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Ki-ichiro Hashimoto and Tomoyoshi Ibukiyama*) 

In this paper, we show some good global dimensional relations 
between automorphic forms of Sp(2, R) (matrix size four) and its compact 
twist Sp(2). One of the authors has already shown such relations when 
the p-adic completions (for a fixed prime p) of the discrete subgroups in 
question are maximal compact (See [24]). In this paper, we treat discrete 
subgroups whose p-adic completions are minimal parahoric. Our aim is 
a generalization of Eichler-Jacquet-Langlands correspondence between SLz 

and SU(2) to the symplectic case of higher degree. Such correspondence 
should be proved by comparison of the traces of all the Hecke operators. 
Our results mean that there exist relations of traces at least for T(I) for 
some explicitly defined discrete subgroups of Sp(2, R) and Sp(2) (§ 2 Main 
Theorem I). Besides, they give meaningful examples for Langlands 
philosophy on stable conjugacy classes (§ 2 Main Theorem II). Roughly 
speaking, such comparison is divided into character relations at infinite 
places (which are more or less known) and arithmetics at finite places. 
Our point is to execute the comparison of the arithmetical part explicitly. 
It seems that our Theorems are the first global results on such relations 
except for GLn (cf. also [24]). In Section 1, after a brief introduction, we 
give a precise formulation on our problems between Sp(n, R) and Sp(n) 
for general n, e.g. on how to choose discrete subgroups explicitly. For 
automorphic forms with respect to these explicitly chosen discrete sub
groups, we propose there two conjectures (which were first given in [21], 
[23]): coincidence of dimensions and existence of an isomorphism between 
new forms as Hecke algebra modules. For n= 1, these are nothing but 
the theorems by Eichler [10], [11], and the above conjectures are a natural 
generalization of his results. Langlands [34] has given a quite general 
philosophy on correspondence of automorphic forms of any reductive 
algebraic groups, but we understand that his philosophy does not give 
very detailed formulation at present for such typical and explicit cases as 
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treated in this paper, and we believe that the above conjectures have its 
own interest. In Section 2, we state our Main Theorems, which assert 
that the first conjecture is true also for n=2. The proof consists of 
explicit calculation of dimensions. Such explicit dimension formulae, 
given in Section 3, Theorems 3.2, 3.3, 3,4, 3.5, have their own value. Our 
Main Theorems are corollary to the results in Section 3 and [16], [19], [24]. 
The proofs of the formulae in Section 3 start from Section 4, where the 
computation of the dimensions of our spaces of automorphic forms are 
reduced to the detailed study of conju~acy classes in the 'arithmetic sub
groups. We shall give in Section 4 an expository review on the results in 
[15], [16], and [19], for the convenience of the readers. There we shall 
also give some new remarks: (i) a formula for the number of semi-simple 
conjugacy classes in the arithmetic subgroup, and (ii) a relation of orbital 
integrals for semi-simple elements of G and G'. They will play an im
portant role in the studies to extend the results of this paper for higher 
rank groups. In Section 5 and Section 6, we list up explicitly all data 
that we need for the calculation of the dimensions. In Section 7, we shall 
give a brief survey on some related topics. 

The authors would like to express their hearty thanks to professors 
I. Satake and Y. Morita who gave them an opportunity to write a paper 
for this volume" in spite of the fact that they did not attend this Sym
posium. 

Contents 

Introduction 
I. Statement of the results and conjectures 

§ 1 Conjectures 
§ 2 Main theorem 
§ 3 Explicit dimension formulae 

II. Proofs 
§ 4 Arithmetic general formulae for dimensions 
§ 5 Conjugacy classes of Ulp)=r~(p) and B(p) 
§ 6 Local data for B'(p) . 

III. 
§ 7 Related topics 

References 

§ 1. Conjectures 

32 
39 
42 

52 
70 
93 

96 

Let G and G' be two different reductive algebraic groups over 
algebraic number fields. For some good choice of G and G', sometimes 
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we know that there exists a correspondence between automorphic repre
sentations 'I' = ®. '1'. of G A. and '1" = ®. 'I'~ of G~ which preserves L-func
tions, where GA. or G~ is the adelization of G or G'. Langlands [34] has 
given a general philosophy on such problems: he defined so called L
groups LG or LG', and he conjectured that, if G is quasi split, and if there 
exists an L-homomorphism u: LG'~LG, then there should exist a "good" 
correspondence of automorphic representations. (As for more precise 
contents of this conjecture, see Langlands [34], or Borel [3].) For example, 
if G' is an inner twist of G, then LG~LG', and we can expect a good 
correspondence. One of the reason of this conjecture seems to be the fact 
that there exists a good character relations between '1'"" and 'I'~ (cf. (4.50». 

The basic example is GL(2).The first typical results on the relation 
between GL(2) and division quatemion algebras were due to Eichler [10], 
[11], and later completed by many mathematicians, notably, Shimizu [43], 
Jacquet-Langlands [29]. One obvious direction of generalizations of the 
GL(2)-case is GL(n), which has been studied also by various mathemati
cians. 

Now, another direction is the symplectic groups, because we can 
regard GL(2) as the symplectic group of size two with similitudes. Let 
Sp(n, R) be the symplectic group of size 2n, and Sp(n) be its compact 
twist: Sp(n)={g e Mn(H); gtg= In}, where Histhe division quatemion 
algebra over R and - is the canonical involution. When n = 2, for pairs 
of Q-forms of Sp(2, R) and Sp(2), Ihara [28] raised a conjectural problem 
on an existence of correspondence of automorphic forms (independent 
from and older than Langlands [34]). He clarified, among others, what 
should be the correspondence of weights (i.e. representations at infinity) 
of those forms by showing some character relations (unpublished). (As 
for some other works by him, see [28] or § 7.) Later, Hina and Masumoto 
[20] gave character relations between some admissible representations of 
GSp(2, F) (size four) and its inner twist, when F is a non archimedean 
local field. But, there was no global result, and any global example had not 
been known before [21]. We would like to have some global (and rather 
classical) approach to this problem, and aim a generalization of the typical 
results of Eichler. Even if we restrict ourselves to such typical cases, the 
precise formulation had not been known before [21], [23]. Besides, such 
typical cases have their own fruitful structures. Our aim of this paper is 
to give good global dimensional relations in such cases. This can be 
regarded as the first step to the proof of such correspondence of automor
phic forms. 

Now, we explain our problem more precisely. Put 

G=GSp(n, Q)={g e M 2n(Q); gPg=n(g)J, neg) e QX}, 
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where J = (?: '-k) and 1 n is the unit matrix of size n. On the other 

hand, let D be the definite quaternion algebra over Q with prime discri
minant p. (We fix a prime number p.) Put 

G'={g e Mn(D); gtg=n(g)ln, neg) e Q X }. 

Then, G' is an inner twist of G. Let G A (resp. G~) be the adelization of 
G (resp. G'), and for any place v of Q, let Gv (resp. G~) be the v-adic 
component of GA (resp. G~). We have G==GSp(n, R) and G'==GSp(n) 
(i.e. the group of symplectic similitudes). We note that 

G~~Gv=GSp(n, Qv), if v=t-p, 00. 

We consider subgroups UA (resp. U~) of GA (resp. G~) of the following 
forms: 

(1.1) 

(1.2) 

UA=G=P n GSp(n, Zq) (resp. 
q*p 

U~ = G'=P' n GSp(n, Zq) ), 
q*p 

where P (resp. P') is an open compact subgroup of G p (resp. G~), and, for 
any prime q, 

We define automorphic forms and Hecke operators. Let.\)n be the Siegel 
upper half space of degree n: 

.\)n={X+iY;X, YeMn(R), tX=X, ty=y, Y>O,i.e. 

Y is positive definite}. 

An element g= (~ ~) E GSp(n, RV acts on .\)n by: 

Z~(AZ +B)(CZ +D)-l. 

Put 

GSp(n, Q)+ = {g E G; n(g»O} and U = UA n GSp(n, Q)+. 

Then, U acts on Hn discontinuously and vol (U\.\)n) is finite. The space 
SiU) of cusp forms of weight k with respect to U is defined by: 

Sk(U)={holomorphic functionsjon.\)n such that 

(1) j(rZ)=j(Z) det (CZ+D)k for all r=(~ ~) e U, 

(2) j(Z)(det y)k/2 is bounded on .\)n}. 
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For any natural integer m (p,{'m), the action of the Hecke operator T(m) 
on Sk(U) is defined as follows: Put T(m)=U g UgU, where g runs 
through elements of 

We take a coset decomposition T(m)= Ut=1 Ug; (disjoint). For any 
Ie Sk(U), we define II T(m) by: 

h ( A; Bi) were g;= C; D;' 

On the other hand, let (p, V) be an irreducible representation of G:. 
We regard p as a representation of GA by composing it with projection: 
p: G~_G:_GL(V). The space mp(U~) of automorphic forms on G~ of 
weight p with respect to U~ is defined by: . 

m..{u~)={/: G~-V;/(uga)=p(u)/(g) for all a e G', u e U~, and g e G~}. 

As well known, we can realize V in a space of some spherical functions. 
The strong approximation theorem does not hold for G' and the 'class 
number' of U~ is not one in general. A 'classical' interpretation of 
mp(U~) is given as follows: Take a double coset decomposition G~= 
U ~=l U~g;G' (disjoint), and put 

(1.3) 

Put 

Vr'={ve V; p(r)v=v for all r e TJ 
Then, we have 

0.4) 

where the isomorphism is given by 1-(P(gil)/(gi))i=I ... /t. Let pv be the 
representation of Sp(n) which corresponds with the Young diagram 

