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CHAPTER 1

Introduction

1. Overview

1.1. Background. An approach to geometry of smoothly bounded strictly

pseudoconvex domains is studying its relation to that of the Cauchy–Riemann

(CR) structure of the boundary. There is a clear-cut theorem, which is now clas-

sical, that describes an aspect of this correspondence. Let Ω1, Ω2 ⊂ Cn+1, n ≥ 1,

be smoothly bounded strictly pseudoconvex domains. Using the Hartogs–Bochner

Theorem [Bo], or more precisely a version of this theorem proved by Kohn–Rossi

[KR], one can easily show (see [BSW]) that if there is a CR-diffeomorphism

f : ∂Ω1 −→ ∂Ω2 between the boundaries, then it necessarily extends to a diffeo-

morphism F : Ω1 −→ Ω2 which is biholomorphic in Ω1. Conversely, a celebrated

work of Fefferman [F1] shows that, if F : Ω1 −→ Ω2 is biholomorphic, it extends to

a diffeomorphism Ω1 −→ Ω2 and thus induces a CR-diffeomorphism between the

boundaries.

Since Fefferman’s proof of the latter direction is based on the analysis of the

boundary behavior of the Bergman metric, one is naturally lead to a more detailed

research of the Bergman kernel. It was Fefferman’s idea (see [F3, BFG]) that one

can study the asymptotic expansion of the Bergman kernel as an analogue of the

heat kernel expansion in Riemannian geometry. The actual work of expressing the

singular parts of the expansion in terms of boundary CR invariants was carried out

by Fefferman himself [F3], Bailey–Eastwood–Graham [BEG], and Hirachi [Hi].

This direction keeps being studied as the “Fefferman’s program,” and nowadays it

is enlarged for a wider class of parabolic geometries (see [ČSl] and the forthcoming

second volume).

The Laplacian of the Bergman metric g is undoubtedly one of the most inter-

esting objects associated to g. A basic study of this operator is given by Epstein–

Melrose–Mendoza [EMM], who showed the meromorphicity of the resolvent of the

Bergman Laplacian. In their work, the importance of the Bergman metric g lives

in the fact that the singularity of g at the boundary is in some sense controlled

and that the leading part of the singularity recovers the CR structure naturally

given to the boundary—the higher-order asymptotics is not crucial. We say, after

Biquard [Bi], that a metric with a similar property is asymptotically complex hyper-

bolic (ACH). Epstein–Melrose–Mendoza took a geometric approach to state what
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2 1. INTRODUCTION

we call the ACH condition1: they defined the notion of Θ-structures on manifolds-

with-boundary, and formulate the ACH condition as a condition on fiber metrics

of the associated Θ-tangent bundle.

The advantage of considering ACH metrics is, apart from the fact that it is a

natural setting for the study of the Laplacian, that the class of CR structures at

the boundary can now be broaden to partially integrable structures. Let M be a

(2n+ 1)-dimensional C∞-manifold, and suppose that T 1,0M is a subbundle of the

complexified tangent bundle CTM of rank n that gives an almost CR structure,

i.e., such that T 1,0M ∩ T 1,0M = 0. Then it is partially integrable if and only if

(1.1) [C∞(M,T 1,0M), C∞(M,T 1,0M)] ⊂ C∞(M,T 1,0M ⊕ T 1,0M).

Partially integrable CR structures are somewhat mysterious objects, in the sense

that there are no known situations in which CR structures that are only partially

integrable are induced naturally on real hypersurfaces (unless they sit at the bound-

aries at infinity as in our case). However, partially integrable CR structures are at

the same time orthodox geometric objects because they are natural generalizations

of usual integrable CR structures that fall in the class of parabolic geometries, and

the existence of a canonical Cartan connection is established in [ČSc]. Moreover,

a lot of examples of partially integrable CR structures that are not integrable are

easily constructed by modifying integrable CR structures (see Subsection 3.7). Our

claim behind the work presented in this thesis is that the space of partially inte-

grable CR structures has a significance at least as the place where integrable CR

structures are modified.

We study the Einstein equation for ACH metrics in this thesis to generate CR

invariants on the boundary. The idea of using the Einstein equation for such a

purpose is again originally due to Fefferman [F2]. He considered the zero boundary

value problem of the complex Monge–Ampère equation on strictly pseudoconvex

domains, which is the equation for the Kähler-Einstein potential function. Feffer-

man’s finding was that the lower terms of the asymptotic expansion of the solution

can be easily related to the geometry of the boundary. The existence of the unique

exact solution is proved by Cheng–Yau [CY], and Lee–Melrose [LM] proved that it

admits an asymptotic expansion containing logarithmic terms. Graham [G1] com-

pletely identified the locally-determined and undetermined terms, and this enabled

to produce more CR invariants. Actually, the invariants built based on these works

are the ones that are used in [F3, BEG, Hi] to describe the singularity of the

Bergman kernel.

1Precise definitions of the ACH condition depend on authors. What they mean are essentially

the same, but one must be careful to the technicality of each definition. For example, Biquard’s

definition in [Bi] is well understood if compared to our Corollary 4.13.
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We also note that, as for ACH metrics, a perturbation result on the existence

of solutions of the Einstein equation is obtained by Biquard [Bi], and the existence

of asymptotic expansions is studied by Biquard–Herzlich [BH2].

1.2. Brief outline. In this thesis, we study asymptotic ACH solutions of the

Einstein equation. As an application, two CR invariants are constructed: the CR

obstruction tensor Oαβ , which is a local one, and the total CR Q-curvature Q,

which is global. Finally, Oαβ is characterized as the variation of Q with respect

to modifications of partially integrable CR structure. Here we explain some more

idea about what is discussed, along with the relations to other works. For precise

statements of the main theorems, see the next section.

In Chapter 2, basic materials and preparatory discussions on partially inte-

grable CR structures, Θ-structures and ACH metrics, and Bergman-type metrics

in the sense of [EMM] are presented.

In Chapter 3, we first construct an approximate solution to the Einstein equa-

tion that should be compared to Fefferman’s approximate solution to the Monge–

Ampère equation. Since there is no notion of potential functions for ACH metrics,

our approach to the equation is direct. In order to compensate for the shortage of

unknown functions due to the diffeomorphism invariance of the Einstein equation,

we need a technical use of contracted Bianchi identity in Riemannian geometry. An

obstruction Oαβ for nonexistence of logarithmic singularities occurs in the order a

little bit lower than that of the Monge–Ampère obstruction. As it is discussed in

the next section and proved in Chapter 3, this obstruction, which we call the CR

obstruction tensor, is a new CR invariant that occurs only in the nonintegrable

case. On the other hand, the counterpart for the Monge–Ampère obstruction does

not appear in the ACH-Einstein expansion. This is not contradictory because an

ACH metric may not be regarded as a Kähler metric even if it induces an integrable

CR structure on the boundary.

After that, we discuss what happens if we introduce logarithmic terms into

ACH metrics. We will formulate a system of partial differential equations on the

boundary that should be solved to construct an expansion that solves the Einstein

equation. We do not know if this system can be solved globally, or even locally,

but the formal solvability at a given point is guaranteed by Cauchy–Kovalevskaya

Theorem. All the locally undetermined terms are specified. A technical difficulty

here is that the form of induction changes compared to the construction of non-

logarithmic approximate solutions. We have to determine certain different-order

terms at the same induction step.

There are similar results to the ones explained so far in even-dimensional con-

formal geometry. In the conformal case, one considers the Einstein equation for
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asymptotically hyperbolic (AH) metrics2. Then, as briefly explained in [FG1] and

detailed in [FG3] by Fefferman–Graham, an obstruction Oij appears and an AH-

Einstein expansion can be constructed if a certain system of PDE can be solved.

The obstruction tensors in conformal and CR geometries has a similarity that the

both are symmetric 2-tensors. The CR obstruction tensor moreover has a property

that it takes values in Sym2(T 1,0M)∗, which makes sense only in CR geometry,

and it is preferable when one considers deformations of partially integrable CR

structures as described below.

We also remark that, in the 4-dimensional ACH case (hence with 3-dimensional

CR boundary), the asymptotics is investigated by Biquard–Herzlich [BH1] to some

extent for the purpose of obtaining a Burns–Epstein type formula.

