
as

i

AVB=-Y V2 B+Ric”*(a)®(+RicVB,

where RicP* denotes the adjoint of Ric?, which acts on 1-forms.
In particular, when P is a surface, we have

AVB = =) Vi .B+K-B+RicY(8)

~SAIBE = VB~ (A8 8) + K 5P + (RicV(8),8), (A1)

where K is the Gaussian curvature of the surface P, and Ric¥ (3) = a®¥; jR(e;,e;)C.

APPENDIX B. WEDGE PRODUCTS OF VECTOR-VALUED FORMS

In this section, we continue with the setting from Appendix A. To be specific, we
assume (P, h) is a Riemannian manifold of dimension n with metric h, and denote
by D the Levi-Civita connection. £ — P is a vector bundle with inner product
(,-) and V is a connection of F which is compatible with (-, ).

We remark that we include this section for the sake of completeness of our
treatment of vector valued forms, and the content of this appendix is not used in
any section of this article. Actually one can derive exponential decay using the
differential inequality method from the formulas we provide here. We leave the
proof to interested reader.

The wedge product of forms can be extended to F-valued forms by defining

Ao QM(E) x QF2(E) - QR R (p)
BiAB2 = (C1,¢2) 1 Aas,

where 8, = a1 ® (1 € Q" (E) and By = as ® (& € QF2(E) are E-valued forms.
Lemma B.1. For 31, 32 € QF(E),

(B1, B2) = *(B1 A x32).
Proof. Write 1 = a1 ® (1 and 2 = as ® (2. Then

*(By A *B2) #((a1 @ ¢) A ((xa2) © G2))
= *((C1,¢2) a1 A xa)

(C1,C2) * (a1 A *az)
= <C1a<2> h(a17a2)
= <51762>~

O

The following lemmas exploit the compatibility of V with the inner product (-, -).

Lemma B.2.
d(B1L A Ba) =dV B A Ba+ (=1)F1 81 AdY Bs,
where B € Q¥ (E) and B2 € Q*2(E) are E-valued forms.
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Proof. We write 51 = a1 ® (1 and B3 = az ® (3 and calculate
d(Bi A B2) = d({C1,C2) a1 Aaz)
= d{C,C) Nag Aag+ (1, ) dlog A a)

(VG1,C) ANar Aag + (1, V) Aar A ag
+{C1, Go) day A g + (—1)" (1, G2) e A dag,

while

AVBiAB = d¥ (a1 ®G) A (a2 ® ()
(dog ® ¢ + (1) a3 AVEG) A (a2 ® G)
(C1,G2) dag A ag + (V(1, ) Aar A as.

A similar calculation shows that

(—1D)F By AdY By = (=1)"(C1, o) a Adas + (1, V) Aar Aas.

Summing these up, we get the equality we want. ([l

Lemma B.3. Assume By € Q*(E) and 31 € Q¥F1(E), then we have
(d¥ Bo. Br) = (=1)" (B0, 6V 1) = #d(Bo A #51)-
Proof. We calculate
#d(Bo N 1)

(dY Bo A xB1 + (—1)%Bo A (dY x B1))
(d¥ Bo, Br) + (—1)" % (Bo A *(xdY x By)

)
= (dVBo, B1) — (=1)" (g, 8V By).

APPENDIX C. LOCAL COERCIVE ESTIMATES
In this appendix, we give the proof of Proposition 5.3 which we restate here.
Proposition C.1. For any open domains Dy and Dy in Y satisfying D1 C Do,
IV (dw)|[Z2(p,y < C1(D1, Da)||dwl|Z2(p,) + Co(D1, D2)lldwl|74(p,)

for any contact instanton w, where Cy (D1, Dy) and Cy(D1, D3) are some constants,
which are independent of w.

Proof.i For the piir of given domains D7 and D5, we choose another domain D such
that Dy C D C7D C D4 and a smooth cut-off function x : Do — R such that xy > 0
and xy =1 on Dy, x =0 on Dy — D. Multiplying (5.13) by x? and integrating over

D, we get
[ v < [ ewap
Dy D
< C’l/XQ\dw|4—4/ Kx2|dw|2—2/ ?Ae
D D D
<

01/ |dw|4+4||K||Lm®/ |dw\272/ CAe
D> Do D

where C is the same constant as the one appearing in (5.13).
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We now deal with the last term [}, x*Ae. Since
Y’AedA = x(x*Ae) = x? * Ae = —x*d * de
—d(x? * de) + 2xdx A (xde),
we get

/ Y?AedA :/ 2xdx A (xde)
D D

by integrating the identity over D and applying Stokes’ formula. Here we use the
fact that x vanishes on Dy — D, in particular on 0D.
To deal with the right hand side, we have

| / Xdx A (xde)| = | / xldx, de) dA] < / IxIl{dx, de) dA] < / (xlldx||de] dA.
D D D D
Notice also
de| = |d{dw, dw)| = 2/(V (dw), dw)| < 2|V (dw)||du].

Hence

| /D XdX A (xde)] < /D 2 x|V (duw) |duw] dA

1

< 7/X2|V(dw)|2dA+e/ |dx|?|dw|* dA
€Jp D
1

<

! / VI (dw) 2 dA + elldx| o) / dwl? dA
€Jp D

Then we can sum all the estimates above and get
2 2 2x? 2
X IV(dw)[” < |V (dw)]
D D €

+<4HKHLoc(2)+2HdX||CO(D)€)/ |dwl?

D
+C’1/ |dw|4.
Do
We take ¢ = 4. Then

/| V) < | v

< (8Kl sy + 161dxIBogy) [l 4205 [ Jau®
2 2

By setting Cl(Dl,DQ) = 8||K||L°C(E) + 16HdX||%'0(D) and CQ(Dl,DQ) = 201 with
C; the constant given in (5.13), we have finished the proof. O
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