1 ... lJ f 
~~~ n. We extend it by putting pv(aln)=anv for a e RX, a>O. 

• ••• lJ 

We write mpv(U~)= mv(U~). If -I e U~, then mv(U~) = 0, unless 
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(-I)n"=1. We put T'(m)=Ug U~gU~ (pt\'m), where g runs through 
elements of 

.J~ = {g = (g.) e G~; g. e M 2n(Z.) and n(g.) e mZ;; 

for all finite V=FP, gp e Pl. 
Take a coset decomposition 

d! 

T'(m)= U g~U~ (disjoint). 
i=l 

For any f e M.(U~),f1 T'(m) is defined by: 

d! 

(fl T'(m»(g)=~ p.(gi)f(g~-Ig), g e G~. 
i=l 

The (abstract) Heeke algebra spanned by T(m) (pt\'m) is isomorphic to the 
one spanned by T'(m) (pt\'m). We sometimes denote T'(m) by T(m). For 
a common eigen form f e S1£(U) or an.(U~) of all the Heeke operators 
T(m) (pt\'m), the L-function offis defined (up to thep-Euler factors) by: 

L(s, F) = the denominator of ~ ),(m)m- S , where T(m)f=),(m)f 
ptm 

Now, we review a typical case of Eichler's results on GL(2). Let 0 be a 
maximal order of D and Op be its p-adic completion. Put P'=O; in 
(1.2). On the other hand, put 

p={g=(~ ~) e GL(2, Zp); c=O mod P}. 

In the usual notation, U=To(p) in this case. We write U~=O;i in this 
case. 

Theorem 1.5 (Eichler [10], [11]). If we denote by S~(To(p» the space 
of new forms of S/£(To(p», then for k>2, we have: ank _ 2(O;i)=Sg(To(p» 
(EBe, if k=2), as modules over Heeke algebras (i.e. this isomorphism 
preserves L-functions). 

The new forms S~(To(p» are actually defined as the orthogonal 
complement of S/£(SL2(Z»EBSlpSL2(Z)p-l) in SlTo(p» wjth respect to 

. (0 -1) the Petersson inner product, where p= pO' So, we get 

Corollary 1.6 (Eichler, loco cit.). For k';;:?2, we have dim ank - 2(OA,)= 
dim S,,(To(p»-2 dim SlSL2(Z» + 0, where 0=1, if k=2, and 0=0, 
otherwise. . 
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This Corollary 1.6 will be extended for n=2 in this paper. But, 
before we state our Main Theorem, we would like to propose general 
formulations and conjectures. If we want to generalize such simple and 
beautiful typical results, several natural questions arise: 

(1) What are the corresponding weights in the general case? 
(2) What kind of U or U~ should be taken instead of ro(p) and 

OA? 
(3) What are new forms? 

The answer to the question (1) for n=2 was given by Ihara. The general 
case seems more or less known: If we take Siegel cusp forms of degree n 
with weight k>n+ 1, the corresponding weight of automorphic forms on 
G~ should be pk-n-I (cf. (4.50». To questions (2) and (3), a hypothetical 
answer has been given in Ibukiyama [21], [23], [24]: First of all, as far as 
we take UA or U~ as in (1.1) or (1.2), this question is a local problem how 
to choose P or P'. Secondly, it is known that every reductive algebraic 
group over a non archimedean local field has the unique minimal parahoric 
subgroup up to conjugation (Tits [46]). Roughly speaking, the minimal 
parahoric subgroup is a group such that its reduction mod p is the Borel 
subgroup. For example, P or pI chosen in Theorem 1.5 is minimal para
horic. So, it is natural to choose the minimal parahoric subgroup B of G p 

or B' of G~ as the first candidate for P or pI, respectively. (As for another 
kinds of candidates, see [23], [24].) To obtain new forms, we should sub
tract automorphic forms belonging to UA or U~ with P;J,.B or P';J.B'. 
To explain more precisely, we review briefly the Bruhat-Tits theory. The 
extended Dynkin diagram of Gp is the Coxeter graph of the affine Weyl 
group W of G p' and the set S of vertices of this graph can be regarded as 
a set of generators of W as a Coxeter system. We fix a minimal parahoric 
subgroup B of G p. By the Bruhat decomposition, there is a one to one 
correspondence between the set of all subsets () of S and the set of all 
subgroups of Gp containing B. More precisely, for each WE W, there is 
a good representative of W in Gp , which we denote also by w. For a 
subset () of S, put 

Pu={the group generated by all double cosets BwB such that w E ()}. 

Such groups are called standard parahoric subgroups. Then, we have 
Pu~B, and Pu=Pu', if and only if ()=()'. Besides, every group P which 
contains B is obtained in this way. For example, P~=B and Ps=Gp • 

For ()CS, we put 

UU<P)A=G~PU IT GSp(n, Zq), and 
(1.7) q*p 
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The above theory is completely the same also for G~, and we denote by 
S' the set of generators of the affine Weyl group of G~. We denote by P' 
the standard parahoric subgroup defined by fJ'cS'. We put 

(1.8) U~'(P)A= G:P~, n GSp(n, Zq). 
q",p 

We often omit the suffix A in this case, because we do not treat 'global' 
discrete subgroups. We put Uip)=B(p) and U~(p)=B'(p). The second 
author gave the following conjectures ([21], [23]): 

Conjecture 1.9. For any integer n, IJ> 1, we should have: 

!f1J=0, we should add one to the right hand side. 

We define the space SUB(p» of new forms of SiB(p» as the 
orthogonal· complement of L:1!(n)=l SlU'(p» (~ummation as C-vector 

ncs 
spaces) in Sk(B(p» with respect to the Petersson inner product. We define 
~~(B'(p» completely in the same way. These definitions mean that the 
p-adic admissible representation attached to a new form is the special 
representation (cf. [4])*). 

Conjecture 1.11. For any integer n> 1 and IJ> 1, we have: 

(1.12) S~+n+l(B(p»=~~(B'(p», 

as modules over the Heeke algebra spanned by T(m) (p,tm). 

For n= 1, these conjectures are nothing but Theorem 1.5 and Corol
lary 1.6 by Eichler. For n=2, Conjecture 1.9 is true (at least) for 1J>2 
and p=l=3. This is our Main Theorem. For n=2 and p=2, there have 
been given some explicit examples f E S~+3(B(p» and f' E ~~(B'(p» in 
Ibukiyama [21] such that Euler 3-factors of L(s,f) and L(s,J') coincide 
with each other and satisfy the Ramanujan Conjecture at 3 (i.e. these can
not be obtained as 'liftings' of one dimensional automorphic forms). For 
general n, the both sides of (1.10) are expressed as a sum of contributions 
of conjugacy classes of elements of G or G'. For some conjugacy classes, 
we can show the equality of contributions. For example, the main terms 

*) For I'Gl, dim S~+n+l(B(p» (resp. dim !ln~(B'(P») is equal to the left (resp. 
right) hand side of (1.10). 

Prof. W. Casselman proved this fact, answering to the question by one of the 
authors. 
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(i.e. the contribution of the unit elements) of both sides of (1.10) coincide 
with each other and given by: 

2(1J+1)(1J+2) .. . (lJ+n) IT 21J+i+j IT~=lC(2i) 
n! l';;'i';;'j';;'n i+j (2n)n(n+l) 

X (p-l)(p3-1) . .. (p2n-l_1). 

As for this kind of relations for other algebraic groups which are not 
symplectic, see Ibukiyama [23]. We have some results also for some kind 
of unipotents elements of G or G'. 

§ 2. Main Theorem 

In this section, we explain our Main Theorem Imore in detail. For 
n=2, the extended Dynkin diagrams of Gp and G; are given as follows: 

Gp 0=0=0, 

So SI S2 
G' p 0 0, 

s~ s~ 

where {so, SI> S2} or {sri, s~} is the set of generators of the affine Weyl group 
Wor W' of Gp or G;, respectively. We can take the minimal parahoric 
subgroup B of Gp as follows: 

B= GSn(2, Zp) n (P: : : :) 
~ p* p* * P**' 

p* p* * 

where *'s run through all the p-adic integers. We can fix representatives 
of Si (i=O, 1,2) in Gp as follows: 

Put 

o _p-I 
1 0 
o 0 
o 0 

(
0 1 
1 0 

SI= 0 0 
o 0 

o 0) o 0 
o l' 
1 0 

o 0 -1) o -1 0 
P 0 O· 
o 0 0 

Then, it is easy to show that 

(
1 0 0 0) o 0 0-1 

S2= 0 0 1 O· 
010 0 
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P,,,, ~B U Bs.B~ pp,",p-'~ GSp(2, Q,) n (P: 
* p-I* 

p~) * * . . p* p* * 
p* p* * 

p, ..... , ~ GSp(2, Q,) n (;: 
* p-I* 

p~) * * 
p* * , p* * * 

P{S"S2) = GSp(2, Zp), and p{so.Bll=pGSp(2, Zp)p-1, 

where * runs through all the p-adic integers. For the sake of simplicity, we 
write p{SO) = Po, P{SO.Boj=POZ' etc. The relations of the standard parahoric 
subgroups of G p are illustrated as follows: 

which means that every face is the intersection of its boundaries and every 
vertex is spanned by simplexes containing it. For example, pz=poznPlz 
and Pa is generated by PI and Pz etc. To explain the parahoric subgroups 
of G~, it is convenient to take another model. Put Dp=D®a Qp and 

Then, G;:fGp • We fix such an isomorphism once and for all. Let 1r be 
a prime element of Op=O®zZp. We can take a minimal parahoric 
subgroup B' of G; as follows: 

B'=(1rg; g;y n G;. 
We can put 

(0 n-I) 
s~= 1r 0 ' and s~ = (~ 6). 
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Then, 

P~=P{86l=(trg: tr-tg:)nG;, and Pi=p{8f}=GL2(Op)nG;. 

We can illustrate these groups as follows: 

P~ 0 0 Pi 
B' 

We define UD(p) or U~(p) as in (1.1), and put Uo(p) = U{sol(P), etc. In 
the notation of [21], [23], [24], Ut(p) = ro(p), U2(p) = r~(p), Uo(p)= 
r~'(p), and Uolp)=K(p). You can get an expression of UD(p) or B(p), 
if you replace p-adic integers or numbers by rational integers or numbers 
in the expression of P or B, and take neg) to be one. We have no standard 
global expression of U~(p) or B'(p), partly because the 'class number' of 
G' is not one. You can find some explicit examples of r, defined in (1.3) 
in [21], [26]. 

Main Theorem I. For n=2, any integer k>5, and any prime p=l=3, 
the conjecture 1.9 is true, i.e., we have the following equality: 

(2.1) 

dim Sk(B(p»-dim Sk(UoCp»-dim Sk(Ut(p»-dim Sk(UZ(P» 

+2 dim Sk(Sp(2, Z»+dim Sk(UOZ(P» 

=dim aRk_s(B'(p»-dimaRk_a(U{(p»-dim aRk-S(U~(p». 

As we shall explain in Section 4, dimension formulae are expressed 
as summations over the contributions of conjugacy classes of elements 
(with n(g)= 1) of G or G' of various types. Any elements of G' (with 
n(g) = 1) are semi-simple, because they are embedded into the compact 
group Sp(2). We have G@C=G'@C=GSp(2, C). Let C be a conjugacy 
class of some semi-simple elements of GSp(2, C). It is well known that 
C is determined only by the principal polynomial f(x) of all elements of 
C. Let T(f) (resp. H(f» be the set of all G-(resp. G'-) conjugacy classes 
contained in C. 

Main Theorem II. The contribution of non-elliptic (i.e. non torsion) 
conjugacy classes to the left hand side of (2.1) is zero. For any polynomial 
f(x) which is the principal polynomial of some elements of G or G' of finite 
order, the contribution ofT(f) to the left hand side of (2.1) is equal to the 
contribution of H(f) to the right hand side. 

Remark 2.2. This Main Theorem II can be regarded as an evidence 
for the philosophy by Langlands [36] on stable conjugacy classes. 
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Remark 2.3. The proof of the Main Theorem consists of an explicit 
calculation of each dimension. Some of the above mentioned dimensions 
have been already known: dim SiSp(2, Z)) by Igusa [27] (cf. also [16]), 
dim SiU/p)) by Hashimoto [16], dim SiU02(p)) by Ibukiyama [24], 
and dim WCk-lUi(p)) (i=0, I) by Hashimoto and Ibukiyama [19]. So, 
we shall calculate dim SlB(p)), dim Sk(Ulp)) (=dim Sk(UO(P))), and 
dim WC.(B'(p)) explicitly in the following sections. We note that (2.1) has 
been known for p=2 with k~3, although we must add one to the right 
hand side, if k=3 (cf. [24]). For general p, we need the trace formula, 
but it does not work well at present, unless k ~ 5. We assumed p =1= 3, 
because it sometimes makes computation easier. By virtue of the above 
mentioned results, we can also assume that p=l=2 in the following con
siderations. 

§ 3. Explicit dimension formulae 

In this section, we give explicit formulae for the dimensions of 
SiB (p)), Sk(U2(P)), and WC.(B'(p)). The proof will be found in the 
following sections. First, we treat B(p) and U2(p). The dimensions are 
expressed as sums of contributions of B(p)- or U2(p)-conjugacy classes. 
But, by definition, we have B(p), Ulp)cSp(2, Z). So, it is convenient 
to group together those B(p)- or U2(p)-conjugacy classes that are contained 
in a Sp(2, Z)-conjugacy class. Representatives of the Sp(2, Z)-conjugacy 
classes of elements of finite order were given by ('(i (i = 0, ... , 22), f3i 
(i = I, .. ·,6), ri (i = 1,2,3), or Oi (i = 1,2), up to sign, according to the 
notation of [16]. The non-semi-simple Sp(2, Z)-conjugacy classes are 
divided into various types as in [16], and those which have a contribution 
to the dimension formulae are of type ±~;(n)(i=l, ... ,10),8;(m,n) 
(i=l, ... ,4), ±ai(n) (i=l, 2), r;(n) (i=I, ···,4), ±ri(n) (i=5, 6, 7), or 
±e;(S) (i = I, ... ,4), according to the notation in [16]. We use above 
notations to denote the set of conjugacy classes of that "type". For 
example, ('(I (resp. ~I) denotes the set of Sp(2, Z)-conjugacy classes which 
contain ('(lor -('(I (resp. ~I(n) or -~I(n) for some nEZ, n=l=O). For U= 
B(p), or U2(p), and a set C of some Sp(2, Z)-conjugacy classes, we denote 