In Chapter 4, we discuss the CR Q-curvature, which integrates to a global CR-

invariant real number called the total CR Q-curvature. This is constructed by using

the terms of ACH-Einstein expansions appearing before the CR obstruction tensor

occurs. Our construction is the ACH version of a work of Graham–Zworski [GZ]

for AH metrics. Namely, we consider eigenvalue problems for the Laplacian of

the non-logarithmic approximate ACH-Einstein metric. Depending on the spectral

parameter, the form of asymptotic expansions of possible solutions is strongly con-

trolled, and we can define a Dirichlet-to-Neumann-like operator Pk for each k ∈ Z+,

which is a differential operator of order 2k. It turns out that Pk is a CR-invariant

operator for k ≤ n+ 1. Among them, Pn+1 has a special property that Pn+11 = 0,

i.e., there is no zeroth-order term in Pn+1. This is why the CR Q-curvature appears.

Section 9 has some overlap with a work of Guillarmou–Sà Barreto [GS]. And

also, the case of strictly pseudoconvex domains is due to Hislop–Perry–Tang [HPT].

The final several pages of Chapter 4 is devoted to the first variational formula of

the total CR Q-curvature. Here deformations of partially integrable CR structure

are considered, which are infinitesimally represented by symmetric 2-tensors of the

type that allows taking the pairing with the CR obstruction tensor Oαβ . It is

shown that the derivative of the total CR Q-curvature is given by this pairing.

Since Oαβ vanishes for integrable CR structures, one concludes that the total CR

Q-curvature takes critical values at integrable structures. The proof is parallel to

the case of even-dimensional conformal structures by Graham–Hirachi [GH]. In

conformal geometry, conformally flat and conformally Einstein structures are large

classes with vanishing Fefferman–Graham obstruction tensor, and one can say that

integrable CR structures resemble to such conformal structures from the viewpoint

of the total Q-curvature.

2They are special class of conformally compact metrics, and a conformally compact Einstein

metric is necessarily AH. The term “Poincaré metrics” is also used for these metrics, but the usage

of this term is not fixed.
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2. Main theorems

Here we summarize important results that are shown in Chapters 3 and 4.

Basic notions and facts that will be described in the next chapter are freely used.

2.1. Smooth approximate Einstein metrics. A large portion of Chapter 3

is devoted to a discussion on the existence of an approximate solution of the Einstein

equation in the ACH category. By Proposition 4.4, the Levi-Civita connection of a

Θ-metric is a Θ-connection, so the Riemann curvature tensor and the Ricci tensor

are naturally regarded as Θ-tensors.

Theorem 2.1. Let (X, [Θ]) be a (2n+ 2)-dimensional Θ-manifold and T 1,0M

a compatible partially integrable CR structure on the boundary M = ∂X. Let

ρ ∈ C∞(X) be any boundary defining function. Then there exists a C∞-smooth

ACH metric g that induces T 1,0M on the boundary whose Ricci tensor satisfies, as

a Θ-tensor,

(2.1) Ric = −1

2
(n+ 2)g +O(ρ2n+2).

Up to the action of boundary-fixing Θ-diffeomorphisms on X, such an ACH metric

g is unique modulo O(ρ2n+2) Θ-tensors.

There is beauty in the simplicity of this statement, and it is also remarkable

that the condition (2.1) is sufficient when we later define the CR obstruction tensor.

On the other hand, for some purposes we will need a more improved metric. Note

that (2.1) means that Ric + 1
2 (n+ 2)g vanishes to (2n+ 2)nd order at ∂X as a 2-Θ-

tensor, not as a usual 2-tensor. It is automatic from (2.1) that the scalar curvature

satisfies Scal = −(n+ 1)(n+ 2) +O(ρ2n+2), but actually, (2.2) is possible.

Theorem 2.2. Under the assumption of Theorem 2.1, there exists a C∞-

smooth ACH metric g that induces T 1,0M on the boundary for which (2.1) and

(2.2) Scal = −(n+ 1)(n+ 2) +O(ρ2n+3)

are satisfied. Up to the action of boundary-fixing Θ-diffeomorphisms on X, such

an ACH metric g is unique modulo O(ρ2n+2) Θ-tensors with O(ρ2n+3) trace.

Theorems 2.1 and 2.2 reduce to Theorem 6.1 by using the normalization of

ACH metrics, and it is finally proved in Subsection 6.6. If we introduce the evenness

condition in Subsection 6.7, then the solution automatically improves a bit more.

Theorem 2.3. Under the assumption of Theorem 2.1, there exists an even

C∞-smooth ACH metric g that induces T 1,0M on the boundary for which (2.1)

and

(2.3) Scal = −(n+ 1)(n+ 2) +O(ρ2n+4)
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are satisfied. Up to the action of boundary-fixing Θ-diffeomorphisms on X, such

an even ACH metric g is unique modulo O(ρ2n+2) even Θ-tensors with O(ρ2n+4)

trace.

Although it is not strictly necessary, a systematic use of the evenness simplifies

various arguments. Chapter 4 can be seen as an example.

We introduce the following notions for the subsequent description.

Definition 2.4. Let (X, [Θ]) be a (2n+2)-dimensional Θ-manifold and T 1,0M

a compatible partially integrable CR structure on the boundary. An ACH metric

g with properties described in Theorem 2.1 is called a smooth approximate ACH-

Einstein metric. An even ACH metric g with properties in Theorem 2.3 is called a

smooth approximate even ACH-Einstein metric.

2.2. CR obstruction tensor. Construction of better approximate solutions

is obstructed in general. From the proof of Theorem 2.1, one simultaneously ob-

serves the following. For a smooth approximate ACH-Einstein metric g, we set

(2.4) Ric = −1

2
(n+ 2)g + ρ2n+2S.

Let TXΘ |∂X = R⊕K2⊕L be the orthogonal decomposition (4.2) and λρ : H −→ L

the isomorphism given in (4.5) associated to a choice of a boundary defining function

ρ, where H is the underlying contact distribution for T 1,0M . Consider λ∗ρS, which

is a C∞-smooth section of Sym2 CH∗. The decomposition CH = T 1,0M ⊕ T 1,0M

induces

(2.5) Sym2 CH∗ = Sym2(T 1,0M)∗ ⊕
(

(T 1,0M)∗ � (T 1,0M)∗
)
⊕ Sym2(T 1,0M)∗,

where � denotes the symmetric product. Using the abstract index notation (see

Subsection 3.3), the components of λ∗ρS with respect to (2.5) are written as

(λ∗ρS)αβ , (λ∗ρS)
αβ
, and (λ∗ρS)

αβ
.

Since λ∗ρS is a real tensor, the first and the third ones are related: (λ∗ρS)
αβ

=

(λ∗ρS)αβ . So there are only two independent components. Our claim is that (λ∗ρS)αβ
is determined only by (M,T 1,0M). The following result is proved in Subsection 7.1.

The notion of admissible boundary defining functions is given in Subsection 4.2.

Theorem 2.5. Let (X, [Θ]) be a (2n + 2)-dimensional Θ-manifold, T 1,0M a

compatible partially integrable CR structure on M = ∂X, and θ any fixed con-

tact form on M . Let g be a smooth approximate ACH-Einstein metric. Take an

admissible boundary defining function ρ ∈ Fθ and define S by (2.4). Then, the

tensor

(2.6) Oαβ := (λ∗ρS)αβ

does not depend on the choice of g. Moreover, there exists a universal expression

of Oαβ as a local pseudohermitian invariant.
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The last statement of Theorem 2.5 means that there is a polynomial represent-

ing Oαβ , which depends only on the dimension, of (the components of) the Levi

form, its dual, the Nijenhuis tensor, the pseudohermitian torsion tensor, the pseu-

dohermitian curvature tensor, and their first and higher-order covariant derivatives.

Actually more is true—instead of the full curvature tensor, we only need the Ricci

tensor.

In particular, Oαβ is determined only by the local geometry of (M,T 1,0M, θ).

So we define as follows.

Definition 2.6. The tensor Oαβ ∈ E(αβ) = C∞(M,Sym2(T 1,0M)∗) is called

the CR obstruction tensor of (M,T 1,0M, θ).

Returning back to Theorem 2.1, one notices that the condition on g has nothing

to do with choosing contact forms. So it is natural to consider another scale θ̂ =

e2Υθ for (2.6) keeping g fixed. Then, since Fθ̂ = eΥ̃Fθ (where Υ̃ is an arbitrary

smooth extension of Υ), it is immediate that the CR obstruction tensor Ôαβ for θ̂

is given by

(2.7) Ôαβ = e−2nΥOαβ .

In other words, if we define the density-weighted version Oαβ by

(2.8) Oαβ := Oαβ ⊗ θn ∈ E(αβ) (−n,−n),

then this is a CR-invariant tensor. Here θ is regarded as a density in E(−1,−1) by

(3.23).

Definition 2.7. The density-weighted tensor Oαβ ∈ E(αβ) (−n,−n) is called

the CR obstruction tensor of (M,T 1,0M).