by t(U, C, k) the total sum of the contributions to dim SiU) of U-con
jugacy classes contained in C. We sometimes omit U and denote it by 
t(C, k), if no confusion is likely. The principal polynomial of the above 
Sp(2, Z)-conjugacy classes are given as follows: 

(3.1) 

h(x)=(x-l)\ orh(-x) for ±('(O, ±ei (i=I, ... ,4), 

h(x)=(x-l)2(x+l)2 for Oi (i=l, 2), 8i (i=1, ... ,4), ±ai (i=l, 2), 
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. Ja(x)=(x-l)2(x2+1), orJa(-x) for ±/'i (i=5, 6), +fii (i=7, .. ·,10), 

h(x)=(x-l)2(x2+x+ 1), or h( -x) 
for ±/'i (i= 1,2), ±fii (i=3, ... ,6), 

h(x)=(x-l)2(x2-x+ 1), or h( -x) for ±/'i (i =3,4), ±fii (i = 1,2), 

!s(x) = (X2 + 1)2 for ±al> rt (i=1,2), f t (i=I, ... ,4), 

h(x)=(x2+x+ 1)2, or h( -x) for ±ai (i =2,3), ±fi (i =5,6,7), 

!s(x) = (x2 + 1)(x2+x+ 1), ,or!s( -x) for +ai (i = 19,20,21,22), 

!s(x)=(x2+x+1)(x2-x+ 1) for ai(i=7, 8), ai(i=9, 10, 11, 12), 

ho(x)=x'+xs+r+x+ 1, or ho( -x) for ±ai (i = 15,16,17,18), 

hl(x)=x'+1 for ai (i=4, 5), ±as, 

h2(X)=x'_X2+ 1 for ai (i = 13, 14). 

Theorem 3.2. For a natural integer k>5 and a prime p=l=2, 3, 
dim Sk(B(p)) is given by the summation of the following quantities: 

t(ao' k)=(p+ 1)2(p2+ 1)(2k-2)(2k-3)(2k-4)/29335, 

teal' k)=(P+l)( 1+( ~1))( -W/2S, 

t(a2, k)+t(as, k)= -(p+ 1)( 1+( ~3)) /2.33 X[0, 1, -1; 3], 

L: t(ai, k)=[I, 0, 0, -1; 4] . 
6 {I .. ·if p=l mod 8, 

i=4 0· . ·If p:;t::l mod 8, 

f; t(ai, k)=~[I, 0, 0, -1,0,0; 6](1+(-3)), 
>=7 9 p 

t(aw k)+t(aw k)=-[O, 1, -1; 3] . 
2 {I .. ·if p=1 mod 12, 
3 0· .. otherwise, 

18 1 . L: t(ai, k)=-[I, 0, 0, -1,0; 5] 1·· ·If p=5, {
S ... if p=1 mod 5, 

t=16 5 
0· .. otherwise, 

X [1,0,0, -1, -1, -1, -1,0,0, 1, 1, 1; 12], 

t(/'I> k)+t(/'2, k)=(P+l)(1+(~3))[2k-3, -k+l, -k+2; 3]/2233, 
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t(jja, k)+t(jjo k)=(p+ 1)( 1 + (~3)) /2232 

X[-I, -k+I, -k+2, k-I, k-2; 6], 

t(jjs, k)+t(jj6' k)=(p+ 1)( 1 + (~I)) 
X [k-2, -k+I, -k+2,k-I;4]/243, 

t(rl, k)+t (r2, k) =5(p+ 1)( 1 + (~ 1) )(2k-3)/263, 

t(ra, k)= (p+ 1)( 1 +( ~/) )(2k-3)/33, 

t(OI> k)+t(02' k)=7(p+ I)2( -I)k(2k-2)(2k-4)/2832, 

t{fil> k)+t(fiz, k)=( 1+( -3))[0,1,1,0, -1, -1; 6]/3, 
p . 

t(~a, k)+t(~4' k)= - (1 + (~3) )[2, -1, -1; 3]/32, 

. t(~s,k)+t(~6,k)=- :(1+( /))[1, -1,0;3], 

t(~7,k)+t(~8,k)=-(I+(~1))[1, -1, -1, 1;4]/4, 

t(~9' k)+ t{fila, k)= - (1 +( ~ 1) )[1, -1, -1, 1; 4]/4, 

t(31) k)+t(32, k)=( -I)k/2, 

t(3a, k)+t(34, k) =(3-( ~ 1)) /2\ 
t(al, k)+t(a2, k)= -(p+ 1)( - W(2k-3)/223, 

t(el> k)=(p+ 1)/6, 

t(e2, k)=O, 

t(ea, k)= -(p+ 1)/223, 

t(e4' k)= -(p+ I)2(2k- 3)/2432, 

t(71) k)+t(72, k)=t(7s, k)+t(74, k)= -( 1 +( ~ 1)) /22, 

t(7s, k)+t(76, k)+t(7n k)= - ~ (1 +( ~3)), 
where (;) is the Legendre symbol and [to, •.. , t'_I; r] means that we 

take the value ti ifk=imod r. 
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Theorem 3.3. For a natural integer k?:. 5 and a prime number p *2, 3, 
dim Sk(U2(P» = dim SlUoCp» is given by the summation of the following 
quantities: 

t(ao, k)=(p+ 1)(p2+ 1)(2k-2)(2k-3)(2k-4)/29335, 

teal> k)=(p+ 1)( 1 + (~1))( _1)k/27, 

t(a2,k)+t(a3,k)=-(P+l)(I+(~3))[0, 1, -1;3]/2233, 

6 1 {I" ·if p=l mod 8, L: t(a i , k)=-[I, 0, 0, -1; 4] . 
i=4 2 O· .. otherWIse, 

~ t(ai, k)=2( 1 +( ~3) )[1,0,0, -1,0,0; 6]/32, 

1 fl .. ·if p=1 mod 12, 
t(aI3 , k)+t(al4o k)=-[O, 1, -1; 3] . 

3 O· .. otherWIse, 

{
4" ·if p=1 mod!5, 

18 1 . L: t(ai' k)=-[l, 0, 0, -1,0; 5] 1·· 'If p=5, 
i=15 5 

0· .. otherwise, 

t t(a i , k)=(2+(-I)+(-3)) 
,=19 P P 

X[I,O,O, -1, -1, -1, -1,0,0,1,1,1; 12]/223, 

t(PI, k)+t(P2' k)=(P+2+( ~3) )[2k-3, -k+ 1, -k+2; 3]/2333, 

t(f33' k)+t(f34> k)= (p +2+ (~ 3)) 
X [-1, -k+ 1, -k+2, 1, k-l, k-2; 6]/2332, 

t(P5' ~)+t(f36' k)= (P+2+( ~ 1) )[k-2, -k+ 1, -k+2, k-1; 4]/253, 

t(rl , k)+t(r2, k)=5(p+ 1)( 1 +( ~ 1) )(2k-3)/273, 

t(r3, k)=(p+ 1)( 1 +( ~3) )(2k-3)/2.33, 

t(Ol' k)+t(02, k)=7(p+ 1)( -1)k(2k-2)(2k-4)/2832, 

t(fit, k)+t(fi2' k)= (3+ (~ 3) )[0, 1, 1,0, -1, -1; 6]/223, 
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t(~g, k)+t(~4' k)= - (3+( ~3) )[2, -I, -I; 3]/2232, 

A A {-4[1,-I,O;3]//32 ••• if P=lmod3 
t(/35,k)+t(/36,k)= -[2, -1, -1;3]/32 ••• if p=2mod3, 

t(~7,k)+t(~8,k)=-(3+(~I))[1, -1, -I, 1;4]/24, 

t(~9' k)+ t(~IO' k)= - (3 + (~ 1) )[1, -I, -I, 1,4]/24, 

t(al, k)+t(a2 , k)=( _1)k/22, 

t(ag, k)+t(a4, k) =(3-( ~ 1)) /24, 

t(81, k)+ t(82, k)= -(p+3)( -1)k(2k-3)/243, 

t(el, k)=(p+ 1)/223, 

t(e2' k)=O, 

t(eg, k)= -(p+3)/243, 

t(e4' k)= -(p+ 1)2(2k- 3)/2532, 

t(il' k)+ t(i2, k)=t(ig, k)+ t(i4, k)= - (1 +(~!)) /2\ 
t(i5, k)+t(i6, k)+t(i7, k)= -( 1 +( ~3)) /3, 

where the notations are same as in Theorem 3.2. 

Numerical examples of dim Sk(B(p)) and dim Sk(Uz(P)) for small k 
andp. 

In the following tables, we write dim SiB(p)) in the second row, and 
dim SlUZ(p)) in the third row. 

(i) p=5 

k 5 6 7 8 9 10 11 12 13 14 15 16 

B(p) 2 15 10 43 27 90 64 166 116 267 203 412 

U2(p) 2 2 6 6 15 13 27 20 42 37 68 

(ii) p=7 

k 5 6 7 8 9 10 11 12 13 14 15 16 

B(p) 11 45 43 125 123 277 263 505 471 825 791 1281 

U2(p) 2 5 7 15 17 34 37 63 61 100 104 160 
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(iii) p=l1 

k 5 6 7 8 9 10 11 12 13 14 15 16 

B(p) 66 202 283 603 756 1340 1581 2501 2854 4190 4679 6503 

U2(p) 5 12 21 42 60 103 130 198 229 331 338 528 

(iv) p=13 

k 5 6 7 8 9 10 11 12 13 14 15 16 

B(p) 141 387 578 1140 1507 2521 3120 4710 5557 7855 9094 12236 

U2(p) 12 27 45 80 113 180 232 337 403 556 662 875 

Theorem 3.4. For a natural integer k>5 andp=/=2, 3, we have 

dim Sk(B(p))-dim SiUo(p))-dim Sk(Ulp))-dim SiUlp)) 
12 

+dim Sk(U02(P)) +2 dim SiSp(2, Z))=.L; Ti, 
i~l 

where Ti is the contribution of semi-simple conjugacy classes whose principal 
polynomial isft(x) or ft( -x) in (3.1). Non-elliptic conjugacy classes (i.e. of 
infinite order) has no contribution. T; (i = 1, ... ,21) are given explicitly 
asfollows: 

T, = (p - 1 )(p3 - 1 )(2k - 2)(2k - 3)(2k - 4)/29335, 

T2=7(p-l)2( -1)k(k-l)(k-2)/2732, 

T3= -(p-l)( 1-(~ 1) )[k-2, -k+ 1, -k+2, k-l; 4]/253, 

T4=-(P-1)(1-(~3))[2k-3, -k+l, _k+2;3]/2833, 

T5= -(p-l)( 1- (~3))[ -1, -k+ 1, -k+2, 1, k-l, k-2; 6]/2832, 

T6=(P-1)(1-(~1))[-k+l, -k+2; 2]/263, 

T7=(P-1)(1-(~3))[-2k+3, -2k+2, -2k+4; 3]/283\ 

. T8=(1_(~1))(1_(~3)) 
X [1,0, 0, -1, -1, -1, -1,0,0, 1, 1; 12]/223, 
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T9= (1-(~ 3) Y[1, 0, 0, -1,0,0; 6]/32, 

1 1~: : :~ ;:~, 3 mod 5, 
TIO=-[I, 0, 0, -1,0; 5] . 

5 4· . ·If p=4 mod 5, 

0· . ·if p=1 mod 5, 

Tl1=-[I, 0, 0, -I; 4] . 
1 {I" ·if p=7 mod 8, 
2 0· .. otherwIse, 

1 ·{1 ... if p= 11 mod 12, 
TI2 =-[I, 0, 0, -1,2, -2; 6] . 

6 0· .. otherwIse, 

where the notations are same as in Theorem 3.2. 

Proof One can get this Theorem 3.4, by straightforward calcula
tion, using Theorems 3.2, 3.3 in this paper, Theorems 6.2, 7.1 in [16], and 
Theorem 4 in [24]. q.e.d. 

Next, we treat B'(p). In this case, every element of G' is semi-simple, 
and if it is of finite order, then its principal polynomial is one of J.(x) or 
1.( -x) in (3.1). For any open compact subgroup U of G~, we denote by 
Hi(U) the contribution to dim Mo(U) of elements of G' whose principal 
polynomial isJ.(x) or 1.( -x). For g E Sp(2), it is well known that tr P.(g) 
depends only on the principal polynomial of g and that tr P.(g) = 
tr P.( -g). We fix an element gi E Sp(2) whose principal polynomial is 
J.(x). Now, we state our results. 

Theorem 3.5. For any U as above and any integer 1.1>0, we have 

For any primep=/=2, 3, and U = Ui(p), U~(p), or B'(p), Hi(U) is given as 
follows: 

H 1(B'(p»=(p4-1)/26325, 

Hl(Ui(p»=(p-l)(p2+ 1)/26325, 

Hl(U~(p»=(p2-1)/26325, 

Hz(B'(p»=Hz(U~(p»=O, 

Hz(Ui(p»=7(p-l)2/2632, 

H3(B'(p»=H3(U~(P»=0, 
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H3(U~CP»=Cp-1)( 1-( ~1)) /2632, 

H4CB'(p»=H4(U~(P»=O, 

H4CU~(P»=(P-l)( 1-( ~3)) /2332, 

H5(B'(p»=H,CU~Cp»=O, 

H,CU~Cp»= CP-l)( 1 ~ (~3)) /2332, 

H6CB'(p»=(p+ 1)( 1-( ~1)) / 2'+5(P-l)( 1 +( ~ 1)) /2'3, 
H6CU~Cp»=5Cp-l)/2'3+ (1_(~1)) /2', 
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H6CU~(P»=(P+ 1)( 1-( ~ 1))/ 26 +5CP -l)( 1 +( ~1)) /263, 
H7CB'CP»=(P+1)( 1-( ~3)) /2232+ Cp -1)( 1+( ~3)) /2.32, 

H7CU~Cp»=Cp-l)/2. 32+ (1- (~3)) /2232, 

H7CU~CP»=(P+l)(1-( ~3)) /2332+ CP -l)( 1 +( ~3)) /2232, 

H6(B'Cp»=Ha<U~Cp»=O, 

H8(U~(P»=( 1-( ~1))( 1-( ~3)) /223, 
HeCB'(p»=H9(U~(P»=O, 

H9CU~CP» = (1-(~ 3) y/ 32, 

HloCB (p» = . , {liS .. ·if p=5, 

o ... otherwIse, 

{
liS . . ·if p=5, 

Hlo(U~Cp»= 4/5 .. ·if p=4 mod 5, 

o ... otherwise, 

{
liS . . ·if p=5, 

HIO(U~(P»= 2/5·· ·if p=.2,3 mod 5, 

o ... otherwise, 
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{ 
0 .. ·if p=1 mod 8, 

H I1(Ui(p))= 1/4 .. . ~f p=3,5 mod 8, 

1/2 . . ·If p=7 mod 8, 

.HlI(U~(P))=(l-(:)) /23, 

H 12(B (p)) = . , {1/3 .. ·if p=5 mod 12, 

o ... otherwIse, 

H1iUi(p)) = . {
1/6 .. ·if p=5 mod 6, 

o ... otherWIse, 

H12(U~(P))= . . {
1/6 . . ·if p=5 mod 12, 

o ... otherwIse. 

Remark. The above results for Ui(p) and U~(p) have been already 
given in [19], including the case where p= 2,3. We reproduced them 
here for the convenience of the readers. The Weyl character formula 
gives explicit values of tr P.(gi), which has been calculated in [19] (I) Theo
rem 3 (p. 596). 

Theorem 3.6. For any integer ]»0, put k=])+3. For any prime 
p=l=2, 3, and for the above k, define Ti (i = 1, .. " 12) as in Theorem 3.4 
( , although k might be 3 or 4). Then, we get 

for all i=l, ",,12. 

Proof. This is obtained by straightforward, calculation. q.e.d. 

We see very easily that IDl.(Ui(p)) n IDl.(U~(p))=O, unless ])=0, and 
dim (IDlo(Ui(p)) n IDlo(U~(p)))= 1, ifv=O, so the dimensions of new forms 
belonging to B'(p) is given by: 

dim IDl~(B'(p))=dim IDl.(B'(p))-dim IDl'(Ui(p))-dim IDl.(U~(p))+o, 

where 0=0, if ])=1=0, and 0= 1, if ])=0. 
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Numerical examples of dimensions of ID't.(B'(p)), ID't.(Ulp)) (i =0, 1), 
and new forms ID't~(B'(p)). 

(i) p=5 

01234567 8 9 10 11 12 13 

B'(p) 2 5 8 15 22 34 47 67 87 115 146 184 225 

U~(p) 2 0 3 0 6 0 14 3 23 6 33 10 53 21 

o 223 3 5 5 7 8 10 11 

new 
forms 0 7 7 20 17 41 39 76 75 128 121 193 

(ii) p=7 

01234567 8 9 10 11 12 13 

B'(p) 2 6 14 28 50 80 122 176 244 328 430 550 692 856 

U~(p) 2 0 5 0 16 3 29 8 55 21 85 37 133 67 

2 3 456 8 10 ' 13 15 18 22 

new 6 forms 0 5 8 2 31 73 88 162 181 297 332 498, 541 767 

(iii) p= 11 

o 2 3 4 5 6 7 8 9 10 11 12 13 

B'(p) 7 27 74 156 285 467 718 1044 1457 1965 2582 3314 4175 5171 

U~(p) 5 16 3 45 16 99 48 186 106' 296 182 474 318 

U~(p) 2 3 5 6 9 12 16 20 26, 32 40 48 

new 
forms 2 25 56 150 235 445 610 984 1255 1839 2260 3100 3661 4805 

(iv) p= 13 

o 2 3 4 5 6 7 8 9 10 11 12 13 

B'(p) 13 53 144 304 555 911 1400 2036 2841 3833 5036 6464 8143 10087 

U~(P) 4 0 23 7 70 32 154 88 288 184 483 333 750 546 

U~(p) 2 2 3 5 8 10 14 18 24 30 39 47 58 70 

new 
forms 8 51 118 292 477 869 1232 1930 2529 3619 4514 6084 7335 9471 



52 K. Hashimoto and T. Ibukiyama 

§ 4. Arithmetic general formulae for dimensions*l 

4-0. This section is mostly an exposition of [15], [16], and [19]. 
Our purpose is to describe the general "arithmetic" formulae for the 
dimensions of our space Sk(r), m.(uA) or automorphic forms for arithmetic 
subgroups of Sp(n, R), and Sp(n). Here n is an arbitrary positive integer. 
These formulae, Theorem A in Section 4-2 and Theorem B in Section 4-4, 
enable us to compute explicitly the dimensions of Sk(r), m.(uA) for the 
special groups considered in Sections 1, 2, and 3, as we shall carry out in 
Sections 5, 6, which lead us to our main results in this paper. 

In the split case (i.e. for Sp(n, R», our formula is based on Selberg'S 
trace formula; and the derivation of our formula from Selberg'S formula 
consists of two main parts i.e., 

(i) evaluation of certain integrals (analytic part), and 
(ii) classification of conjugacy classes in r and their centralizers 

(arithmetic part) 
(ii) (bis) when the conjugacy classes in question are semi-simple, 

we need only G A-conjugacy classes instead of r -conjugacy classes, and 
certain G-Ma13 (see Theorem (4.31». 
On the other hand, in the compact case (i.e. for Sp(n» , our formula can 
be obtained in quite elementary way as a special case of the trace formula 
for the Brandt matrices Bp(n) (c.f. [15]), which generalizes the method of 
Eichler [9, 10] and Shimizu [43]. Here the analytic part (i) is quite simple; 
it is nothing but the character computation of the finite dimensional 
representation p, which is now a classical result of H. Weyl [50]. There
fore, the essential part of the derivation of our formula consists of only 
(ii) (bis), although explicit computations are not so easy. 

Moreover, as we shall see, the arithmetic part (ii)(bis) can be handled 
in a unified manner in both Sp(n, R) and Sp(n) cases. So we first describe 
this part in the following paragraph, where a certain arithmetic invariant 
H(g, UA) will be defined for a semisimple conjugacy class of G~, a Q-form 
of either Sp(n, R) or Sp(n), and a closed formula for it will be given. It 
would be convenient, however, to describe here the motivation to introd
ucing such a invariant by sketching the special meaning of it in the com
pact case. 

In the compact case, our space m.(uA ) of automorphic forms is 
isomorphic to EB!l Vr , (c.f. § 1), so we have 

* In this section, G will denote either one of the groups G or G' of Section 1, 
Section 2, unless otherwise stated. 
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H 

dim an.(uA) = L: dim Vr , 
i=l 

H 1 
= L: - L: tr (pig)) 

i~l #Ti gEr, 
(4.1) 

= L: tr (p.(g)) t #[T i n [f]] 
f i~l #Ti 

where the first sum is extended over the set of principal polynomials 
f=f(x) of torsion elements of Gh (or G1=Sp(n)), and [f] denotes the 
set of elements g which belong to f(x). Note that, tr (P.(g)) depends only 
on f to which g belongs, and that the inner sum does not involve p •. 
Thus the computation of dim an.cuA ) reduces to that of: 

(4.2) H(J, UA):=t #Tin[f] . 
i~l #Ti 

In general, the set [f] in GQ consists of infinitely many GQ-conjugacy 
classes, while obviously only a finite number of them make nontrivial 
contributions to dim an.(UA ). This leads to the following 

Definition 4.3. A conjugacy class {g}oQ in Gh is called "locally 

integral" (with respect to UA) if Ti n {g}oQ::f: ¢ for some i (1 <i <H). 

For each GQ-conjugacy class {g}oQ' we define an invariant similar as (4.2): 

(4.4) 

Clearly, {g}oQ is locally integral if and only if H(g, UA)::f:O. Note also 
that this implies g is of finite order, 

4-1. A formula for H(g, UA)' Let D be a quaternion algebra over 
Q (definite or indefinite), and let the group GQ be defined by 

GQ : = the group of similitudes of the hermitian space (Dn, F), 

(4.5) F(x, y)=XIYl+' .. +xnYn, 

={g E GLn(D); gtg=n(g)·ln, neg) E Q~}, 

where for g= (gij), we write t g= (gji), a >-+li being the canonical involution 
of D. We may regard it as Q-rational points of an algebraic group G 
defined over Q. G is reductive. We denote its semi-simple part by 
G1 := {g E G; n(g) = I}. In GA , we consider an open subgroup UA which, 
as we assume throughout this paper, is of the form 

UA=lr;inGA 

=GRxO Up (Up=B.;nG p) 
(4.6) 

p 
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for some Z-order Ii of the Q-algebra Mn(D). Then G.A. is decomposed 
into a disjoint union of finite number of U.A. - G Q double cosets: 

(4.7) 

By an "arithmetic subgroup T" of Ga, or G~, we mean a system of sub
groups (Ti)~l' where 

(4.8) 

It is this system of groups (Ti)~l with respect to which our spaces of 
automorphic forms are defined. If D is definite, then Ti are all finite 
groups, since they are contained in the discrete subgroup G~ and the 
compact group G~ngilU.A.gi. On the other hand, if D is indefinite, we 
have a natural isomorphism 

(4.9) 
G~~Sp(n, R), g=(giJ)~(~~). 

giJ=(aiJ biJ), A = (aij ), B=(bij) etc. 
Cij di } 

where we identify DR=DQ9a Rand M 2(R); and T/s are arithmetic discrete 
subgroups of Sp(n, R), which act on the Siegel upper half plane ©n 
properly discontinuously in the usual manner. In this case, if Ii is suffi
ciently large, we have H = 1 by the strong approximation theorem (c.f. 
Kneser [32]), which is the case for all arithmetic subgroups of GSp(2, Q) 
= Ga treated in this paper. However, to treat uniformly two cases 
(D=definite, or indefinite), we do not assume that H = 1. 

We take and fix, once for all, an open subgroup U.A. and a semi
simple conjugacy class {g }oa contained in G~. Put 

Z(g):= commutor algebra of gin MnCD) 

={z e Mn(D); zg=gz}, 

ZaCg)=Z(g)X n Ga (=the centralizer of gin Ga). 

Then Z(g) is a semi-simple algebra over Q, and Zo(g) is an algebraic 
group, reductive, over Q. In the set {A} of Z-orders of Z(g), we define 
two equivalence relations 

(4.10) 
AI-A28A2=aAla-l for some a e Zo(g) 

Al~A2~A2=aAla-I:= n (apA1pa;lnZ(g» 
p 

for some a=(ap) e ZO(g)A 
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An equivalence class in the second relation is usually called a (J-genus, 
which we denote by La (A) if it contains A; it consists of finitely many 
classes with respect to the first equivalence relation. We have a disjoint 
decomposition of r i, n {g }oa for each i: 

(4.11) ri, n {g}aa= 11 C(g, A, i) n ri, 
.1/_ 

where we put 

(4.12) 
C(g, A, i) :={X-Igx; x eGa, Z(g)nXEiX-1-A}, 

and the union is extended over the (actually a finite) set of Z-orders A of 
Z(g), modulo the equivalence -. Note that the set C(g, A, i) is stable 
under the conjugation by ri" and it consists of a finite number of r i -

conjugacy classes. Now we define our arithmetic invariants 
H 

(4.13) 
R(g, A, UA):=.L: #[C(g, A, i)nrtlr;], 

i-I • 

Remark 4.14. Note that these are invariants of the Ga-conjugacy 
class {g}oa. Since R(g, A, UA):;kO for only a finite number of classes of 
A, the last sum is actually a finite sum. Here the volume of the quotient 
AX n G~\Gk n ZO(g)R is measured by a suitably normalized (fixed) Haar 
measure of Gk n ZO(g)R. In the case Gk=Sp(n) (i.e. D=definite), we may 
take the measure so normalized that vol (Gk n Za(g)R) = 1. Then we see 
that our invariant R(g, UA) coincides with the one given by (4.4), since 
we have the following 

Lemma 4.15. (D=definite or indefinite) 
If a e C(g, A, i) n ri" then we have 

C(a; ri,) :=centralizer of a in r i 

=Ax n G~ (=independent of a, i I). 

For the proof, see [15], Lemma 4. Thus we see that our invariant 
R(g, UA) is the weighted average of the number of elements in ri, which 
are conjugate in Ga to g; and R(g, A, UA) is a refinement of it. We want 
to (indeed we should) give them some expressions which do not involve 
R, the class number of UA • For this purpose, we put 

M(g, ri" A)={x eGa; x-Igx e r i, Z(g)nXEiX-1-A}, 

(4.16) MA(g, UA, A)={x eGA; x-1gx e UA, Z(g)nxEx-l-A}, 

Mig, Up, A)={x e Gp; x-1gxUp, Z(g)pnxEpx-l_Ap}. 
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Then we obviously have the following 

Lemma 4.17. The map x-lgXI-+X induces the following bijection for 
each i (l<i<H): 

C(g, A, i)nTdr;~Za<g)\M(g, Ti,A)/Ti 

(c.f. [15], Lemma 3). 

The next lemma plays a key role in our problem, since it enables us 
to get rid of H from H(g, UA): 

Lemma 4.18. For each double coset GQgi:IUA in (4.7), we have a 
bijection induced from the map a g;lul-+a (a e GQ, u e UA): 

ZG(g)\MA(g, UA, A) n GQg;IUA/UA~ZG(g)\M(g, T i, A)/Ti 

(loc. cit., Lemma 5). 

Corollary 4.19. We have 

=#[ZG(g)\Mig, UA, A)/UA]. 

To proceed further, we note that Mig, UA, A) is not stable under 
the action of ZG(g)A from the left, and therefore put 

(4.20) Ml(g, UA, A):= U Mig, UA, A'). 
A'eLG(A) 

Now consider the natural projection: 

if>: ZG(g)\MA(g, UA, A)/Ur-~ZG(g)A\Ml(g, UA, A)/UA 

II ~ 
Il [Za(g)p\Mig, Up, Ap)/Up]. 
p 

Lemma 4.21. The map if> above is ho(A; G)-to-one, where ho(A; G) is 
the two-sided G-class number of A defined by the following formula 

ho(A; G) :=#[ZG(g)\ZG(g)·I(A)/(A1 n GA)] 
(4.22) 

I(A)={z e ZG(g)A; ZAZ-I=A}. 

(loc. cit. (IS». 

Definition. Let ZG(g)A be decomposed into a disjoint union 

(4.23) 
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and put 

(i) The number h=h(A; G) of cosets in (4.23) is called the G-c1ass 
number of A, or La (A) (note that it depends only on the G-genus La(A)). 

(ii) The invariant of La(A) defined by 

(4.24) 

is called the "G-MaB (or G-measure)" of A, or La(A). 
Note that these invariants do not depend on the choice of (Yj) in the 

decomposition (4.23). It is not difficult to prove the following 

Lemma 4.25. We have 

Ma(A) = ~ ho(A(k); G) vol (A(k)X n GQ\Gk n Za(g)R) 
A(k) eLa(A)/-

(loc. cit., Lemma 7). 

Combining these results, we finally get the following expression of our 
invariant H(g, UA) 

Theorem 4.26. We have 

(4.26) 

where 

cig, Up, Ap)= ~[Za(g)p\Mp(g, Up, Ap)/Up]. 

Proof. By (4.19), (4.21), we have 

H(g, UA)= ~ ho(A; G) vol (AX n GQ\Gk n Za(g)R) 
,1/-

X~[Za(g)A\M!(g, UA, A)/UA] 

= ~ ~ ho(A'; G) vol (A'X n GQWk n ZaCg)R) 
La(A) A'eLa(A)/-

Here we used the fact that M!(g, UA, A) depends only on the G-genus 
La(A). The assertion now follows from Lemma 4.25. q.e.d. 

We note that the sum in (4.26), which is seemingly extended over 
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all G-genera of Z-orders in Z(g), is actually a finite sum (c.f. Remark 
(4.14». Moreover, the products are always finite; thus we have 

(i) If A is fixed, cp(g, Up. Ap)=O, or 1 for all but finitely many p. 
(ii) For a given p, cig, Up, Ap)*O only for finitely many classes 

Ap/- ; moreover such a Ap/- is unique for all but finitely many p. 

Remark 4.27. The G-MaB Ma(A) can be evaluated in a well-known 
manner by using theory of Tamagawa numbers (c.f. Weil [49], see also 
[19], (I), § 3). 

It would be worth noting that, in the same way as Theorem 4.26, 
we can combine (4.11), (4.13), (4.19) and (4.21) to obtain a closed 
formula for the sum of the number of ri-conjugacy classes in r t n {g}aa 
(1<i<H): 

Theorem 4.28. Notations being as above, we have, for a semi-simple 
element g e G~: 

If, in particular, Gk is not compact, then we have H = 1 and this 
gives a formula for the number of semi-simple conjugacy calsses in the 
arithmetic subgroup r of Sp(n, R). In general, it is known that the set 
of semi-simple conjugacy classes in the classical groups over fields are 
parametrized by the isomorphism classes of various kinds of hermitian 
forms. Moreover, the centralizers of them are the unitary groups of the 
corresponding hermitian forms. Thus, the above theorem may be viewed 
as an integral version of this fact, since the essential part h(A; G) in the 
formula is nothing but the class number of the unitary group Za(g), with 
respect to the genus La(A) (c.r. [19], § 2, and see also Remark 5.45). 

4-2. General Dimension Formula (Compact Case). Assume that D 
is definite. Then our space ID'liUA) of automorphic forms of weight p 
for an open subgroup UA of GA is defined as in Section 1. Combining 
the results in the preceeding paragraph and (4.1), we immediately have 
the following general formula for dim ID'lp(UA) (a special case (1= 1, e= 1 
of [15]): 

Theorem A. For a finite dimensional representation p of Sp(n), we 
have 

where the first sum is extended over the set of polynomials f(x) of degree 2n 
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which are products of some cyclotomic polynomials, and the second is over 
the set of locally integral Ga-conjugacy classes belonging to f(x), and the 
third is over the G-genera of Z-orders La(A) of Z(g) for each represent
ative g of [J]/ GQ • 

.... 3. Parametrization of semi-simple Conjugacy Classes. In the 
actual calculation of dimensions using (4.30), or (4.40) in the next para
graph, a fundamental role is played by the following 

Theorem 4.31. (Hasse Principle for conjugacy classes in Ga, G~). 
Two elements gl, g2 of Ga (resp. G~) are Ga- (resp. G~- ) conjugate if and 
only if they are conjugate in G p (resp. G~) for all p. 

(c.f. Asai [2], and [19], § 2). 

For each monic polynomial f(x) e Q[x] of degree 2n such that 
x2nf(x- 1)=f(x), we denote by G[f] the set of semi-simple elements of Gl 
whose principal polynomial is f(x). Then the above theorem means that 
the following natural map induced by the inclusion map is injective: 

(4.32) G[f]1 GQ ~G A[f]1 ~. 

This reduces our problem to classify the Ga-conjugacy classes to those for 
G p-conjugacy classes, if we can determine the image of this map. The 
latters are much easier than the former, because there are only finitely 
many «4, ifn=2) Gp-conjugacy classes in each Gp[f], and we can choose 
a representative of classes in G p[J] to have a very simple form which 
enable us to compute cig, Up, Ap). 

If the map (4.32) is surjective (hence bijective), we need nothing more 
than just putting local data together. However, this is not always the 
case; so we shall describe here the image of this map, under the following 
conditions: n=2,J(x)=f,,(x) (l<i<12) are as in Section 3 (for details 
as well as the general case, see [19], Section 2). 

Proposition 4.33. 
(i) Iff(x) is either one of h( +x),!z(±x), !z(±x), J;,(±x), .t;(±x), 

fs(±x), or flO(±x), then (4.32) is surjective. 
(ii) Iff(x)=fs(x) or !,(±x), then the centralizer of each element g E 

Ga[f] is expressed as 

(4.34) 

where Zo(g) is a quaternion algebra over Q such that 
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and the product formula IT p invp(Zo(g))= 1 for the invariants of (Zlg)p) 
determines the image of (4.32) which has index 2 in G A[f]/ ~ . 

(iii) Iff(x)=!s(x),fll(x) or J;lx), then for each element g E G[f], g2 
belongs to either !sex) or fl±x), and the image of (4.32) is determined by 
ZO(g2) as in (ii) above, which has also index 2 in G A[f]/ ~ . 