The CR obstruction tensor actually is a nontrivial local invariant as we will see

in Subsection 7.2. Nevertheless we can prove the following remarkable fact here,

which shows that it is essential for our study to broaden our scope to partially

integrable CR structures.

Theorem 2.8. The CR obstruction tensor of a nondegenerate integrable CR

manifold always vanishes.

Proof. Since Oαβ admits a universal expression as a local pseudohermitian

invariant, the value of Oαβ at a point p ∈ M depends only on some finite jets

of T 1,0M and θ. It is known that any nondegenerate integrable CR structure

T 1,0M can be formally embedded at a given point p (see [K]), in the sense that,

for any given N ∈ N, one can take a C∞-embedding (not a CR embedding) of a

neighborhood U ⊂M of p into Cn+1 so that the N -jet of the induced CR structure

is the same as that of T 1,0M . Therefore the claim reduces to the case where the

CR structure is induced by some embedding into a domain of Cn+1. For such type
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of integrable CR structures, by Proposition 5.6, one can always construct a smooth

approximate ACH-Einstein metric such that E = O(ρ2n+4). Hence Oαβ = 0. �

Remark 2.9. When n = 1, the integrability condition for almost CR struc-

tures is automatically satisfied, so the obstruction tensor does not appear in this

dimension. This fact was observed by Biquard–Herzlich [BH1, Corollary 5.4].

There is also an interesting property of the CR obstruction tensor that should

be compared to the fact in conformal geometry that the Fefferman–Graham obstruc-

tion tensor is divergence-free [FG3]. LetDαβ : E(αβ) (−n,−n) −→ E(−n−2,−n−2)

be a differential operator defined as follows. For any choice of a contact form θ, the

trivialization Dαβ : E(αβ) −→ E is given by the following formula in terms of the

Tanaka–Webster connection:

Dαβ := ∇α∇β − iAαβ −Nγαβ∇γ − (∇γNγαβ).

One can check that this gives a well-defined operator by using the transformation

formulae in Subsection 3.5.

Theorem 2.10. The imaginary part of DαβOαβ always vanishes.

This is, as becomes apparent in Subsection 7.1, a consequence of the so-called

contracted Bianchi identity in Riemannian geometry.

2.3. Einstein metrics with logarithmic singularities. We shall also in-

vestigate how well the solution can be improved if we introduce logarithmic terms.

A continuous Θ-tensor S on X that is C∞-smooth in X is said to have logarithmic

singularity if it admits an asymptotic expansion of the form

(2.9) S ∼
∞∑
q=0

S(q)(log ρ)q, where S(q) are C∞-smooth in X.

By this we mean that, for any m ≥ 0, it holds that for sufficiently large N ,

rN := S −
N∑
q=0

S(q)(log ρ)q ∈ Cm(X) and rN = O(ρm).

The set of Θ-tensors with logarithmic singularities is denoted by A(X) (suppressing

the type of the tensors). If S ∈ A(X), then S(q) is unique modulo O(ρ∞).

If g is a Θ-metric with logarithmic singularity, then its Ricci tensor also has

only logarithmic singularity.

Theorem 2.11. Let (X, [Θ]) and T 1,0M be as in Theorem 2.1, and p ∈ ∂X.

Then there exists an ACH metric g with logarithmic singularity that induces T 1,0M

for which E := Ric + 1
2 (n+ 2)g formally vanishes at p, i.e., the Taylor expansion of

each coefficients E(q) vanishes at p.
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Theorem 2.11 is a consequence of Theorem 8.1 and its proof. On the other hand,

even if we introduce logarithmic singularities, there might be a global obstruction

to the existence of asymptotic solution to the Einstein equation. This point is

also discussed in Theorem 2.11, and it should be compared to the asymptotically

hyperbolic case.

In the language of logarithmic singularity, the CR obstruction tensor is “the

first logarithmic term,” or “the first obstruction to the existence of non-logarithmic

solutions.” It turns out that this is the first and last obstruction in the local sense.

The following result is shown in Subsection 8.5.

Theorem 2.12. Let (X, [Θ]) and T 1,0M be as in Theorem 2.1, and p ∈ ∂X. If

Oαβ(p) = 0, then there exists a smooth ACH metric that induces T 1,0M for which

E := Ric + 1
2 (n+ 2)g formally vanishes at p.

Recall from [G1] that, in the case of the zero boundary value problem for

the complex Monge–Ampère equation on bounded strictly pseudoconvex domains,

there is an obstruction to the existence, which is one real scalar-valued function on

∂Ω. Our result says that in the ACH category, at any given point on ∂Ω, we can

always erase the logarithmic terms.

2.4. Dirichlet-like problems. Next we consider the following Dirichlet-like

problem on a C∞-smooth ACH manifold (X, [Θ], g). Let k be a positive integer,

and suppose a real-valued function f ∈ C∞(M) is given. We want to find a solution

u to (
∆g −

1

4
((n+ 1)2 − k2)

)
u = 0

in the form

u = ρn+1−kF, F ∈ C∞(X), F |∂X = f.

Here ∆g is the Laplacian with positive spectrum.

This problem is not solvable in general, even if we consider in formal level. So,

to construct a formal solution we introduce logarithmic terms. For simplicity we

restrict to the case of even metrics, and the situation is summarized in the following

theorem, which is proved in Subsection 9.2.

Theorem 2.13. Let (X, [Θ]) be a Θ-manifold and g an even C∞-smooth ACH

metric. Suppose T 1,0M is the induced partially integrable CR structure, θ is a fixed

contact form, and ρ ∈ Fθ is an admissible boundary defining function. Then, for

any real-valued function f ∈ C∞(M), there exists a function u ∈ C∞(X) of the

form

(2.10) u = ρn+1−kF + ρn+1+k log ρ ·G, F , G ∈ C∞(X), F |∂X = f

that solves

(2.11)

(
∆g −

1

4
((n+ 1)2 − k2)

)
u = O(ρ∞).
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The function F is uniquely determined modulo O(ρ2k), and G is unique modulo

O(ρ∞). Moreover, there exists a differential operator Pk determined by g and θ

such that

(2.12) G|M = −2ckPkf, ck =
(−1)k

k!(k − 1)!
.

The principal symbol σ(Pk) of Pk is equal to σ(∆k
b ), where ∆b is the sublaplacian.

The condition (2.10) itself is independent of the boundary defining function ρ.

So if we take another contact form θ̂ = e2Υθ, then the function u is considered as a

solution associated to the Dirichlet datum f̂ = e−(n+1−k)Υf . Therefore we obtain

P̂k(e−(n+1−k)Υf) = e−(n+1+k)ΥPkf.

This means that, even if we do not specify θ, Pk is well-defined as an operator

between appropriate densities.

The operator Pk actually extends to a family Pk,s of differential operators

for which Pk,(n+1+k)/2 = Pk. The family Pk,s appears when we consider a similar

problem for equation (2.14). In Subsection 9.2, we also prove the following theorem.

Note that, although s is not allowed to be (n+1+k)/2 in this theorem, if we formally

put s = (n+ 1 + k)/2 into (2.14), then we get equation (2.11).

Theorem 2.14. Let s 6∈ (n+1+Z+)/2 be a real number. Suppose (X, [Θ]) and

g are as in Theorem 2.13. Then, for any real-valued function f ∈ C∞(M), there is

a function u ∈ C∞(X) of the form

(2.13) u = ρ2(n+1−s)F, F ∈ C∞(X), F |∂X = f

that solves

(2.14) (∆g − s(n+ 1− s))u ∈ C∞(X).

The function F is uniquely determined modulo O(ρ∞).

The proof of Theorem 2.14 is based on the normalization of the ACH metric g.

One concludes that the function F in (2.13) is given as

(2.15) F ∼ f + ρ2c1,sP1,s + ρ4c2,sP2,s + · · · ,

where Pl,ss are some differential operator determined by (M,T 1,0M, θ) and

(2.16) cl,s := (−1)l
l∏
i=1

1

2s− n− 1− i
.

The construction shows that Pl,s is actually polynomial in s, so the operator Pl,s

itself makes sense for any s ∈ R. The fact is that

(2.17) Pk = Pk,(n+1+k)/2.
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There is a special case where the problem of Theorem 2.13 becomes trivial. Let

k = n + 1, and take f ≡ 1 as the boundary datum. Then, since (2.11) reduces to

∆gu = O(ρ∞), the constant function u ≡ 1 solves (2.11). Hence we conclude:

(2.18) Pn+11 = 0.