4-4. General Dimension Formula (Split Case). Let r be an arithmetic 
subgroup of G~=Sp(n, Q), or a Q-form of Sp(n, R). The dimension of 
Sk(r) is first expressed by Godement [13] as an integral of an infinite series 

(4.35) 

where k>2n, and 

and dZ=(det Y)-n-1dxdy (Z=X+iy) is an invariant measure on ©n; 
Z(F) : = center of r. 

Our purpose here is to sketch briefly how one reforms it to a more 
manageable formula, suitable for an explicit computation. This has been 
done in the case n=2 by Christian [6], Morita [39], and Arakawa [1] 
(Q-rank one case), for the special case of principal congruence subgroups 
r=r(N), N>3, and by the first named author for arbitrary r ([16], (I)). 

The main idea of the reformulation is well-known and a routine; we 
should exchange the integral and infinite sum in (4.35) and then combine 
the integrals in each conjugacy classes of r, to get a closed expression as 
a sum extended over the set of conjugacy classes of r. But this is allowed 
only if r\©n is compact, which never occurs in our case with n>2, since 
the Q-rank of G~ is nor [n/2], according as D=MlQ) or not, while r\©n 
is compact if and only if Q-rank of GQ is o. However, we can overcome 
this difficulty by introducing certain dumping factors and replacing HrCZ) 
by Hr(Z;s)=Hr(Z)x(a dumping factor in s). In order to justify this 
argument we have to choose dumping factors and make estimations of 
sums of Hr(Z: s) to apply Lebesgue's theorem for various subsets of r. 
Substantial part of these estimations has been established by Christian [5]. 
We omit the details and refer to [16], Section 2, where the case n=2 was 
discussed using results of [5]. The second difficulty is the fact that C(r; F), 
the centralizer of r in r, is not always a lattice of C(r; Gk) (see Example 



Dimensions of Automorphic Forms (II) 61 

4.37). This means that vol (C(r; F)\C(r; G1)) is not always finite. To 
overcome this point, we first observe: 

Proposition 4.36. For any r e r, there exists a connected closed sub
group Co(r; G1) of c(r; G1) which is characterized, modulo a compact semi
direct factor, by the following properties 

(i) Co(r; F) = : Co(r; G1) n r is a lattice of coer; G1) 
(ii) [c(r; F): clr; F)] < 00: 
Example 4.37. Let r=Sp(2, Z) and r=(b f) e r with S=tS e 

M 2(Z). Then C(r; G1)=:;O(S) X Ra, and C(r; F) is a lattice of C(r: G1) 
if and only if Oz(S) = {Ae GL2(Z); AS t A = S} is a lattice of O(S); it is 
easy to see that this is equivalent to that either S is definite, or -det (S) 
$ (Qxy. Thus we have, removing the compact factor O(S) if S is definite. 

lC(r; G1) if S is indefinite, -det (S) $ (QX)2, 

C(r· G1 )= {(I X) } 
O,R 01 ;X=tx ifSisdefinite,or-det(S)e(Qxy. 

Definition 4.38. Two elements r1, r 2 of r are said to belong to the 
same "family", if (i) CO(r 1 ; G1)=cO(r2 ; G1) and (ii) r 1s =rW where ri= 
riSr iU (i = 1,2) is the Jordan decomposition. 

Now we divide the set r into disjoint union of three subsets ree), 

r(h), and r(p) : 

( i ) r(e) consists of elliptic elements and ± 1. (An element r =1= ± 1 
of G1 is called elliptic, if it has a fixed point in SJn; or equivalently (under 
the condition reF), it is of finite order.) 

(ii) r(h) consists of those elements r e r which are of "hyperbolic" 
type i.e., r has a real eigenvalue =1= ± 1. 

(iii) r(p) consists of "p-unipotent (or parabolic)" elements of r i.e., 
those elements r e r - r(e) whose semi-simple factors r s belong to r(e); 
equivalently, r is p-unipotent if and only if some power of r is unipotent, 
from which the name comes. 

We denote the contributions to (4.35) of each of these subsets by 
Tk(r(e»), Tkcr(h»), and Tk(re p») respectively. 

Proposition 4.39. For any semi-simple element r of r, C(r; F) is 
always a lattice of c(r; G1). Moreover, for the subset r(e), the term wise 
integrability is valid without dumping factors. 

Note that, in the case r E r(e), the integral I(r)=I(r, s)/.=o defined 
by (4.40) depends ~nly on the conjugacy class {g }GR; and this has been 
evaluated by Langlands [33] in a more general context (see § 4-5 and 
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Remark (4.55». After these remarks, we can immediately apply results 
of Section 4-1 to obtain the following 

Theorem B(e) (Elliptic Contributions). With the notations of Section 
4-1, we have for k>2n 

where we put 

tk(g)=ak(k) ./(g) 

=an(k) J Hg(Z) dZ. 
C(g;G~)\.fin 

Note that above formula for Tir(e» is completely analogous to the 
dimension fOl:mula (4.30) in Theorem A. In both cases, the factors 
tr(p(g» and tk(g), being invariants of GR-conjugacy classes {g}GR , may 
be regarded as an "archimedean local factor c~(g, U~, A~)", with U~= 
GR , A~ = C(g, GR ) = ZG(g )R. As for the explicit formulae for them, see 
Section 4-5. 

Let us next consider r(h) and r(p) : 

(4.41) 

This is known in general as the "Selberg's Principle" (c.f. Warner [48]). 

Theorem B(P) (Parabolic Contributions). For r(p), we have 

(4.42) , 1 ~ v(F) lim r;(s; F), 
#Z(r) F 8jO 

where the sum is extended over a complete set of r -conjugacy classes of 
families Fcr<P), and v(F)=vol (Co(r; r)\Co(r; G1» for reF. The zeta
function r;(3; F) attached to the family F is given by 

(4.43) 

with lo(r, s) as in (4.41). 

Remark 4.44. From the finiteness of the number of cusps of r, it 
follows that the set of non-conjugate families in r<P) is finite, so that the 
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sum in (4.42) is a finite sum. Roughly speaking, '(s; F) is a zetafunction cor
responding to F which is (a part of) a lattice, not necessarily homogeneous, 
in a vector space contained in the unipotent radical of a parabolic sub
group. The typical cases (i.e., purely unipotent elements) have been 
treated by Shintani [45]. In general, however, it is not easy to evaluate 
lim. 1il ~(s; F). 

4-5. Formulae for tr p(g), tk(g) and their Relations. Here we shall 
describe the explicit formulae for "oc-factors" tr pig) and tk(g) of our 
dimension formulae (4.30), (4.40), for a semi-simple (elliptic) element g. In 
our group G1=Sp(n) or Sp(n, R), we take the standard compact Cartan 
sqbgroup 

H=jg(O)= 

(4.45) 

H= g(fJ)= E Sp(n, R); fJj E R • 

-sin fJn cos fJn 

flere in Sp(n), we identify C with the subalgebra of H=R+Ri+Rj+Rij 
by .J=T ....."i. Note that any (resp. elliptic) element of Sp(n) (resp. Sp(n, R)) 
is conjugate to an element ofH. We first assume that g=g(fJ) is regular 
i.e., C(g; G1)=H; equivalently, fJt+fJ j ~ 2",Z for any i,j. Then we have 

Theorem (Wely [50]). The irreducible character of Sp(n) which cor
responds to the Young diagram 

~~-'" ~l 
... n 

-----
1 2 '" k 

'takes the following value at the regular element g=g(fJ): 

(4.46) tr Pk(g(fJ)) = det [sin (k+n+ 1- j)fJt] 

det [sin (n+ 1- j)fJt] 
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Its degree is given by 

(4.47) dn(k) = n (2k+2n+2-i - j) 
i~j (2n+2-i-j) 

We note the relation: 

dn(k)=cn ·an(k+n+ 1), 
(4.48) 

1 n (2 +2 . .) cn =2n(n+2»)'t"n(n+I)/2 i~j n -1-J. 

Theorem (Langlands [33], see also Harish-Chandra [14]). Assume 
that k>2n, and g=g({}) E Sp(n, R) has an isolatedfixedpoint on H n , which 
is the case for a regular element. Then the integral tig) = an(k) .l(g) in 
(4.40) is given by 

(4.49) tig({}» n ~ e-ikOJ 
J=I (i=.v=t). 

Here, in the integral (4.40), we are taking the measure of C(g; Gk) 
such that its volume is equal to 1. (Note that the condition on the 
isolated fixed point implies that C(g; Gk) is compact.) 

Assuming that g is regular, we note that there are 2n conjugacy 
classes in Sp(n, R), each represented by g(±{}I, ... , ±(}n), which are con

. jugate to g in Sp(n, C), the complexification of Sp(n, R), while in Sp(n), 
all g(±{}I, ... , ±(}n) are conjugate to g. By comparing the above two 
formulae, it is easy to observe the following 

Theorem (Character Relation; regular case)*). 

(4.50) tr Pk(g(f)l> •.• , (}n» = ( _ly(n+I)/2 L: t k +n +l(g(elf)l>···, en{}n». 
Si=±l 

This kind of character relations seem to be more or less well-known 
to the experts in more general context, as long as regular elements are 
concerned. It seems less known, however, that a similar relation remains 
to hold also for singular elliptic elements, under a suitable formulation, 
e.g., normalization of Haar measures. In fact, the relation (4.48) may be 
viewed as giving such a relation in the extremely singular case g= ± L 

Here we llote that the relation (4.50), which has been noticed (as well 
as (4.49» in the case n=2 by Y. Ihara around 1962, was one of the moti-

*) If g is regular, tk(g) is in fact a character of a representation belonging to a 
discrete series (cf. [14]). 
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vations to his conjectural question in [28], which is our main problem in 
this paper. 

For singular elements g, we need much more involved notations to 
state the formulae for tr Pk(g) and tig); therefore we shall only give them 
in the case n=2 below. As for the character relation, we content ourselves 
with the following description. 

Theorem (Character Relation; general case). Under a suitable nor
malization of the Haar measures, the follOWing relation holds for arbitrary 
elliptic element g(O): 

(4.51) tr pig (0» = ( - w(n+l)/2 L: (-I)b(,O)tk+n+l(g(eO», , 

where e=(ei) runs over all possible values in (± l)n so that 

are all non-conjugate, and b(eO) denotes the complex dimension of the fixed 
points set of g(eO) in &;,'In. 

Remark 4.52. It is easy to see that b(O) is given by 

Moreover, from Langlands' formula for tk(g) in [33], it is observed that 
tk(g(O» is a polynomial of k of degree b(O), modulo some factors e2"ik/m 
(m E Z). This observation is used to get asymptotic formulae for dim SiT) 
as a function of k (c.f. [17]). 

Now assume n=2. The Weyl's formula for tr Pk(g(O» for a singular 
element is derived from the formula (4.46) by taking limits; we have 

(4.53) 

tr Pk(g(O, 0»= (k+2) sin (k~ 1)8-(k+ 1) sin (k+2)8 , 
2 sm O(l-cos 0) 

[(k+ 1) cos (k+ 1)8 sin (k+2)O 
-(k+2) cos (k+2)8 sin (k+ 1)8] 

2 sin30 

tr Pk(g(O, rr»= (- W (k+ 1)(k+2). 
2 

The basic idea is similar also in the split case; here, however, the limits 
should be taken as distributions (i.e., the limit formula of Harish
Chandra, see [33], [14]). The results are as follows: 
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i[(k-l) e- i (k-2)O -(k-2) e- i (k-l)Oj 

t k(g(O, e)) = 25 2 • e(l e) . 11: SIll -COS 

(4.54) (2k-3) 

t ( (0 11:))= (-I)k(2k-2)(2k-4) . 
kg, 2911:4 

Remark 4.55. In [16], the first author has computed the integral 
tk(g) by a completely elementary method and obtained the above 
results. The constants in the denominators are due to the usual nor
malization of the Haar measure of C(g; Gk), which will be cancelled by 
multiplying vol (C(g; T)\ C(g; Gk)) (g E T). Also, we note that the above 
result for tk(g(O, 11:)) does not agree with Langlands' formula ([33], (2), p. 
101); this is because the factor ePr(H) is missing in the denominator of (2), 
[33]. 

4-6. P-unipotent (parabolic) contributions (n=2). We assume n=2, 
and describe briefly the zetafunction ,(s; F) attached to each family F of 
p-unipotent elements of r. There are seven cases to be distinguished 
according as the types of their zetafunction. 

(i) elliptic/parabolic. After normalizing by GR-conjugation simul
taneously, we may assume that 

(4.56) (

COS eOsin e 
A ° 1 ° r=p(e, t)= -sin e ° cos e 

° ° ° 
~) (sin 0*0, '*0), 

and the family F = F(r) is given by 

F(r)={fi(e, a+n); nEZ, a+n:;i::O} (O::;::a< 1). 

We have Co(r; Gk)={fi(O, u); u E R}. 

Theorem P-l ([16], Theorem 1-5). Under these notations, we have 

_e- i (k-3/2)O 

'(s; F)=--:-----
23 11: sin e sin e /2 

(4.57) X [e-i~(S+1)/2'(S+ 1, a)+ei«S+1)/2,(s+ 1, I-a)], 

lim '(s; F)= . 1. [cos (k-l.)e+cot*(11:a) sin (k-l.)e]. 
s! 0 22 SIll e SIll el2 2 2 

Here, ,(s, a)=I;;~o(n+a)-s is the Hurwitz zetafunction, and 
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{
cot (x) if x $ Zrr, 

cot*(x) = ° if X E Zrr. 

(ii) paraelliptic. The normalized form of an element of this type is 

67 

(4.58) (

COS {} 

r=f({}, t)= -Si~ {} 

sin {} 
cos {} 

° ° 

t cos {} 
-t sin {} 

cos {} 
-sin {} 

t cos {} . 
t sin (}) 

sin {} (t, sm (}=I=O), 
cos {} . 

and the family is given by 

F(r) = {f({}, a+n); nEZ, a+n=l=O} (O::;:a< 1). 

we have Co(r; Gk)={f(o, u); U E R}. 

Theorem P-2 (loc. cit. Theorem 1-6). Under these notations, we have 

(4.59) 
lim C:(s; F)= - ~ (1 +i cot*(rra». 
8)0 23 sm2{} 

(iii) a-parabolic (nondegenerate case) 

(4.60) 

We have 

~2) 
-1 

F(r)=fa (m+c, am+bn+ac); m, nEZ, m+c, am+bn+ac=l=O} 

(a, b E Z, (a, b)= 1, b>O, O<c< 1). 

Theroem P-3 (loc. cit. Theorem 1-7). Under these notations, we have 

C:(s; F) 
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(4.61) X [e i "(S+I)/2,(s+ 1, au: c) ) +e- i "(S+I)/Z,(s+ 1, b-af+ c»)] 