Then equation (2.17) implies that the zeroth-order term of Pn+1,s has a factor

s− n− 1. We define

(2.19) Q :=

(
1

n+ 1− s
Pn+1,s1

)∣∣∣∣
s=n+1

.

Then Q satisfies the following remarkable transformation law.

Theorem 2.15. Let g be an even ACH metric on (X, [Θ]). If θ and θ̂ = e2Υθ

are two contact forms on the infinity (M,T 1,0M), then Q and Q̂ are related by

(2.20) e2(n+1)ΥQ̂ = Q+ Pn+1Υ.

As a consequence of this transformation law, if M is compact, the integral

(2.21) Q :=

∫
M

Qθ ∧ (dθ)n

does not depend on θ. This follows from (2.18) and the self-adjointness of Pn+1

with respect to the volume form θ∧ (dθ)n. The proof of the self-adjointness can be

given by the idea of Graham–Zworski [GZ] or the one of Fefferman–Graham [FG2].

2.5. Invariance and first variation of total CR Q-curvature. In the

previous subsection, we discussed general even ACH metrics. Now it is time to

introduce the Einstein condition.

Theorem 2.16. Let g be a smooth even approximate ACH-Einstein metric on

a Θ-manifold (X, [Θ]) that induces T 1,0M on the boundary. Then the operator Pk

does not depend on the ambiguity that lives in g if k ≤ n + 1, and Q is also inde-

pendent of the ambiguity. There are universal expressions of Pks and Q in terms of

local pseudohermitian invariants, and in the case of Pks, covariant differentiations

by the Tanaka–Webster connection.

The proof of Theorem 2.16 given in Subsection 10.1 is based on a careful obser-

vation of the Laplacian ∆g. This theorem allows us to give the following definition.

Definition 2.17. The operator Pk is called the kth CR-invariant power of

the sublaplacian of (M,T 1,0M). The function Q is called the CR Q-curvature of

(M,T 1,0M, θ). If M is compact, then the integral Q given by (2.21) is the total CR

Q-curvature, which is a CR-invariant real number.

In the case of integrable CR structures, there are other constructions of the

CR-invariant powers of the sublaplacian and the CR Q-curvature. In Subsection

5.3, we discuss the fact that our Pk and Q turn into the known ones for integrable
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CR structures. To prove this, we need to show that our Q vanishes for embedded

CR structures associated with an invariant contact form, and this will be given as

Proposition 10.2.

As the final theorem in this thesis, we prove the first variational formula of the

total CR Q-curvature in Subsection 10.2.

Theorem 2.18. Let (M,T 1,0M) be a compact nondegenerate partially inte-

grable CR manifold of dimension 2n+ 1. Let ψαβ ∈ E(αβ) (1, 1), and T̂ 1,0
t a smooth

1-parameter family of partially integrable CR structures based at T 1,0M , with fixed

underlying contact structure, that is tangent to ψαβ . Let Qt be the total CR Q-

curvature of (M, T̂ 1,0
t ). Then, the derivative of Qt at t = 0 is given by

(2.22)

(
d

dt
Qt

)∣∣∣∣
t=0

=
8 · (−1)n · n!(n+ 1)!

n+ 2

∫
M

Re(Oαβψαβ ).

Here, the indices are raised by the weighted Levi form hαβ of (M,T 1,0M), and Oαβ

is the obstruction tensor of (M,T 1,0M).

If this is combined with Theorem 2.8, then one can conclude that any nonde-

generate integrable CR structure is a critical point of the total Q-curvature.



CHAPTER 2

Preparations

3. Partially integrable CR structures

3.1. Partially integrable CR structures. Nijenhuis tensor. Recall that

an almost CR structure T 1,0M on an odd-dimensional smooth manifold M with

dimM = 2n+ 1, n ≥ 1, is a rank n subbundle of the complexified tangent bundle

CTM such that T 1,0M∩T 1,0M = 0. If the space of smooth sections C∞(M,T 1,0M)

is closed under the Lie bracket, then the almost CR structure T 1,0M is integrable.

Even when T 1,0M is not necessarily integrable, we say that it is partially integrable

if (1.1) is satisfied.

It is customary to say that T 1,0M is a CR structure when it is an integrable

almost CR structure. However, as we have two different integrability conditions, we

refrain from using this term in rigorous statements. Instead, we will say integrable

CR structures (resp. partially integrable CR structures) to call almost CR structures

that are integrable (resp. partially integrable).

If T 1,0M is an almost CR structure, then the direct sum T 1,0M ⊕ T 1,0M is

invariant under conjugation. Let H be the hyperplane distribution given by

H := Re(T 1,0M ⊕ T 1,0M) ⊂ TM.

Then T 1,0M ⊕ T 1,0M is equal to the complexification of H. We define a real

endomorphism J ∈ End(H) satisfying J2 = −idH by

J |T 1,0M = iidT 1,0M , J |T 1,0M = −iidT 1,0M .

Conversely, if we are given a hyperplane distribution H and J ∈ End(H) satisfying

J2 = −idH , then we obtain an almost CR structure T 1,0M by defining it as the

subbundle of CH that consists of i-eigenvectors of J . In this sense, we may consider

such a pair (H,J) as the real presentation of an almost CR structure. The partial

integrability condition is equivalent to

(3.1) [X,Y ]− [JX, JY ] ∈ C∞(M,H), X, Y ∈ C∞(M,H),

and the integrability holds if and only if the following is also satisfied:

(3.2) [X,Y ]− [JX, JY ] + J([JX, Y ] + [X,JY ]) = 0, X, Y ∈ C∞(M,H).

The left-hand side of (3.2) is C∞(M)-linear, and hence it defines a (1, 2)-tensor

over the subbundle H. We call 1/4 times this tensor the Nijenhuis tensor of the

13
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partially integrable CR structure and denote it by N . In complex terms,

N(X,Y ) = [X1,0, Y1,0]0,1 + [X0,1, Y0,1]1,0, X, Y ∈ C∞(M,CH),

where the subscripts “1, 0” and “0, 1” denote the projections from CH = T 1,0M ⊕
T 1,0M onto the each summand.

3.2. The Levi form. Nondegeneracy and strict pseudoconvexity. Let

T 1,0M be partially integrable. If θ is any (possibly locally-defined) 1-form on M

whose kernel is H, then the partial integrability condition (1.1) is equivalent to

that its exterior derivative dθ vanishes on T 1,0M ⊗ T 1,0M (and hence also on

T 1,0M ⊗ T 1,0M). The Levi form h is defined as the remaining component:

(3.3) h(Z,W ) := −i dθ(Z,W ) = i θ([Z,W ]), Z, W ∈ C∞(M,T 1,0M).

This is a hermitian form on T 1,0M in the sense that

h(Z,W ) = h(W,Z).

The real presentation is as follows: (3.3) is the restriction to T 1,0M ⊗T 1,0M of the

C-bilinear extension of

(3.4) h(X,Y ) := dθ(X, JY ) = −θ([X,JY ]), X, Y ∈ C∞(M,H).

This real 2-form is actually symmetric by 3.1. When it is complexified, this has a

chance to have nonzero values only on T 1,0M ⊗ T 1,0M and T 1,0M ⊗ T 1,0M . So

one can regard (3.4) as the “real extension” of (3.3). This real symmetric 2-form

is also identified with the Levi form.

The Levi form depends on θ, but it is immediate from the last expression in

(3.3) or (3.4) that it just scales when we take another θ. Invariantly, we define the

C-linear map

T 1,0M ⊗ T 1,0M −→ C(TM/H), Z ⊗W 7−→ (i[Z,W ] mod H).

It is natural to call this C(TM/H)-valued hermitian form the weighted Levi form,

because the complex line bundle C(TM/H) is the density bundle of biweight (1, 1)—

see Subsection 3.6.

We say that a partially integrable CR structure T 1,0M is nondegenerate if the

Levi form is a nondegenerate hermitian form at each point on M . This is equivalent

to that H is a contact distribution. So, when T 1,0M is nondegenerate, any choice

of θ exactly annihilating H is called a contact form for T 1,0M . Since θ defines a

hermitian form h on T 1,0M , it is also called a pseudohermitian structure. From

the viewpoint of comparing CR structures with conformal structures, choosing a

contact form corresponds to choosing a representative Riemannian metric from the

given conformal class.
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If the Levi form has definite signature, then T 1,0M is strictly (or strongly)

pseudoconvex. In this case, we can always take a globally-defined pseudohermitian

structure θ for which h is positive definite.