lim '(s; F)= (-1)~ I":;1 [1 + i cot*( (j +c)rr)] [l-i cot*( a(j+c)rr )]. 
8!0 23b2 j=O b b 

(iv) a-parabolic (degenerate case) 

(4.62) r=8(t,0), (t*o, 8; as in (4.60», F(r)={8(n, 0); n E Z}. 

We have 

° U 0) } ~ ~ g ;u,a,b,c,dER,ad-bc=l. 

cOd 

Theorem P-4 (loc. cit. Theorem 1-8). Under the above notation, we 
have 

(4.63) 

( -1)k(2k-3) (S+l) 
'(s; F)= 25rr3 '(s+ 1) cos ~2-- rr, 

1· "('F) __ (-1)k(2k-3) 
Im~s, - . 
s! 0 26rr2 

(v) To describe the purely unipotent contributions, we need some 
preparations. We note first that, if Io(r, s)*O for a unioptent element of 
r, then r is conjugate in GQ to an element of the following form 

(4.64) 

with either (i) det S=O, (ii) -det S E (QX)2, or S~O i.e., S=definite. 
This, in particular, means that such r belongs to the unipotent radical Pu 
of a parabolic Q-subgroup P of GQ which corresponds to a point cusp that 
r fixes. If det S *0, we can associate in this way a lattice L=Pu n r, 
which we also regard as a lattice of SM2(R), the 2 X 2 symmetric real 
matrices via a fixed isomorphism Pu(R)~SMiR). We have an action of 
a Levi subgroup PM of P on Pu, which may be assumed as 

T~APA (T E SM2(R), A E GLzCR» 

under an isomorphism PM(R)~GLzCR). Moreover, for simplicity, we 
assume that 

(4.65) 
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We denote by (P,w n T)o the image of PM n Tin GL2(R), and put 

(PM n T)t :=(PM n T) n SL2(R). 

Also put, for r=gr(S)g-1 as above, 

(4.66) 

If S is as in Oi), (4.64), the family F represented by r is given by 

F(r)=g {reS'); S' E L, -det (S') E (Q7 or S;;e:O} g-l. 

We divide F into two parts F± and F' according as S' satisfies S';;e:O, or 
-det (S') E (QX)2. 

Theorem P-5 (loc. cit. Theorem 1-9). Notations being as above, we 
have 

'(s; F±)=~ L: 1 
2rr SEL+mod(PMnTJo #OrCS)(det S)'+3/2 

(4.67) (U ={S E L; S>O}) 

lim '(s; F±)=_l_ vol «PM n T)t\&:?l) 
s I 0 22rr [(PM n T)o: (PM n T)t] vol (L\SMzCR)) 

Theorem P-6 (loc. cit. Theorem 1-10). 

1 t 1 
'(s; F')= --.-2 L: L: 

2 rr j=l SELjmodBj Idet SI8~3/2-' 
(4.68) 

Here notations are as follows: let [31' ... , [3t be the set of nonequivalent 
cusp of (PM n T)t in :Pl. Take V E SL2(Q) such that V <[3j) = 00, and put 

Lj:= V- l (: ~rV-lnL. B j is the parabolic subgroup of (PMnT)t 

which stabilizes [3j. The module VLj t V has a unique basis of the form 

and c j is defined by 

0) (t~j) dj ). d.>O t(J»lt(J)I>O 
0' d. 0' J ,1 2 -, 

J 

Finally in the case (i) det S = 0, the family F represented by r = 
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gr(S)g-1 may be assumed to be given by 

1(1 0 dn 0) ) o 1 0 0 -1 1 
F(r)=g 0 0 1 0 ;nEZ-{O} g S;g(o 

o 0 0 1 (d E Q~) 

and we have Co(r; Gk)=C(r; Gk). 

Theorem P-7 (loc. cit. Theorem 1-11). Notations being as above, we 
have 

§ 5. Conjugacy classes of Ulp) (=r~(p» and B(p) 
(Proof of Theorem 3-2, 3-3). 

5-1. In this section, we shall use the usual notation: 

We shall describe the conjugacy classes in r~(p) and B(p) of those ele
ments (or families) which make nontrivial contributions to dim Sk(r~(p», 
dim Sk(B(p», in such a form that is sufficient to work out the explicit 
formulae for them, as presented in Section 3, if we put all data given here 
to our general formulae (4.30), (4.40), and (4.42). Since r~(p) (resp. B(p» 
is a subgroup of Sp(2, Z) (resp. ro(p», and the list of conjugacy classes 
of the latter group has been given in [16], Sections 6, 7, we need not begin 
at the beginning. So, we mainly apply the global method (i.e., argument 
on r-conjugacy classes) also for semi-simple elements. Of course, in that 
case we can replace it by the local method described in Theorem B(e), as 
executed in [24] for U02(p) (=K(p», and in [16], (II) for other arithmetic 
subgroups in Q-rank one case. 

In general, for two lattices r l , r 2 of Gk such that r 12r2, [rl : r 2] 

< 00, we have a bijection in the same way as (4.17) 

(5.1) 

for any r E rJ) where we put M(r, r l , r 2)={x E r l ; x-lrx E r 2}. Let 
rl ,···, rd (d=d(r)=#[C(r;rl)\M(r,rJ)r2)/r2)] be a complete set of 
representatives of r 2-conjugacy classes in {r}r, n r 2 • We define "relative 
Mafi" of r with respect to rdr 2, by 
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(5.2) 

Then the elliptic contributions to dim Sk(ri ) (i = 1,2) are related as 
follows: namely for r e Fie) 

(5.3)*) 

Thus to compute the elliptic contributions for r2=r~(p), B(p), it suffices 
to calculate the relative MaWs for each conjugacy class {r}r1 of r l= 
Sp(2, Z), ro(p). On the other hand, the p-unipotent (parabolic) contribu
tions require more careful treatment. 

Lemma 5.4. As a complete set of representatives of the coset space 
Sp(2, Z)fF~(p) (resp. ro(p)/B(p)), we can take the following 

[Sp(2, Z): Fri(p)]=(p+ 1)(p2+ 1) (resp. rFo(p): B(p)]=p+ 1) 

elements: 

(i) Sp(2, Z)/r~(p): 

X,(~ b, '):~(! ~ ! _~} 
(
0 -a -1 0) o 1 0 0 

XaCa):= 1 0 0 0' 
a 0 0 1 

(ii) ro(p)/B(p): 

(
1 0 0 0) t 1 0 0 

ZI(t):= 0 0 1 -t ' 
000 1 

(
0 1 0 0) 1 000 

X 2(a, b):= a 0 0 l' 
b a 1 0 

o 0 -1) o -1 0 
1 0 0' 
o 0 0 

o 0) o 0 
o 1· 
1 0 

Here a, b, c, and t run over the integers modulo p. 

By using this lemma and the list of conjugacy classes of Sp(2, Z), 
ro(p) given in [16], we can find a complete set of representatives XI> ••• , Xd 

of the double cosets of (5.1), where Xi are taken from the above set of 
representatives. This can be done in a completely elementary way, and we 
omit the details of the calculations. In the following, we describe only 

*l If rlo r 2 are defined by UtA, Uu respectively as: in (4.8), we have the fol
lowing relation: 
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the list of these x/s with the invariants attached to each conjugacy classes 
such as mer; r,jrz), which are necessary to obtain explicit formulae for 
dim Sir~(p)), and dim Sk(B(p)). 

5-2. Conjugacy classes of r~(p). (p = prime, =1=2,3). We use the 
notations of [16], Theorem 6-1. However, for the convenience of readers, 
we reproduce here the matrix representatives of each conjugacy classes of 
Sp(2, Z), and those of Sp(2, R) taken in the standard Cartan subgroup H 
as in (4.45) for elliptic elements. The symbol ± r means that - r should 
be added, though we write + r alone. 

(5.5) 

(5.6) 

r=±ao' ao=14~g(0,0), d(r)=l, x=X,(O, 0,0), 

mer; Sp(2, z)/r~(p))=[Sp(2, Z): r~(p)]=(p+ 1)(pz+ 1). 

r=±a,=(_~ ~ ~ r)~g(7rj2' 7rj2), 
o -1 0 0 

d(r)= (p+ 1)( 1 + (~ 1)), 
x=X,(a, b, ab), Xz(O, b, 0) with bZ+ 1::=0 (mod p), 

mer; Sp(2, Z)jr~(p))=(p+ 1)(1 + (~1)). 

(5.7) r=±az=(_~ ~ _~ r)-g(27r/3, 27rj3); and a3=a2'. 
o -1 0-1 

(5.8) 

d(r)=(p+ 1)( 1 +( ~ 3)), 
x=X,(a, b, ab), Xz(O, b, 0) with bZ+b+l=O (modp), 

mer; Sp(2, Z)jr~(p))=(p+ 1)( 1+( ~3)). 

r=a4=(r ~ ~ -~)-g(-7rj4' 37rj4); 
001 0 

{
4 if p::= 1 (mod 8), 

d(r)= o otherwise, 

and as=al. 

x=X,(a, aZ, _a-i) with a4+1::=0 (modp), 

mer; Sp(2, Z)jr~(p))=d(r). 
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Here, and throughout the following, we are confusing the integers mod p 
with elements of the finite field Fp , writing a-t the integer x (mod p) such 
that ax=I (modp). 

(5.9) 

(5.10) 

(5.11) 

( 0 -1 -1 0) -1 1 0-1 r= ±a6= 1 -1 -1 0 - g(7r/4, 37r/4), 
o 1 0 0 

{
4 if p= 1 (mod 8), 

d(r)= o otherwise, 

x=Xt , , WIt -1 + =0 mo p, ( I-b b -Cl-W) ·h(b )41- ( d) 
b2 -3b+3 b2 -3b+3 

mer: Sp(2, z)/r~(p))=d(r). 

r=±a7=(? _? =1 -~)-g(-7r/3' -27r/3), 
o 1 0 0 

d(r)=2(1+(~3)). 
x=Xt(a, a, -1), XtCa, -Ct, 1) with a2 -a+l=0 (modp), 

mer; Sp(2, z)/n(p))=2(1+( ~3)). 

r=±as=(? -~ -? ~~)-g(-27r/3' -7r/3), 
o 1 0 0 

d(r)=2(1+(~3)). 
x=X1(0, b, 0), X2(0, b) with b2+b+ 1 =0 (mod p), 

mer; Sp(2, z)/r~(p))=2( 1 +( ~3)). 

(5.12) r=a9=(~ -? g -g)-g(27r/3, -7r/3); and alO=a9 1• 

001 0 
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(S.14) 
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X= ~~~ {
Xla, a2, 1) ... with a2+a+1=0 

Xl(a, a2, -1)·· ·with a2-a+1=0 

mer; Sp(2, Z)/Fri(P»=2( 1+( ~3)). 

r=all=(-~ ~-g 
o -1 0 

d(r)=2( 1+( ~3)), 
x=XI(O, b, 0), X2(0, b) with b2+b+1=0 (modp), 

m(r; Sp(2, Z)/Fri(p» = 2( 1 + ( ~ 3) ). 

r=aI3=(~ ? g -~)-g(-tr:/6' Str:/6); and a14=ai3\ 

001 0 

{
4 if p=l (mod 12), 

d(r)= o otherwise, 

x=XI(a, _a-2, _a-I) with a4-a2+1=0 (modp), 

mer; Sp(2, z)/rri(p»)=d(r). 

( 
0 1 1 1) 001 0 

r= ±aI5 = 0 0 0 1 - g(2tr:/S, -4tr:/S); 
-1 0 0-1 

1
4 if p= 1 (mod S), 

d(r)= 1 p=S 

o otherwise,· 

If p=S, x=XI(2, 2, 2), 

if p=l (mod S), x=XI(a, b, c) with «+a-1=0, 

b=l+(1+a)c, c2+c+_1 _=0 (modp), 
a+2 

mer; Sp(2, z)/rri(p»=d(r). 
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(5.16) (-1 0 -1 0) o 0 0-1 
r= ±aI9= 1 0 0 0 - g( -2rr/3, -rr/2); 

o 1 0 0 

d(r)=2+( ~ 1)+( ~3), 
X= {X1(0, b, 0) with b2+b+ 1 =0, and 

XlO, b) with b2+ 1=::=0 (mod p), 

mer; Sp(2, z)/r~(p))=2+( ~1)+( ~3). 

(5.17) r=±/31=(_~ b _~ ~)-g(-2rr/3' 0); and /32=/31'\ 
o 0 0 1 

r= ±/33=(~ b - ~ ~) - g( -rr/3, 0); and /34=/33'\ 
o 0 0 1 

d(r)=2+( ~ 3)=m(r; Sp(2, Z)/r~(p)), 

X=X2(0,0) and X1(0,b, 0) with b2+b+1=0(modp), 

(5.18) r= ±/35=(~ b -g ~) - g(--'-rr/2, 0); and /36=/3-;1, 
o 0 0 1 

d(r)=2+( ~ 1 )=m(r; Sp(2, Z)/r~(p)), 

X=X2(0, 0) and Xl(O,b,O) with b2+1=0(modp) 

(5.19) r=r1 =(b - g~ _~) -g(rr/2, -rr/2), 

001 0 

(
0-110) 1 0 0-1 

r=r2= 0 0 0 -1 - g(rr/2, -rr/2), 

001 0 

d(r)= 1 +( ~1), 
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x=XI(a, 0, 0) with a2 +1=0 (modp), 

mer; Sp(2, Z);r~(p))=(p+ 1)(1 +( ~ 1)), 

r=±r3=(~ =1 _ ~ _ ~ - g(2tr/3, - 2IT!3), 
o 0) 

o 0 1 0 

d(r)= 1 +( ~3), 
x=XI(a, 0, 0) with a2-a+ 1 =0 (mod p) 

mer; Sp(2, Z);r~(p))=(p+ 1)( 1 +( ~3)). 

r=ol=(g -~ 
o 0 

o 0) o 0 
1 0 
o -1 

(
1 0 
o -1 

and 02= 0 0 
o 0 

d(r)=2, 

x=XI(O, 0, 0), XzCO, 0), 

mer; Sp(2, z)/r~(p))=2(p+ 1). 

o -1) 1 0 
1 0 - g(O, IT), 

o -1 

P-unipotent classes. We first note that r~(p) has two point cusps and 
three one dimensional cusps, corresponding to the following parabolic sub
groups: 

Point cusps: 

P (j) -1(* *) 1 o =xj 0 * Xj' XI = 4> 

One dimensional cusps: 

p(j) _ _ 1(= ~ = =.) 1 -Xj * 0 * * Xj' 
000 * 

XI = 14, X2 = XI(O, 0, -1), Xs = X 2(0, 0). 

Each family of p-unipotent elements belongs to (at least) one of these 
parabolic subgroups, up to r~(p)-conjugation. In the following, we give 
a typical element of each family of Sp(2, Z) listed in [16], Theorem 6-1, 
and describe the decomposition of it into r~(p)-conjugacy classes. We 
put, for each class x-Irx of r~(p), 

io(x) : = [CoCx-lrx; Sp(2, Z)): Co(x-Irx; r~(p))]. 



(5.22) 

(5.23) 

(5.24) 

(5.25) 

Dimensions of Automorphic Forms (ll) 

o 1 0) . IOn A o 1 0 - (3(7C/3, n); 

001 

and fi2(n)=~11(-n), n E Z-{O}, 

d(r)=3+( ~3), 

x={XlO' 0), X 1(0, b, 0) 

X, 

io(x) = 1 for each x. 

r= ±~3(n)=(? ~ =? 
o 0 0 

d(r)=3+( ~3), 

x = {X2(0, 0), X 1(0, b, 0) 

X, 

io(x) = 1 for each x. 

(
10 1 

A =1 1 0 
r=±(35(n)= -1 0 0 

000 

d(r)= 3+( ~3), 
X={X2(0, 0), X1(a, b, 0) 

X 1(0, -1, 3) 

ioCx) = 1 for each x. 

r=±~7(n)=(? ~-g 
o 0 0 

and 

with b2+b+l=0 (modp), 

•.• n: arbitrary, 

• •• n:::;::O (mod p), 

with b2+b+l=0 (modp), 

... n: arbitrary, 

• •• n=O (mod p), 

n A 1) ? -(3(27C/3, n-l/3); 

and Mn)=~51( -n), n E Z. 

with b2-b+ 1 =0, a=(2-b)-I, 

· .. n: arbitrary, 

... 3n-l:::;::0(modp), 

n A 0) ? -(3(-7C/2, n); 

fi8(n)=~71( -n), n E Z-{O}, 

77 
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(5.27) 

(5.28) 

(5.29) 
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d(r)= 3+( ~ 1), 
X={X2(0, 0), X1(0, b, 0) 

X4 

with b2+ 1 =0 (mod p), 

n: arbitrary, 

... n=O (mod p), 

io(x) = 1 for each x. 

r= ±Mn)=(_ r ~ 
, 0 0 

1 -1) On' o 0 ~p(n/2,n-1/2); 

o 1 

and ~1O(n)=~9'(-n), neZ, 

x=JXzCO,O), Xl( b~b1 ' b, 0) 

(X1(0, -1, -2) 

n: arbitrary, 

. .. 2n-1 =0 (mod p), 

io(x) = 1 for each x. 

r=Un)=(~ - g ~ =?) ~i( -n/2, n), 

001 0 

n e Z-{O}, 

d(r)=2( 1 +( ~ 1)), 

(
0 -1 

, 1 0 
r=raCn)= 0 0 

o 0 

with a2+1=0, n:arbitrary, ioCx)=1, 

with a2 +1=0, n=O (modp), io(x)=p, 

o -n) n+1 0 ' o -1 ~r( -n/2, n+ 1/2), neZ, 

1 0 

with a2+ 1 =0, n: arbitrary, io(x) = 1, 

with c2 +4=0, 2n+1=0 (modp), io(x)=p, 

1 -n) n -1 ' o -1 ~r(-n/2,n), neZ-{O}, 

1 0 
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(5.31) 

(5.32) 

(5.33) 
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d(r)=2(1 +( ~ 1)), 
x={X1(a, 0, 0) w~th a:+1~0, n~arbitrary, io(~)=l, 

X/O, b, 1) wIth b +1=0, n=O (modp), lo(X)=p. 

(
0 -1 1 -n) 

A 1 ° n+ 1 -1 A 

r=rln)= ° ° ° -1 ~r(-7rJ2,n+1/2), nEZ, 

001 ° 
d(r)=2( 1 +( ~ 1)), 

79 

{
X1(a,0,0) with a2+1=0, n: arbitrary, ioCx)=l, 

X= X1(1/2, b, 1) with b2 +1=0, 2n+1=0 (modp), ioCx)=p. 

r= ±f5(n)=(~ =1 =7 -~7) ~f(27r/3, n), n E Z-{O}, 

001 ° 
d(r)=2( 1 +(~3)), 

x= {X1(a, 0, 0) 
XI (a, -a, 1) 

with a2-a+ 1 =0, n: arbitrary, io(x) = 1, 

with a2-a+ 1 =0, n=O (mod p), io(x)=p, 

=1 ~~1 -~7)~f(27r/3,n+1/3)' nEZ, 

010 
r~±i,(n)~(~ 

d(r)=2(1 +( ~3)), 
x= {X1(a, 0, 0) with a2-a+ 1 =0, n: arbitrary, io(x) = 1, 

X1(2,3b,3) withb2 +b+1=0,3n+1=0(modp), 
io(x) = 1, 

(
0 -1 -n -2n) 

r= ± f7(n) = g -g ~12 =~ ~f(27r/3, n+2/3), nEZ, 

d(r)=2(1 + (~ 3)), 
{
X/a, 0, 0) with a2 -a+1=0, n: arbitrary, ioCx)=l, 

X= X1(2, 3b/2, 3/2) with b2 +b+1=0, 3n+2=0 (modp), 
io(x)=p, 
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r=81(m,n)=(g -b ¥ ~) m,neZ-{O}, 
o 0 0 -1 

d(r)=4, 

{

Xl(O' 0, 0) } . 
m,n:arbItrary, io(x) = 1, 

X2(0, 0) 

X= X1(0, 1,0) .. . m=O (modp), io(x)=p, 

X2(0,1) .. ·n=O (modp), io(x)=p. 

(5.35) r=82(m,n)=(g -b T -3) m,neZ-{O}, 

o 0 0 -1 

d(r)=4, 

{

Xl(O' 0, 0) } . 
m, n: arbItrary, 

XlO, 0) 
X= 

X2(2,0) .. ·m=O (modp), 

X1(0, 0, 2)· . ·n=O (modp), 

ioCx)=p, 

io(x)=p. 

(5.36) 
" (~ _~ m2~2 mt2) 

r=os(m, n)= 0 0 11 m, neZ, 

o 0 0 -1 

m,2n-m*0, 

d(r)=4, 

{

Xl(O' 0, 0) } . 
m, n: arbItrary, io(x) = 1, 

X2(0, 0) 
X= 

X2(2,0) .. ·m=O (modp), io(x)=p, 

X1(0, 0, 2) .. ·n=O (modp), io(x)=p, 

(5.37) (
1 0 2m-1 

" 1 -1 m-1 
r=04(m, n)= 0 0 1 

o 0 0 

7) m,neZ, 
-1 

d(r)=4, 

{

Xl(O' 0, O)} . . m, n: arbItrary, lO(X) = 1, 
XlO, 0) 

X= . 
X1(0, 2,0) .. ·2m-1=0 (modp), io(x)=p, 

XlO,2, -4) .. ·4n-2m+1= 0 (modp), io(x)=p. 



(5.38) 

(5.39) 

(5.40) 

where 

Dimensions of Automorphic Forms (II) 

A (~ _? ~ g) 
r= ±OI(m) = ° ° 10m E Z-{O}, 

° ° ° -1 
d(r)=3, 

{
Xl(O, 0, 0) ... m: arbitrary, io(x) = 1, 

X= X 2(0, 0) ... m: arbitrary, io(x)=p+ 1, 

X 1(0, 1,0) ... m=O (modp), io(x)=p. 

r~±8"(m)~(~ 
d(r)=3, 

° m 
-1 1 

° 1 

° ° 
-~) 
-1 

mE Z-{O}, 

{
Xl(O, 0, 0) ... m: arbitrary, ioCx) = 1, 

X= X2(0, 0) ... m: arbitrary, ioCx)=p+l, 

X2(0, 2) ... m==:O (modp), ioCx)=p. 

(
1 ° SI S12) 

r (8) (8) ° 1 S12 S2 • 8 (SI S12) = ± SI , S3 = ° ° 1 0' = S12 S2 ' 

° ° ° 1 
d(r)=2, 

X1(0, 0, 0) ... 8: arbitrary; L=8M2(Z), 

81 

det 8*0, 

(PM n rk~.Gro(p), 
X= X1(0, 1,0) ... SI' S12= ° (modp); 

L=(~~ P~)n8MzCZ), (PMnr)o=Grt(p), 

Gro(p)={(~ ~) E GL2(Z); c==:O (mOdP)}, 

Grt(p)={(~ ~) E GLzCZ); b==:O (modP)}' 

Note that Gro(p), Grt(p) both have two cusps 0, ioo. The invariants 
described in (4.68) are given as follows: 

(i) For x=X1(0, 0, 0)= 14, 

~=ioo:Lfi=(~~ P~)n8MzCZ), B~=±(~ f); (c,d)=(2,1), 
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j3=0: Lp=GZ p~) n SM2(Z), Bp= ±(pi ~); (c, d) = (2p, 1), 

(ii) For x=X1(0, 1,0), 

j3=ioo: Lp=(~~ P;)nSM2(Z), B p=±(6 Pf); (c,d)=(2p,p), 

j3=0: Lp= ()i Pi) n SMz(Z), Bp= ±(i ~); (c, d)=(2p,p). 

Remark. In the case (ii) above, the Levi-component PM should be 
chosen carefully, so that (4.65) holds: namely 

P M =X- 1{(g tJ-} A E GL2(Q)}X, X=(62 i:)·x1(0, 1,0). 

r=±sln)=(g ~ ~ 3) nEZ-{O}, 

000 1 

(5.41) 

d(r)=3, 

{
X/O, 0, 0) ... n: arbitrary, io(x)=p(p+ 1), 

X= X 2(0,0) ···n:arbitrary, io(x) = 1, 

X4 ••• n=O (modp), iO(X)=p3. 

5-3. Conjugacy classes of B(p) (p=prime:;t=2, 3). We first recall, 
for the convenience of readers, that the coset space Sp(2, Z)/ToCp) has 
the following complete set of representatives: 

(
a -b -1 0) ( (-b a 0 -1)) 0100 I 1000 

Yla, b)= 1 0 0 0 or Yla, b)= 0 1 0 0 ' 
b 0 01 Obl0 

(
a b -1 0) (1 0 b c 0 -lOa 

YzCa, b, c) = 1 0 0 0' Y3(a) = 0 0 
o 1 0 0 0 1 

Y4 =14, ([Sp(2, Z): ToCp)]=(p+l)(p2+1)), 

o 0) o -1 
1 0' 
o 0 

where a, b, c run over the set of integers modulo p. We shall make full 
use of the results of [16], Section 7 where the decomposition of Sp(2, Z)
conjugacy classes into To(p)-conjugacy classes is described. In the fol
lowing list, dir) is the number of B(p)-conjugacy classes contained in 
the set {y 1rY}ro(p) nB(p), where y is as above; and d(r) denotes the sum 
of dir). 
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(5.42) r= ±ao: d(r)= 1, X=ZI(O) (y= Y4), 

mer; Sp(2, Z)jB(p»=(p+ 1)2(p2+ 1), 
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In the next two cases, ° denotes the integer mod p, which generates 
r;. 

A={Oj.l<·< p-l .--J- p-l }/~ , _1 - 4 ,1 -r- 8 ' 

y 

(p-9)j8 ... ZI(t), tEA 

1 
1 ... ZtC°(P-I)/8) 

Y2(i, 0, i) 1 ... ZI(1) 
1 ... ztCO) 

and 

Y2( -i, 0, -i) (p-5)j8 ... ZI(t), tEA 

i =O(p-I)/4 5 1 ... Z/I) 

1 ... ZI(O) 

3, 7 
I 

0 

Yii,O, -i) 
1,5 

I 

2 ... ZI(O) , Z2 
3, 7 0 

J 

2 (a=O) (ZI(t): ) 
2 (a= 1) (bt+aY+l=O 

1 
2 (otherwise; there are 

Y2(a, b, -a) (p-9)j8 such pairs (a, b» 
with 

b$.O 
2 (a=O) ZI(t): 

(bt+a)2+1=0 
a2 +b2 + 1 =0 5 

2 (otherwise; there are 
(p-5)j8 such pairs (a, b» 

3,7 
I 

0 

From this table, we get (see also Remark 5.45): 

mer; Sp(2, Z)jB(p»=2(p+ 1)( 1 +( ~ 1)). 

I 

I 

I 
order of 

centralizer 
in B(p) 

4 
8 
8 

16 

4 
8 

16 

16 

8 
8 

4 

8 

4 
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(5.44) r= ±a2, a3 

B={(jj·l<J·< p-l J.* p-l }/~, u~vR(uv)B=1 
, - - 6' 12 

y I p I 
I (mod 12) 

I (p-13)jI2 ... ZI(t), t E B 

1 · .. ZI«(j(P-I)/12) 
1 

1 · .. ZI(I) 
Y2(W, 0, w) 

1 ... ZI(O) 
and 

Y2(w, 0, w) (p-7)jI2 ... ZI(t), t E B 

W=(j(p-I)/6 7 1 · .. ZI(I) 

1 ... ZI(O) 

5,11 
I 

0 

Y2(w, 0, w) 
1,7 2 · .. ZI(O), Z2 

5,11 0 

2 (a=O) (ZI(t): bt 2+ ) 

1 
2 (a= -2) (2a+ l)t-b=O 

Y2(a, b, -I-a) 2 (otherwise; there are 

with (p-13)/12 such pairs (a, b» 

b=t.O 2 (a= -2) 
a2+a+l+b2 7 2 (otherwise; there are 

=0 (p-7)jI2 such pairs (a, b» 

5,11 
I 

0 

From this table, we get (see also Remark 5.45): 

mer; Sp(2, Z)/B(p» = 2(p + 1)( 1 +( ~3)). 

I 
order of 

centralizer 
in B(p) 

6 
12 
12 
36 

6 
12 
36 

I 
36 

12 
12 

6 

12 

6 

I 

Remark 5.45. The above lists for B(p)-conjugacy classes belonging 
to ab a 2, and a3 are obtained after somewhat complicated calculations. 
We gave these lists in order to make our description consistent. Indeed, 
it is worth noting that the relative MaB of a l (resp. a2, a3) coincides with 
that of rl , r2 (resp. 73), for which the calculation is quite easy. This fact 
can be proved without computing the former, by the method described in 
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Section 4-1 (see footnote to (5.3». Of course a similar observation can be 
made for the group ro(p). The complicated situation for r=au a2, and as 
comes from the fact that the quatemion algebras Zo(r) attached to their 
centralizers are definite, so that the class numbers h(A; 0 of their Z
orders are big (c.f. Theorem 4.28), while for r=rI , r2, rs, Zo(r) are indefi
nite, and we have h(A; 0= 1 by the strong approximation theorem 
[32]. 

(5.46) r=a" as 

{
2 if p= 1 (mod 8), 

dy(r)= 0 
otherwise, 

{
ZI(t) ... t 2 +a=0 for Y=Yz(c,a,a):az+l=O, 

X= ZI(t) ... tZ+bt-l=O for y=Yz(-I,b, I): bZ+2:=0, 

{
8 if p=1 (mod 8), 

mer; Sp(2, Z)/B(p» = 1 h . 
ot erwIse. 

(5.47) r= ±a6 

{
2 if p_1 (mod 8), 

dy(r) = .. o otherwIse, 

X= 

ZI(t) ... tZ+t+ a:l =0 for y= Yz(2a+l, a, 2a+I): 

3az+2a+l=0, 

b-l Zlt) ... tZ+(b+l)t+--:=O for y=Yz(b,b, I): 
2 

bZ+l:=O, 

{
8 if p= 1 (mod 8), 

mer; Sp(2, Z)/B(p»= 0 
otherwise. 

(5.48) r= ±a7 

dir)= 1 +(~3), 
{
ZI(I), ZI( -I) . .. for y= Y1(0, b): bZ+b+ 1 =0, 

X= Zlt) ... tZ+t+l:=O for y=Yi2a,a, 2a): 3tf+I=0, 

mer; Sp(2, Z)/B(p» = ( 1 +( p 3) r 
(5.49) r= ±as 
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X=ZI(O), Z2 for y=Yla, 0, c): a2 +a+1=c2 +c+1:==:0, 

mer; Sp(2, Z)/B(P))=(1+(~3)r 

(5.50) r=a9, aw 

dy{r)= 1 +( ~3). 
{
ZI(t) ... at 2 -1 =0 for y= Y2(a, 0, 0): a2 +a+ 1 =0, 

x-
- ZI(t) ... t=( -b+1)/2 for y= Y2( -2, b, 1): b2+3=0, 

mer; SP(2'Z)/B(P))=(1+(~3)r 
(5.51) r=all , a l2 

dy{r)= 1 +( ~3). 
X=ZI(O), Z2 for y= Y2(a, 0, c): a2 +a+ 1 =c2+c + 1 =0, 

mer; Sp(2, Z)/B(p)) = ( 1 +( ~3) r 
(5.52) r=aI3, a14 

dir)= . {
2 if p= 1 (mod 12), 

° otherwIse, 

(
ZI(t) ... (2=_1_ for y=Yla,O,a): a2 +a+1=0, 

X= a+1 
ZI(t) ... t 2+bt -1 =0 for y= Y2( -1, b, 0): b2 + 1 =0, 

mer; Sp(2, Z)/B(P))=2( 1 +( ~ 1))( 1+( ~3)). 
(5.53) r = ± a15 , •• " alB 

dy{r)= . {
2 if p=l (mod 5), or p=5, 

° otherWIse, 

X=ZI(t) , .. t 2+_a _t +a=O for y= Y2(a, b, c): 
a+1 

-1 -1 
a4+a3+a2 +a+ 1 =0, b=--, c=-, 

a+1 a 

1
8 if p= 1 (mod 5), 

mer; Sp(2, Z)/B(p)) = 1 if p=5, 

° otherwise. 
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(5.54) r=±a19' "', a22 

{2 if p=1 (mod 12), 
dir)= . o otherwIse, 

X=Zl{O), Z2 for Y= Y2(a, 0, c): a2+a+ 1 =c2+L::=0, 

mer; Sp(2, Z)/B(P))=2( 1 +( ~1))( 1 +(~3)). 
(5.55) r=±fil"",fi4 

dir)=1 +(~3), 

X=Zl{O), Z2 for Y= Y1(a, 0): a2+a+ 1 =0, 

mer; Sp(2, Z)/B(p))=2(p+ 1)( 1 +( p 3)). 
(5.56) r= ±fi5' fi6 

dir)= 1+(~1), 

X=Zl(O), Z2 for Y= Y1(a, 0): a2+1-0, 

mer; Sp(2, Z)/B(p)) = 2(p+ 1)( 1 + (~ 1)). 

(5.57) r=r1 (resp. r2) 

dvCr)= p 
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{1+(-1) for y=Y4, 

1 for Y= Y~(O, b) (resp. Y~(b, b)): b2+ 1 =0, 

{
Zl(t) ... t2+1=0 for Y=Yo 

X= . Zl(O) . .. for Y= Y~{O, b) (resp, Y~(b, b)), 

mer; Sp{2, Z)/B(p)) = 2(p + 1)( 1 +( -1)), 
p . ' 

(5.58) r= ±rs 

{I +(-3) for Y= Yo 
dir)= p 

1 for y=Y~(0,b):,b2+b+l=0, 

X={Zl(t) ... t2-t+l=0 for Y=Yo 

Zl(O) . .. for Y= Yf(O, b), 

mer; Sp(2, Z)/B(p)) = 2(p+ 1)( 1+( ~3)). 
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(5.59) r=OIo O2 

dir)=2 for Y= Y4> 

X=ZI(O), Z2' 

mer: Sp(2, Z)/B(p»=2(p+ 1)2. 

P-unipotent classes. The group B(p) has four point cusps and four 
one-dimensional cusps; the parabolic subgroups corresponding to these 
cusps are given as follows: 

Point cusps: 

Pt=Xjl(~ :)Xj , 

X1= Y., Xz= Y2(0, 0, 0), X3= Y1(0, 0), and x.= Y3(0).Z2. 

One dimensional cusps: 

(* 0 * *) Pl_ -I * * * * 
I-Xj * 0 * * Xj' 

000 * 

We put, for each element r' of B(p), 

io= io(r') = [CoCr'; Sp(2, Z»: co(r'; B(p»]. 

(5.60) r= ±~I(n), ftz(n) 

dy(r) = 1 +(~3); io=l, 

X=ZI(O), Z2 for Y= Y1(c,0), Y2(a, 0, 0): 

a2-a+ 1 :=cz-c+ 1:=0, 

mer; Sp(2, Z)/B(P»=2( 1 + (~ 3) r 
(5.61) r= ±fis(n), ACn) 

dir) = 1+( ~3); io= 1, 

X=ZI(O), Z2 for Y= Y1(c, 0), Y2(a, 0, 0): 

a2 -a+ 1 =c2 -c + 1 =0, 

mer; Sp(2, Z)/B(P»=2(1 +( ~ 3) r 
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(5.62) r= ±Nn), fi6(n) 

(-3) . dy(T)=I+ P ; 10=1, 

lZI( C+l), Z2 for Y= Y1(c, 0): c2 -c+l=0, 
X= 3 

ZI(O), Zl( -3) for Y= Y2(3a-l, a, 0): 3a2 -3a+ 1 =0. 

m(r;Sp(2, Z)/B(P»=2(1+(~3)r 

(5.63) r= ±fi7(n), fis(n) 

dy(T)=I+(~l); io=l, 

X=ZI(O), Z2 for Y= Y1(c, 0), Y2(a, 0, 0): c2 + 1 =a2 + 1 =0, 

mer; Sp(2, Z)/B(P»=2(1+( ~1) r 
(5.64) r= ±fis<n), filO(n) 

dl/(T)= 1+( /); io=l, 

lZI( C+l), Z2 for Y= Y1(c, 0): c2+1=0, 
X= 2 

ZI(O), ZI(2) for Y= Y2(a, 0, 0): a2 +1=0, 

mer; Sp(2, Z)/B(P»=2( l+(~l)r 

(5.65) r=T1(n) 

dll(T)= 1+(~1), 
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j
Zl(t) with t 2+1=0 for y=Y" Y2(0, 0,0): io=l, 

n: arbitrary, 

x= ZI(O) for Y= Y:(O, b)~ ~2+ 1 =0, io= 1, n: arbitrary, 

ZI(1) for Y= Y1(0, b). 10 =P, n= ° (modp), 

(5.66) r=T2(n) 

diT)= 1+( ~1), 
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with t 2 + 1 =0 for Y= Y4' Y2(0, 0, 1/2); io= 1, 

n: arbitrary, 

for Y= Y~( -1/2, b): b2+J=0, io= 1, n: arbitrary, 

for Y= Y~(-1/2, b): io=p, 2n+1=0 (modp). 

(5.67) r=is(n) 

dvCr)= 1+( ~1), 

j
ZI(t) with t 2 + 1 =0 for Y= Y4, Y2(0, 1/2,0), io= 1, 

n: arbitrary, 

X= ZI(O) for y:Y~(b,b)~ ~2~1=~ io=l, n: arbitrary, 

ZI(l) for Y- Y 1(b, b). 'o-P, n;:-O (modp). 

(5.68) r=iln) 

dyer) =1+(~ 1), 

{
ZI(t) with t 2 + 1 =0 for Y= Y4, Y2(0, 1/2, 1/2), io= 1. 

X= ZI(O) for Y= Y~(b-1/2, b)~ ~2+1=0, io=l, n: arbitrary, 

ZI(1) for y=Y1(b-1/2,b).10=P, 2n+1=0(modp), 

(5.69) r= ±i;(n) 

dl/(r)= 1 +( ~3), 
ZI(t) with t 2 -t+1=0 for y=Y4, io=l, n: arbitrary, 

ZI(t) with t2+t+1=0 for Y= Y2(0, 0, 0), io=l, 

X= n: arbitrary, 

ZI(O) for y=Y~(O, b); b2+b+l=0, io=l, n: arbitrary, 

ZI(1) for Y= Y~(O, b), io=p, n=O (modp). 

(5.70) r= ±i6(n) 

(5.71) 

dir)=1+(~3), 

X= 

ZI(t) with t2-t+1=0 for y=Y4, io=l, n: arbitrary, 

ZI(t) with t2+t + 1 =0 for Y= Y2( -1/3,0, 1/3), io= 1, 

n: arbitrary, 

for Y= Y~( -b ,b): b2+b+1=0, io=l, 
2b+1 

n: arbitrary, 
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lZl(1) for Y= Y~( -b ,b), io=p, 3n 2b (modp). 
2b+I 2b+l 

(5.71) r= ±f7(n) 

dir)=1+(~3), 

Zl(t) with t 2 --:-t+I=0 for y=Y4, io=I, n: arbitrary, 

Zl(t) with t 2+t+l=0 for y=Y2(-2/3,0,2/3),io=I, 

n: arbitrary, 

for Y=Y~(2~2~ ,b): b2+b+I=0, io=I, 
+ b' . n: ar Itrary, 

for Y=Y~( -2b ,b), io=I, 3n= 4b (modp). 
2b+l 2b+I 

(5.72) r=81(m, n) (resp. 82(m, n» 

dy (r)=2 for Y= Y4, Y2(0, 0, 0), Y3(0), Y~(O, 0), 

(resp. Y4 , Y2(0, 1/2,0), Y3(0), YiCO,O», 

X=Zl(O), Z2 (resp. Zl(O), Zl(2», io= 1, 

condition on (m, n): 

Y4 Y2(0, 0, 0), Y2(0, t, 0) Y3(0) Yi(O,O) 

arbitrary m=n . ° (mod p) n=O m=O 

(5.73) r=83(m, n) (resp. 84(m, n» 

dy(r)=2 for Y= Y4, Y2(2, 0, 0), Y~(O, 0), Y~(O, -2), 

(resp. Y4, Y2(1/2, 0, 0), Y~(O, 0), Y~(O, - 2», 

X=Zl(O), Zl( -1) (resp. Zl(O), Zl( -4», io= 1, 

condition on (m, n): 

Y4 Y2(2, 0, 0,), Y2(t, 0, 0) Y~(O, 0) Yi(O, -2) 

arbitrary m=n=O (mod p) m=O m 2n 
resp. 2m=I resp. 2m-4n= 1 

(5.74) r= ±51(n) (resp. 5zCn» 

dvCr)=2 for Y= Y4, Y2(0, 0, 0) (resp. Y4, Y~(O,O)~~_ 
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x= {ZI(O), Z2 for Y4, ~lO, 0, ~), io= 1, 