3.3. Index notation of tensors. A symmetry of the Nijenhuis tensor.

Let T 1,0M be a partially integrable CR structure. If {Zα } is a local frame of

T 1,0M , we put Zα = Zα and express various tensors over H by components with

respect to {Zα, Zα } and its dual frame. For example, the Nijenhuis tensor N is

a (1, 2)-tensor over H, so N is represented by the collection of (2n)3 functions,

each of which is denoted by N associated with two lower indices and a single upper

index. In this case, because of an obvious property of the Nijenhuis tensor, the only

components that can be nonzero are N γ
αβ and N γ

αβ
, which are defined by

N(Zα, Zβ) = N γ
αβ Zγ and N(Zα, Zβ) = N γ

αβ
Zγ .

Since N is a real tensor, these components satisfy

N γ
αβ = N γ

αβ
.

Moreover, since N(Z,W ) = −N(W,Z), the components has the following symme-

try:

(3.5) N γ
αβ = −N γ

βα , or equivalently, N γ
αβ = N γ

[αβ] .

As we saw above, the tensor N has components only in (T 1,0M)∗⊗ (T 1,0M)∗⊗
T 1,0M and (T 1,0M)∗⊗ (T 1,0M)∗⊗T 1,0M . The component with values in the first

is sometimes expressed as “the tensor N γ
αβ .” This is an example of the abstract

index notation [PR], and the idea is as follows. When this expression is used,

the symbol N γ
αβ does not stand for a function anymore. Instead, it should be

considered as representing the rule that determines the coefficients of Zα⊗Zβ ⊗ θγ

in the expansion of N when a local frame {Zα } is given. The characters α, β, γ

have no special meaning—even if we write N γ′

α′β′ , the tensor it refers to remains

the same, although N γ
αβ and N γ′

α′β′ should not be directly compared. The vector

bundle (T 1,0M)∗ ⊗ (T 1,0M)∗ ⊗ T 1,0M in which N γ
αβ takes values is denoted by

E γ
αβ . The space of sections is denoted by E γ

αβ , so it makes sense to write

N γ
αβ ∈ E γ

αβ .

Equation (3.5) is regarded as an abstract expression of the skew-symmetry of N

rather than a mere relation of specific components. The bundle of tensors with this

type of symmetry, namely
∧

2(T 1,0M)∗⊗T 1,0M , is denoted by E γ
[αβ] , so (3.5) can

also be described as

N γ
αβ ∈ E γ

[αβ] .

The abstract index notation is freely used in the sequel.

If T 1,0M is nondegenerate and a contact form θ is given, then we have the

Levi form h. Because it is a hermitian form, we write it h
αβ

using indices. Since
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h is a nondegenerate form, the dual of h is defined. This is a hermitian form on

(T 1,0M)∗, denoted by hαβ , satisfying

hαγh
βγ = δ β

α ,

where δ is the Kronecker delta and the Einstein summation convention is observed.

The hermitian forms h
αβ

and hαβ are used to lower and raise indices of other

tensors. For example, we define Nαβγ := hγσN
σ

αβ .

Proposition 3.1. For any contact form θ, it holds that

(3.6) Nαβγ +Nβγα +Nγαβ = 0.

Proof. Let { θα } be a set of 1-forms on M annihilating T 1,0M such that its

restriction to T 1,0M gives the dual frame for {Zα }. We set θα := θα. Then, by

the definition of the Nijenhuis tensor,

dθγ(Zα, Zβ) = −N γ
αβ .

Therefore, by differentiating

dθ = ih
αβ
θα ∧ θβ mod θ

and considering types we obtain N[αβγ] = 0. Then (3.6) follows by (3.5). �

In the case of tensors over TM , we specify one vector field T that is transverse

to H by using a choice of a contact form θ. This special vector field, called the

Reeb vector field, is characterized by

θ(T ) = 1, T dθ = 0.

By Cartan’s formula we obtain LT θ = 0. In particular, T is a contact vector field.

The complexified tangent bundle is decomposed into the sum

(3.7) CTM = CT ⊕ T 1,0M ⊕ T 1,0M.

If {Zα } is a local frame of T 1,0M , then the admissible coframe { θα } is the col-

lection of 1-forms vanishing on CT ⊕ T 1,0M such that { θα | T 1,0M } is the dual

coframe for {Zα }. This makes { θ, θα, θα } into the dual coframe for {T,Zα, Zα }.
The index 0 is used for components corresponding with T or θ.

3.4. Tanaka–Webster connection. Now we prove the existence theorem of

the Tanaka–Webster connection, which is a canonical connection in pseudohermi-

tian geometry. For partially integrable CR structures, this connection seems to

be first considered by Mizner [M]. A similar, but different, generalization of the

Tanaka–Webster connection is given by Tanno [Tno], and this is used in [BaD],

[BlD], and [S]. Compared to it, our connection has an advantage that it preserves

J . Instead, there is an additional component of the torsion tensor that can be

nonzero: Tor γ
αβ . But this is just the Nijenhuis tensor as we shall see after the

proof.
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Proposition 3.2. Let T 1,0M be a nondegenerate partially integrable CR struc-

ture and θ a contact form. Then there is a unique connection ∇ on TM satisfying

the following conditions:

(i) H, T , J , h are all parallel with respect to ∇;

(ii) The torsion tensor Tor(X,Y ) := ∇XY −∇YX − [X,Y ] satisfies

Tor(X, JY )− Tor(JX, Y ) = 2h(X,Y )T, X, Y ∈ Γ(H),(3.8a)

Tor(T, JX) = −J Tor(T,X), X ∈ Γ(H).(3.8b)

The conditions ∇J = 0 and ∇h = 0 make sense because H is parallel.

We discuss in the same way as in the integrable case, e.g., [Tnk]. Note first that,

since ∇ preserves H, J , and T , it is necessary that the complex-linear extension of

∇ respects the decomposition (3.7). The restriction of ∇ to the first summand is

determined by ∇T = 0. Moreover, since ∇ is originally a connection on TM , its

restriction to T 1,0M automatically determines that to T 1,0M . Therefore it suffices

to prove that we can uniquely determine a complex-linear connection ∇ on T 1,0M

so that ∇h = 0 and (3.8) are satisfied. In the following, Z, W , and V denote

arbitrary smooth sections of T 1,0M . In terms of complex vector fields, (3.8) is

rewritten as follows:

Tor(Z,W ) = ih(Z,W )T,(3.9a)

Tor(T,Z) ∈ C∞(M,T 1,0M).(3.9b)

Proof of Proposition 3.2. We first discuss the uniqueness. We prove that,

if ∇ satisfies ∇h = 0 and (3.9), then it should satisfy

∇ZW = [Z,W ]1,0,(3.10a)

h(∇ZW,V ) = Z(h(W,V ))− h(W, [Z, V ]0,1),(3.10b)

∇TW = [T,W ]1,0,(3.10c)

where the subscript “1, 0” (resp. “0, 1”) denotes the projection onto T 1,0M (resp.

T 1,0M) with respect to (3.7). Since Tor(Z,W ) = −ih(Z,W )T = −θ([Z,W ])T ,

∇ZW −∇WZ = [Z,W ] + Tor(Z,W ) = [Z,W ]1,0 + [Z,W ]0,1.

Therefore (3.10a) follows, and (3.10b) is an immediate consequence from (3.10a)

and ∇h = 0. Because ∇TW = [T,W ] + Tor(T,W ) by the definition of the torsion

tensor, (3.9b) implies (3.10c).

Now we prove that, if we define ∇ on T 1,0M by (3.10), then ∇h = 0 and

(3.9) follow. From (3.10a) and (3.10b), it is immediate that ∇Zh = ∇Zh = 0. We
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compute ∇Th as follows using T dθ = 0:

0 = −id2θ(T,Z,W )

= −i(T (dθ(Z,W ))− dθ([T,Z],W )− dθ([W,T ], Z))

= T (h(Z,W ))− h([T,Z]1,0,W )− h(Z, [T,W ]0,1)

= T (h(Z,W ))− h(∇TZ,W )− h(Z,∇TW )

= (∇Th)(Z,W ).

The torsion condition (3.9) is obvious from (3.10a) and (3.10c). �

Let us further examine the torsion of the Tanaka–Webster connection. Equation

(3.9a) shows that Tor(Z,W ) is completely determined by the Levi form, and (3.9b)

gives a local invariant A = Tor(T, ·) of pseudohermitian structure, which is the

pseudohermitian torsion tensor:

Tor 0
αβ

= ih
αβ
, Tor β

0α = −Tor β
α0 =: A β

α .

The remaining component Tor(Z,W ) is actually what we already know. This can

be seen from d2θ = 0 as follows. First, by the partial integrability, it is immediate

that θ(Tor(Z,W )) = 0. Moreover,

0 = −i d2θ(Z,W, V )

= Z(h(W,V ))−W (h(Z, V ))− h([Z,W ], V ) + h(Z, [W,V ]0,1)− h(W, [Z, V ]0,1)

= h(∇ZW,V )− h(∇WZ, V )− h([Z,W ], V )

= h(Tor(Z,W ), V ),

from which we conclude that Tor(Z,W ) ∈ C∞(M,T 1,0M). This is actually the

Nijenhuis tensor because Tor(Z,W ) = Tor(Z,W )0,1 = −[Z,W ]0,1 = −N(Z,W ).

In index notation,

(3.11) Tor γ
αβ = −N γ

αβ .

The consideration above leads to the following first structure equation, where { θα }
is the admissible coframe to {Zα } and {ω β

α } is the connection forms:

dθ = ih
αβ
θα ∧ θβ ,(3.12)

dθγ = θα ∧ ω γ
α −A

γ
α θα ∧ θ − 1

2N
γ

αβ
θα ∧ θβ .(3.13)

Proposition 3.3. Let Z be a section of T 1,0M . Then, the Tanaka–Webster

torsion tensor A is given by

(3.14) A(Z) = −[T,Z]0,1.

In particular, A vanishes if and only if T defines a transverse symmetry, i.e.,

T 1,0M is invariant under the flow generated by T . Furthermore, A has the following
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symmetry:

(3.15) Aαβ = Aβα.

Proof. Equation (3.14) is immediate from A(Z) = Tor(T,Z) = ∇TZ− [T,Z],

because we already know that it is a section of T 1,0M . Therefore, A vanishes if

and only if [T,Z] = LTZ is a section of T 1,0M for any Z ∈ C∞(M,T 1,0M), i.e.,

T 1,0M is invariant by the Reeb flow. Moreover,

Aαβ = h(A(Zα), Zβ) = −idθ([T,Zα], Zβ),

and combining d2θ = 0 and T dθ = 0 we obtain dθ([T,Zα], Zβ)− dθ([T,Zβ ], Zα).

Hence we conclude that (3.15) holds. �

The following lemma is useful when we prove identities involving covariant

derivatives. This is a generalization of [L2, Lemma 2.1] to the partially-integrable

case, and the proof needs no modification.

Lemma 3.4. Let T 1,0M be a nondegenerate partially integrable CR structure

and θ a contact form. In a neighborhood of any point p ∈ M , there exists a local

frame {Zα } of T 1,0M for which the Tanaka–Webster connection forms {ω β
α }

vanish at p.

For example, the exterior derivative of a 1-form σ = σαθ
α is given by

dσ = σα,βθ
β ∧ θα + σ

α,β
θβ ∧ θα + σα,0θ ∧ θα −A α

β
σαθ

β ∧ θ − 1
2N

α
βγ

σαθ
β ∧ θγ .

Here the covariant derivatives of tensors are denoted by indices after commas. In

the case of covariant derivatives of a scalar-valued function we omit the comma;

e.g., ∇αu = uα and ∇
β
∇αu = u

αβ
. By Lee’s argument [L2], one can show the

following lemma.

Lemma 3.5. The second covariant derivatives of a scalar-valued function u

satisfy the following:

(3.16) u
αβ
−u

βα
= ih

αβ
u0, uαβ −uβα = −N γ

αβ uγ , u0α−uα0 = A β
α u

β
.

Next we study the curvature:

R(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ].

If we set Π β
α = dω β

α − ω γ
α ∧ ω β

γ , we have R(X,Y )Zα = Π β
α (X,Y )Zβ . Let

Π
αβ

= R
αβστ

θσ ∧ θτ +W
αβγ

θγ ∧ θ +W
αβγ

θγ ∧ θ

+ V
αβστ

θσ ∧ θτ + V
αβστ

θσ ∧ θτ ,
(3.17)

where V β
α (στ) = V β

α (στ) = 0. Since ∇h = 0 we have Π
αβ

+ Π
βα

= 0, and hence

(3.18) R
αβστ

= R
βατσ

, W
αβγ

= −W
βαγ

, V
αβστ

= −V
βαστ

.
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We substitute (3.17) into the exterior derivative of (3.13) and compare the coeffi-

cients to obtain

R
αβστ

−R
σβατ

= −N γ
ασ N

τγβ
,(3.19a)

W
αβγ

= A
αγ,β
−NγσαA σ

β
,(3.19b)

V
αβστ

= i
2 (h

σβ
Aατ − hτβAασ) + 1

2Nστα,β .(3.19c)

The component R
αβρσ

is called the pseudohermitian curvature tensor. The pseu-

dohermitian Ricci and scalar curvatures are defined by

R
αβ

:= R γ

α γβ
and R := R α

α .

It is seen from the first identity of (3.18) that R
αβ

= R
βα

. We should be very

careful to the indices that are contracted, because (3.19a) implies

(3.20) R γ

γ αβ
= R

αβ
+NαστN

τσ
β

.

3.5. Change of contact forms. A choice of a contact form θ defines the

connection and supplies various pseudohermitian invariants. If a certain pseudo-

hermitian invariant is also preserved by any change of contact form, then it is called

a CR invariant. To investigate such invariants, we need the transformation law of

the connection and relevant quantities. As we do not need the full curvature tensor,

we make the following summary.

Proposition 3.6. Let θ and θ̂ = e2Υθ, Υ ∈ C∞(M), be two contact forms for a

nondegenerate partially integrable CR structure T 1,0M . Then, the Tanaka–Webster

connection forms, the torsions and the Ricci tensors are related as follows:

ω̂ β
α = ω β

α + 2(Υαθ
β −Υβθα) + 2δ β

α Υγθ
γ

+ 2i(Υβ
α + 2ΥαΥβ + 2δ β

α ΥγΥγ)θ,
(3.21a)

Âαβ = Aαβ + i(Υαβ + Υβα)− 4iΥαΥβ + i(Nγαβ +Nγβα )Υγ ,(3.21b)

R̂
αβ

= R
αβ
− (n+ 2)(Υ

αβ
+ Υ

βα
)− (Υ γ

γ + Υ γ
γ + 4(n+ 1)ΥγΥγ)h

αβ
.(3.21c)

Proof. The new Reeb vector field is T̂ = e−2Υ(T − 2iΥαZα + 2iΥαZα ) and

the admissible coframe dual to {Zα } is { θ̂α = θα + 2iΥαθ }. To establish (3.21a)

and (3.21b), it suffices to check that

dĥ
αβ

= ĥ
γβ
ω̂ γ
α + ĥαγω̂

γ

β

and

dθ̂γ = θ̂α ∧ ω̂ γ
α − ĥγβÂαβ θ̂

α ∧ θ̂ − 1
2N

γ

αβ
θ̂α ∧ θ̂β .

They are shown straightforward using (3.16). We compute Π̂ γ
γ = dω̂ γ

γ modulo

θ̂α ∧ θ̂β , θ̂α ∧ θ̂β , θ̂, or equivalently, modulo θα ∧ θβ , θα ∧ θβ , θ. By the first identity
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of (3.16) we obtain, modulo θ̂α ∧ θ̂β , θ̂α ∧ θ̂β , θ̂,

Π̂ γ
γ ≡ Π γ

γ − ((n+ 2)(Υ
αβ

+ Υ
βα

) + (Υ γ
γ + Υ γ

γ + 4(n+ 1)ΥγΥγ)h
αβ

)θα ∧ θβ

≡ (R
αβ
− (n+ 2)(Υ

αβ
+ Υ

βα
)− (Υ γ

γ + Υ γ
γ + 4(n+ 1)ΥγΥγ)h

αβ
)θ̂α ∧ θ̂β .

This proves (3.21c). �

3.6. Density bundles over CR manifolds. Here we sketch the concept of

density bundles following [GG] only in the case of integral biweights. Suppose that

we can take an (n + 2)nd root of the CR canonical bundle K =
∧
n+1(T 1,0M)⊥

(which is always possible locally). We fix such a line bundle, and write its dual

E(1, 0). We set

E(w,w′) := E(1, 0)⊗w ⊗ E(1, 0)⊗w
′
, w, w′ ∈ Z.

We call E(w,w′) the density bundle of biweight (w,w′). The space of E(w,w′) is

denoted by E(w,w′), and its elements are called densities. In particular, E(0, 0) =

C := C×M and E(0, 0) = C∞(M), which are also denoted by E and E . Since there

is a specified isomorphism E(−n− 2, 0) ∼= K, we can uniquely define a connection

∇ on E(1, 0) so that the induced connection on E(w,w′) agrees with the Tanaka–

Webster connection on K when w = −n − 2. The bundles and the spaces of

density-weighted tensors is indicated by adding the weight after the usual symbols.