ZI(O), Z/2) for Y 1(0, 0),10= 1, 

n: arbitrary 

YlO, 0, 0), Yi(O, 0) 

n:::::::O (modp) 

(5.75) r= ±el(S), eg{S) 

Y 
x 

L 

io 

{
1 for Y= Y4, Y2(0, 0), 

dJr)= 
2 for Y= Ya(O), 

x= {ZI(O) for Y= Y4, YzCO, 0) 

ZI(O), Z2 for Ya(O) 

Y4 YlO, 0) 
ZI(O) ZI(O) 

(Z ~) eZ ~~) 
1 pa 

Ya(O) 
ZI(O) 

(Z p~) 
p 

Ya(O) 
Z/O) 

(Z ~~) 
p2 

For each family, the corresponding Levi-component is isomorphic to 

Therefore we have the following invariants (c, d) for each cusp of GTo(p) 
(c.f. Theorem P-6, (4.68»). 

L (Z ~) ez ~~) (Z p~) (Z PZ) 
pZ 

/3=ioo 11=1 P 1 1 
12=0 0 0 0 

Bft =(6 f) d=1 p 1 p 
c=2 2 2 2p 

/3=0 11=1 P p p 
12=0 0 0 0 

Bft=()Z ~) d=1 p 1 p 
c=2p 2p 2 2p 
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(5.76) r= ±e/m) 

dy{r)=2 for y= Y4' Y2(0, 0, 0), 

x=Z\(O), Z2' 

Z/O) io=p 
m: arbitrary 

io= 1 
m=.O (modp) 

~-----~~~~~-I-~~~~~~ 

io=1 io=p 
m: arbitrary m=O (modp) 

§ 6. Local data for B'(p) 

93 

In this section, we shall give local data which are necessary to 
calculate dim ~.(B'(p». The local data for q=l=p have been given in 
[19], so we shall calculate cig, R p, Ap) and masses, where g is a torsion 
element of G; and 

Throughout this section, we assume that p=l=2, 3. 

Proposition 6.1. Put g = (~ ~), or (-~ _~). Then, 

Let A be the order of M 2(O) such that Ap=Rp and Aq=MzCOq) (q=l=p). 
Then, 

Proof This is obvious, because [Pi: B']=p+ 1 (cf. [19] (I) Proposi
tion 9). 

Proposition 6.2. If the principal polynomial of g E G; is hex) or 
h( -x) for some i=2, 3, 4, 5, 8, or 9, then cig, R p, Ap)=Ofor all orders 
ofZ(g)p. 

Proof We assume p=l=2, 3, so it is known that 
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( ( Op rr-10 p ) A )-0 C p g, , p - , 

rrOp Op 

for any above g and any Ap ([19], (III». Thus, our Proposition is 
obvious. q.e.d. 

Next, we treat elements g E G: such that h(g)=O or fl±g)=O. 
Put Zo(g)p=Zo(g)Q9Q Qp, where Zo(g) is the quaternion algebra over Q 
defined as in [19], I, (12) (p. 562). For ApcZ(g)p, we define diAp) and 
eiAp) as in [19], (1), Proposition 12 (p. 572). Put F=Q[g] and o=Z[g]. 

As we have assumed p=l=2, 3, (;)=1=0, where (;) is the Legendre 

symbol. By definition, we have Zo(g) p Q9Q F ~ D pQ9Q F, so (;) = - 1, 

if Zo(g) p is not division. 

Proposition 6.3. If Zo(g) p is split and ( ; ) = -1, we get 

where op=oQ9z Zp. We have ep(A) = 1 and diA)=p+ 1. 

Proof If Zo(g)p is split and (;) = -1, then g is G:-conjugate to 

(~ ~),wherewEOpisoforder3,4,or6. So, weputg=(~ ~). By 

virtue of [19], (III), Proposition 2.5 (i), if x-1gx E B' CP6, then x E 
ZG~(g) ,P6. We can put Op=Zp+Zpe+Zprr+Zprre, where Fp=FQ9Q Qp 

=QAe], e2 E Q~, rr2 E Q~, and m= -rre. Then, 

-rr-1)B' 
o ' 

where a E Zp[e] runs through a set of complete representatives of 

Zp[e]/pZp[e]. If x E ZGj,(g)(6 rr~la)B" then 

(01 -rr-la) (1 rr-1a)_(w, (w-w)rr-1a) B' 
1 go 1 -0 wE, 

so a EpO p. Thus, we get x E ZGj,(g)B' in this case. For x=(~ -J-} 
we get x-1gx= tg E B'. Now, assume that (~ -~-l)=hk, where hE 



Dimensions of Automorphic Forms (II) 95 

Zo;(g) and k E B'. Then, h E zo*(g)np~c( op op), which is a con-
p pOp op 

tradiction, because we must have h E B'. Thus, we get cp =2. We have 

Ao= (pe~: e~:) and we get dp(A)=p+ 1. q.e.d. 

Proposition 6.4. /f Zo(g) is division, we get 

(i) if ( ~) = 1, then 

{
2' . ·if Ap~Z(g)p n Rp=A, 

c/g, Rp, Ap)= . 
0· .. otherwise, 

and d/A) = e/A) = 1, 

(ii) if (~) = -1, then 

c/g, R p, Ap)=O for any Ap. 

Proof By virtue of Proposition 2.6, (ii) in [19], (III) (p. 398), the 

above (ii) is obvious. So, assume that (~) = 1. We can assume that 

g=(~ ~) E G;, where a, bE Qp are different roots of h(x)=O,flx) 

=0, or fzC -x)=O. If x- 1gx E B', then x E Zo*(g)P', by virtue of [19], 
p 

(III), Proposition 2.6, (i). In the similar way as in the proof of Proposi-

(0 -1) tion 6.3, we can show that x E ZOj,(g)B' or ZOj,(g) 11: -~ B', and these 

two double cosets are disjoint. q.e.d. 

For g E G; such that f;(± g) =0 (i = 10, 11, or 12), it is obvious that 
c/g, R p, Ap)=O, unless Ap=Zp[g]. From now on, we put c/g)= 
c/g, R p, Zp[gJ). For a fixed i= 10,11, or 12, denote by t the number 
of G;-conjugacy classes in {g E G;;fi(g)=O}. 

Proposition 6.5. Let g E G; be of order 5 or 10. 
(i) /fp=5, then c/g)=I, and t=lfor i=10. 
(ii) /fp=l=5, then cp(g)=O. 

Proof By virtue of [19], (I), Proposition 19, (ii) and (III), Proposition 
2.8, (ii), the above (ii) is obvious. Assume p = 5. Then, we can put 

g= (e?1 -:), where w is an element of Op such that w2-w-l =0, and 

e E Op, e2 = -3, ew=we. If x- 1gx E B', then x E Q/g)Pi, by virtue of 

[19], Proposition 19, (iv). It is easy to see x E Qp(g)( -~e 7)B'. q.e.d. 



96 K. Hashimoto and T. Ibukiyama 

Proposition 6.6. Let g be of order 8. Then, 
(i) ijp=±1 mod 8, then cig)=O, 
(ii) ijp=3, or 5 mod 8, then cig)=4 and t = 1. 

Proposition 6.7. Let g be an element of G: such that J;lg)=O. 
Then, 

(i) ijp=±1 mod 12, then cp(g) =0, 
(ii) ijp=5 mod 12, then cp(g)=4, t=l, and ZoCg2)p=spUt, 
(iii) ijp=7 mod 12, then cig)=4, t=l, and ZO(g2)p = division. 

Proof of Propositions 6.6 and 6.7. By virtue of [19], (I) Propositions 
20, 21, and (III), Propositions 2.9, 2.10, the above (i) of Proposition 6.6 
and 6.7 are obvious. If p=3, 5 mod 8 (resp. p=5, 7 mod 12), we can 
write J;/x) (resp. J;2(X» as a product of quadratic polynomials in Qp[x]: 

where b*1. We can take wE Op such that w2+aw+b=0. Put Wl=W 

and w2=b-1w. Then, g is G:-conjugate to (~l ~J. If x-1gx E B' for 

some x E G:, then x E Zaj,(g)P~ or Zaj,(g)(~ ~)p~, by virtue of [19], (I), 

Proposition 21. We have 

where a runs through a set of representatives of 

In the similar way as in the proof of Proposition 6.4, (ii), we have 

X E Za*(g)YiB' (i=l, 2,3, or 4), 
p 

where 

These four double co sets are disjoint. q.e.d. 

§ 7. Related topics 

Here, we would like to take this opportunity to write briefly on some 
related topics. 
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(1) Ihara lifting For n=2, Ihara [28] has shown that there exists 
a kind of lifting of automorphic forms of sZ.+4(ro(p» to Rn.(U~(p». 
where 

(Actually, he did not assume that the discriminant of D is a prime. As 
for this, see his paper.) 

More exactly, we can take the representation space V. of p. (for 
n=2) as follows: We identify H (the Hamilton quatemions) with R!. 
V. is the set of real valued homogeneous polynomials f(x, y) on HZ~R' 
such that 

1) f(ax, ay) = N(a)·f(x, y) for all a E HX, and 
2) Jf=O, 

where N(a) is the reduced norm of a and J is the usual Laplacian. Sp(2) 
acts on V. by 

f(x, y)~ f«x, y)g) for all g E Sp(2). 

For the sake of simplicity, we assume here that the class number of U1(p) 
is one, i.e. dim Rn.(U1(p» = 1 for 11=0, although, as Ihara has kindly 
shown us, his theory works completely in the same way without any such 
restriction. Put r= U1(p) n G'. Then, under the above assumption. 
we get 

Rn.(U~(p»={f E V.;j«x, y)r)=f(x, y) for all r E n. 
Let f ERn.(U~(p» be a common eigen form of all the Hecke operators. 
T(m). For such!, put 

.f}/'r)= L: f(x, y)eZ%i(N(X)+N(Y))<, 'l:' E &)1' 
(x,y)EO' 

Then, .f}i'l:') E sZ.+4(ro(p». 

Theorem 7.1 (Ihara [28]). Assume thatf(l, 0)*0. Then,.f}J is also 
a common eigenform (of the Hecke operators of ro(p», and we get 

L(s,f)=t;,(S-1I-1)t;,(S-1I-2)L(s, .f}J) 

up to the Euler p-factors. 

This Ihara's result was the first one among results on lifting 
obtained later by many mathematicians. For example, the Saito-Kuro
kawa lifting may be regarded as a similar version of Ihara lifting for the 
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split group Sp(2, R). The second author has extended Theorem 7.1 to 
general n: under a similar condition on f as f(l, 0)*0 for n=2, he 
expressed the eigen values of f by some group theoretical numbers and 
coefficients of some one dimensional automorphic forms, and at least for 
n= 3, gave L(s,j) explicitly. 

Some examples of Theorem 7.1 have been given by Ihara (loc. cit.). 
We give here another example. We assume n=2. Putp=2 and ).1=2. 
Then, dim W?,(Ui(2» = 1 and this space is spanned by: 

f(x, y)=N(X)2-3N(x)N(y)+N(y)2. 

Then, by Theorem 7.1, we have 

L(s,j) = '(s-5)'(s-6)L(s, h), 

up to Euler 2 factors, where h is the unique normalized cusp form of 
SsCTo(2». On the other hand, MaaB [38] has shown that 

L(s, F) = '(s- 5),(s- 6)L(s, h), 

for some FE S;(re(I» (unique up to constant), where re(I) is the unique 
index two subgroup of Sp(2, Z) which contains the level two principal 
congruence subgroup. So, (J, F) gives an example for the Langlands 
philosophy. But, this example is less essential than the examples in [21], 
because this is a relation through one dimensional forms and does not 
satisfy the Ramanujan Conjecture. In our set-up in Conjecture 1.11, 
there is no relation, at least apparently, between old forms and those 
forms obtained from lifting. As for another aspect between lifting and 
old forms, see [24]. 

(2) Construction of automorphic forms. For n = 1, it is well-known 
that we can construct the forms in Slro(p» from W?k-lOA) through the 
Weil representation: We can embed Sp(1)=SU(2) to SO(4), and roughly 
speaking, we can get forms in Sk(roCp» through theta functions 

fJ(f) = 1: P(n)e2%i Q (n)<, !" E &)1' 
nEZ' 

where Q are quadratic forms of four variables and P are spherical func
tions (i.e. automorphic forms of Sp(1». In our case of n=2, the situa
tion is fairly different. We can embed Sp(2) to SO(8) for example, and 
get a Siegel modular form in a similar way, but the weight of this form 
cannot be ).1+3. On the other hand, we have Sp(2)/±I=SO(5). By 
using this isomorphism, it has been shown in [25], that we can construct 

r--.../ 

automorphic forms on Sp(2, R) (the non-trivial double cover of Sp(2, R» 
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from forms belonging to Sp(2), and that this construction preserves L
functions. Let pC!,.,};) be the representation of Sp(2) whose Young 

diagram is I I . I . I . I!" I 
II·I·I};I 

Then, p(!,.,};) factors through SO(5) if and only if !,.+ };=even. 
We assume this. Then, from any form r; e mp(fl,h)(U~(P) (n=2), we 
can construct a vector valued Siegel modular form a(r;) of weight 
det(fl-h+S)®Sym (h), where Sym (h) is the symmetric tensor representa-

~ 

tion of GL(2) of degree};. We can develop the Hecke theory on Sp(2, R) 
and define L-series. By some local theory similar to Yoshida [51], we 
can show that L(s, r;)=L(s, a(r;» up to finitely many Euler factors. It is 

~ 

very plausible that there exists a similar mapping from forms of Sp(2, R) 
to those of Sp(2, R). So, the above results might be regarded as the first 
half of an explicit mapping of forms of Sp(2) to those of Sp(2, R). 

(3) A relation to supersingular abelian varieties. We have some 
geometrical interpretation of dim mo(U~(p» (i=O, 1) and the Hecke 
operators. Let Hn be the class number of the principal genus of the 
definite quaternion hermitian space Dn with metric N(x l ) + ... +N(xn) for 
(XI' .• " xn) e Dn. Put 

U=G~ n (GLn(Oq)nG~). 
q 

Then, dim mo(U)=Hn' so dim mo(U~(p»=H2 (cf. Shimura [44]). For 
n= 1, it is known by Deuring [8] that HI is equal to the number of 
isomorphism classes of super singular elliptic curves E over fields of 
characteristic p. It is clear that the Brandt matrices defined by Eichler 
[9] coincide with matrices which consists of numbers of isogenies between 

. supersingular elliptic curves. Now, we assume n>2. We have a similar 
(but slightly different) relation also for these cases: Hn is equal to the 
number of principal polalizations of En up to Aut (En) (cf.Ibukiyama
Katsura-Oort [26], J-P. Serre [42]). Combining this fact for n=2 with 
some geometrical consideration, the number of supersingular curves of 
genus two with prescribed automorphism groups have been counted (Ibuki
yama-Katsura-Oort. loco cit.). This gives an example of explicit descrip
tions of T t in (1.3) up to isomorphisms. Next, let Ct(i= 1" .. ,Hn) be the 
complete set of representatives of the principal polarizations of En up 
to Aut (En). For natural integers m, put 
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where == denotes the algebraic equivalence. Put S(m)=(silm». On the 
other hand, denote by H(m)=(hilm» the Brandt matrix, i.e., the matrix 
induced from the Hecke operator T(m) on the right hand side of (1.4) 
(c.f. [15], § 1). Then, changing the numbering, if necessary, we get H(m) 
= SCm). The class number H~ of the non-principal genus in D2 is equal 
to dim ID(o(U~(p» (cf. Shimura [44]). It is known by Katsura-Oort [31] 
that H~ is equal to the number of irreducible components of the set of 
principally polarized supersingular abelian surfaces in the coarse moduli 
scheme A 2,1' 
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