For example,

E
αβ

(w,w′) := E
αβ
⊗ E(w,w′), E

αβ
(w,w′) := E

αβ
⊗ E(w,w′).

If there is no fear of confusion, density-weighted tensors are just called tensors.

Suppose that the line bundle H⊥ ⊂ T ∗M of contact forms is oriented; in the

rest of this subsection, contact forms are positive with respect to this orientation.

Farris [Fa] observed that, if ζ is a locally-defined nonvanishing section of K, there

is a unique contact form θ satisfying

(3.22) θ ∧ (dθ)n = in
2

n!(−1)qθ ∧ (T ζ) ∧ (T ζ),

where q is the number of the negative eigenvalues of the Levi form. We say that

this θ is volume-normalized by ζ. If we replace ζ with λζ, λ ∈ C∞(M,C×), then θ

changes to |λ|2/(n+2)θ. We set

|ζ|2/(n+2) = ζ1/(n+2) ⊗ ζ1/(n+2) ∈ E(−1,−1),

which is independent of the choice of the (n+2)nd root of ζ and linearly corresponds

to θ. Let |ζ|−2/(n+2) ∈ E(1, 1) be its inverse. Then we obtain a CR-invariant section

θ of T ∗M ⊗ E(1, 1):

θ := θ ⊗ |ζ|−2/(n+2).

Lemma 3.7. ∇θ = 0, where ∇ is the Tanaka–Webster connection for any θ.
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Proof. The volume normalization condition implies∇ζ = 0. Hence∇|ζ|2 = 0,

and therefore ∇|ζ|−2/(n+2) should be zero. �

Since θ determines a trivialization CH⊥ ⊗ E(1, 1) −→ C, there is a canonical

identification

(3.23) CH⊥ ∼= E(−1,−1).

This is compatible with the Tanaka–Webster connection because ∇θ = 0. Dually,

there is an identification

(3.24) C(TM/H) ∼= E(1, 1), (v mod CH) 7−→ θ(v).

We may as well be taking these isomorphisms as the definition of E(−1,−1) or

E(1, 1) when H⊥ is oriented. Then E(w,w) for w ∈ Z is defined only by the

contact distribution, and is globally defined if the orientation is given globally.

Since the Levi form h
αβ

and θ have the same scaling factor,

h
αβ

:= h
αβ
⊗ θ−1 ∈ E

αβ
(1, 1)

is a parallel CR-invariant tensor, where θ is considered as a density in E(−1,−1)

via (3.23). Its dual is hαβ ∈ Eαβ(−1,−1). Indices of density-weighted tensors are

lowered and raised by h
αβ

and hαβ unless otherwise stated.

The weighted versions of the Nijenhuis tensor, the pseudohermitian torsion and

curvature tensors are defined by

N γ
αβ := N γ

αβ , Aαβ := Aαβ , R β
α στ := R β

α στ .

When we deal with weighted tensors, ∇α, ∇α and ∇0 denote the components

of ∇ relative to θα, θα and θ. Since the transformation law (3.21a) of the Tanaka–

Webster connection forms does not contain the Nijenhuis tensor, that of covariant

derivatives of weighted tensors are just the same as in the integrable case. For

completeness, we include here the formulae from [GG].

Proposition 3.8. Let f ∈ E(w,w′) and σα ∈ Eα. If θ and θ̂ = e2Υθ are two

contact forms, then the associated Tanaka–Webster connections ∇, ∇̂ transform as

follows:

∇̂αf = ∇αf + wΥαf,

∇̂αf = ∇αf + w′Υαf,

∇̂0f = ∇0f + iΥγ∇γf − iΥγ∇γf

+
1

n+ 2
((w + w′)Υ0 + iwΥ γ

γ − iw
′Υ γ
γ + i(w′ − w)ΥγΥγ)f,

∇̂ατβ = ∇ατβ −Υατβ −Υβτα ,

∇̂ατβ = ∇ατβ + hβαΥγτγ ,

∇̂0τβ = ∇0τβ + iΥγ∇γτβ − iΥγ∇γτβ − i(Υ
γ
β −ΥβΥγ)τγ .
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3.7. Deformations of partially integrable CR structures. A partially

integrable CR structure T 1,0M with underlying hyperplane distribution H is natu-

rally regarded as a section of the Grassmannian bundle of n-dimensional subspaces

associated to CH. Suppose T̂ 1,0 is another almost CR structure on the same dis-

tribution H. If T̂ 1,0 projects onto T 1,0M by the projection map CH = T 1,0M ⊕
T 1,0M −→ T 1,0M , then it is described by a C-homomorphism ϕ : T 1,0M −→
T 1,0M as follows:

(3.25) T̂ 1,0 =
∐
p∈M

T̂ 1,0
p , T̂ 1,0

p = {Z + ϕp(Z) | Z ∈ T 1,0
p M } .

In this sense, a sufficiently small almost CR deformation of T 1,0M is described

by ϕ ∈ Hom(T 1,0M,T 1,0M). For the converse, let ι : T 1,0M −→ T 1,0M be the

complex conjugation. Then, if the pointwise eigenvalues of ι ◦ ϕ are all less than

1, then the subbundle T̂ 1,0 defined by (3.25) is an almost CR structure. Note that

id +ϕ : T 1,0M −→ T̂ 1,0 is an isomorphism under this condition on the eigenvalues.

Proposition 3.9. Let T 1,0M be a nondegenerate partially integrable CR struc-

ture and ϕ ∈ Hom(T 1,0M,T 1,0M) a C-homomorphism such that the pointwise

eigenvalues of ι ◦ ϕ are all less than 1. Then, T̂ 1,0 is partially integrable if and

only if

ϕαβ = ϕβα,

where

ϕαβ := hβγϕ
γ
α ∈ Eαβ (1, 1)

and h
αβ

is the weighted Levi form of T 1,0M .

Proof. Let {Zα } be a local frame of the original partially integrable CR

structure T 1,0M . Then { Ẑα = Zα + ϕ β
α Zβ } is a local frame of T̂ 1,0. The latter

almost CR structure is partially integrable if and only if

θ([Ẑα, Ẑβ ]) = θ([Zα + ϕ σ
α Zσ, Zβ + ϕ τ

β Zτ ]) = 0,

where θ is any contact form. Since θ annihilates [Zα, Zβ ] = [Zσ, Zτ ] by the partial

integrability, this is equivalent to

θ([Zσ, Zβ ])ϕ σ
α + θ([Zα, Zτ ])ϕ τ

β = 0,

or ϕαβ − ϕβα = 0. �

Suppose T̂ 1,0
t is a smooth 1-parameter family of nondegenerate partially in-

tegrable CR structures defined for small |t| sharing the same underlying contact

distribution (this condition for the underlying contact distribution is always implic-

itly assumed in the sequel). Suppose T̂ 1,0
t is based at T 1,0M , i.e., T̂ 1,0

0 = T 1,0M .

Then, after restricting for smaller |t| if necessary, T̂ 1,0
t is described by a family
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ϕt ∈ Hom(T 1,0M,T 1,0M) such that (ϕt)αβ is symmetric. So we make the follow-

ing definition. The CR invariance, and the meaning, of the condition (3.26) will

become clear in Proposition 3.11.

Definition 3.10. Let T 1,0M be a nondegenerate partially integrable CR struc-

ture. Then any tensor ψαβ ∈ E(αβ) (1, 1) is said to determine an infinitesimal de-

formation of partially integrable CR structure. If T 1,0M is integrable, then ψαβ is

called integrable if the following holds:

(3.26) ∇[αψβ]γ = 0.

When T̂ 1,0
t is a smooth 1-parameter family of partially integrable CR structures

based at T 1,0M , then it is said to be tangent to ψαβ if ϕ•αβ = ψαβ , where ϕ•αβ is

the derivative at t = 0 of (ϕt)αβ described in the last paragraph.

We want to compute the variations of various tensors associated to partially in-

tegrable CR structure. In order to do this, we use the isomorphism id+ϕ : T 1,0M →
T̂ 1,0. For example, the Levi form ht (with respect to a fixed θ) is a hermitian form

on T̂ 1,0
t , so we consider the pullback of this form by id + ϕt. Then ht becomes a

hermitian form T 1,0M for all t (we still use the symbol ht for the pullback). If

{Zα } is a local frame of T 1,0M , then

(ht)αβ = i dθ(Ẑα, Ẑβ) = i dθ(Zα + tψ σ
α Zσ, Zβ + tψ τ

β
Zτ ) +O(t2)

= i dθ(Zα, Zβ) +O(t2) = h
αβ

+O(t2).

Hence we obtain

(3.27) h•
αβ

= 0.

Other tensors will be treated similarly in the sequel. If there is contravariant factors,

then we push them forward by (id + ϕ)−1.

Proposition 3.11. Let T 1,0M be a nondegenerate integrable CR structure and

T̂ 1,0
t is a 1-parameter family of partially integrable CR structures based at T 1,0M

that is tangent to ψαβ . Then the variation of the Nijenhuis tensor is given by

(3.28) N• γ
αβ = 2∇[αψ

γ
β] .

Proof. Let {Zα } be a special local frame stated in Lemma 3.4, for which the

Tanaka–Webster connection forms {ω β
α } vanish at p ∈M . Recall that (Nt)

γ
αβ =

θ̂γ([Ẑα, Ẑβ ]) = −dθ̂γ(Ẑα, Ẑβ). Because θ̂γ = θγ − tψ γ
σ θσ +O(t2),

(Nt)
γ

αβ = θγ([Ẑα, Ẑβ ])− tψ γ
σ θσ([Zα, Zβ ]) +O(t2).

The second term vanishes at p because of (3.13) and that θσ([Zα, Zβ ]) = −dθσ(Zα, Zβ).

The first term is computed at p as follows, again using (3.13) and the fact that
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T 1,0M is integrable:

θγ([Ẑα, Ẑβ ]) = θγ([Zα, Zβ ]) + tθγ([ψ σ
α Zσ, Zβ ]) + tθγ([Zα, ψ

τ
β Zτ ]) +O(t2)

= tθγ(ψ σ
α [Zσ, Zβ ]− (Zβψ

σ
α )Zσ)

+ tθγ(ψ τ
β [Zα, Zτ ] + (Zαψ

τ
β )Zτ ) +O(t2)

= t(Zαψ
γ
β − Zβψ

γ
α ) +O(t2) = t(∇αψ

γ
β −∇βψ

γ
α ) +O(t2).

Therefore (3.28) follows. �

3.8. Deformations on the Heisenberg group. Let M = H be the Heisen-

berg group of dimension 2n+ 1:

H := { z = (z′, w) ∈ Cn × C | Imw = |z′|2 } .

By setting t := Rew, we can identify H with Cn × R = { (z′, t) }. If we write

z′ = (zα) = (z1, . . . , zn), the standard CR structure T 1,0M is spanned by

Zα :=
∂

∂zα
+ izα

∂

∂t
, α = 1, ..., n.

The frame {Zα } is called the standard frame. The following is the standard contact

form:

θ :=
1

2

(
dt− i

n∑
α=1

(zα dzα − zα dzα)

)
.

The associated Reeb vector field T = 2 ∂/∂t and { θα = dzα } is the admissible

coframe for the standard frame {Zα }. The Levi form is given by

h
αβ

=

1, if α = β,

0, otherwise.

Since dθα = 0, the Tanaka–Webster connection forms ω β
α and the pseudohermitian

torsion tensor A β
α all vanish identically.

Proposition 3.12. Let M = H be the (2n+ 1)-dimensional Heisenberg group.

Suppose T̂ 1,0
t is a family of partially integrable CR structure based at the standard

CR structure that is tangent to ψαβ . Then, the variations of the pseudohermitian

torsion tensor Aαβ and the pseudohermitian Ricci tensor R
αβ

associated to the

standard contact form θ are given by

(3.29) A•αβ = −∇0ψαβ , R•
αβ

= −∇α∇σψβσ −∇β∇
τψατ .

Proof. We use the standard frame {Zα } for computation. Then,

[T, Ẑα] = t(∇0ψ
β

α )Zβ +O(t2),

and hence, by (3.14),

(At)
β
α = −θ̂β([T, Ẑα]) = −θβ([T, Ẑα]) +O(t2) = −∇0ψ

β
α +O(t2).
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Moreover, because

[Ẑα, Ẑβ ] = t((∇αψ σ
β

)Zσ − (∇
β
ψ τ
α )Zτ ) +O(t2),

by (3.10a)–(3.10c) we have

(ωt)
β
α (Ẑγ) = −t∇αψ

β
γ +O(t2),

(ωt)
β
α (Zγ) = t∇βψαγ +O(t2),

(ωt)
β
α (T ) = O(t2).

Because the Nijenhuis tensor is O(t), from (3.20) we obtain

(Rt)αβ = (Rt)
γ

γ αβ
+O(t2) = (d(ωt)

γ
γ )(Ẑα, Ẑβ) +O(t2)

= Ẑα(ωt)
γ
γ (Ẑβ)− Ẑβ(ωt)

γ
γ (Ẑα)− (ωt)

γ
γ ([Ẑα, Ẑβ ]) +O(t2)

= −t(∇α∇γψβγ +∇
β
∇γψαγ ) +O(t2).

This completes the proof. �

4. Θ-structures and asymptotically complex hyperbolic metrics

4.1. Θ-structures. Here we introduce the notion of Θ-structure due to Epstein–

Melrose–Mendoza [EMM]. The description in [GS] is also helpful.

Let X be a smooth manifold-with-boundary with dimension 2n + 2, n ≥ 1.

Suppose we are given a section of T ∗X defined only along the boundary:

Θ ∈ C∞(∂X, T ∗X|∂X).

We assume the following conditions on Θ, where ι : ∂X ↪→ X is the inclusion map:

(i) ι∗Θ is a nowhere vanishing 1-form on ∂X;

(ii) Moreover, the kernel of θ = ι∗Θ is a contact distribution on ∂X, i.e.,

θ ∧ (dθ)n is nowhere vanishing.

Some of the following discussion still works without (ii), but for simplicity we take

it for granted from the beginning.

A subset VΘ of C∞(X,TX) is defined as follows. Let Θ̃ ∈ C∞(X,T ∗X) be

any smooth extension of Θ. Then, for an arbitrary boundary defining function

ρ ∈ C∞(X), a vector field V ∈ C∞(X,TX) belongs to VΘ if and only if

V ∈ ρC∞(X,TX), Θ̃(V ) ∈ ρ2C∞(X).

By the first condition, whether the second is satisfied or not is determined only by

Θ. Moreover, it is clear that VΘ depends only on the conformal class of Θ. So,

we define the notion of Θ-structure as follows; if a Θ-structure is given, then VΘ is

defined without ambiguity.

Definition 4.1. A Θ-structure on a smooth manifold-with-boundary X is a

conformal class [Θ] of elements of C∞(∂X, T ∗X|∂X) satisfying conditions (i) and



4. Θ-STRUCTURES AND ASYMPTOTICALLY COMPLEX HYPERBOLIC METRICS 27

(ii) above. A pair (X, [Θ]) is called a Θ-manifold. Any contact form that belongs

to the class ι∗[Θ] is called a compatible contact form on ∂X.

There is a canonical smooth vector bundle TXΘ of rank 2n+ 2 over X, whose

global sections are identified with the elements of VΘ. Over the interiorX, ( TXΘ )|X
is isomorphic to the usual tangent bundle TX. To illustrate the structure near p ∈
∂X, let {N,T, Yi } = {N,T, Y1, . . . , Y2n } be a local frame of TX in a neighborhood

of p dual to a certain coframe of the form { dρ, Θ̃, αi }, where Θ̃ is an extension of

some representative Θ ∈ [Θ]. Then any V ∈ VΘ is, near p, expressed as

(4.1) V = aρN + bρ2T + ciρYi, a, b, ci ∈ C∞(X).

Hence { ρN, ρ2T, ρYi } extends to a frame of TXΘ near p ∈ ∂X. One can also see

from this that VΘ is a Lie subalgebra of C∞(X,TX).

Definition 4.2. The vector bundle TXΘ is called the Θ-tangent bundle, and

its dual vector bundle is the Θ-cotangent bundle T ∗XΘ . Their sections are called

Θ-vector fields and 1-Θ-forms, respectively. Sections of tensor products of TXΘ s

and T ∗XΘ s are called Θ-tensors in general.

For p ∈ ∂X, let Fp be the set of Θ-vector fields that vanish at p. Then the fiber

TpX
Θ is naturally identified with the quotient vector space VΘ/Fp. The point is

that Fp is an ideal of VΘ, as it is verified using (4.1), and therefore TpX
Θ is a Lie

algebra. Thanks to the contact condition (ii), its derived series is

K2,p ⊂ K1,p ⊂ TpX
Θ ,

where

K1,p := 〈ρ2T, ρY1, . . . , ρY2n〉 /Fp, K2,p := 〈ρ2T 〉 /Fp.

Collecting these subspaces, we obtain two subbundles of TXΘ |∂X , which we write

K1 and K2. The line bundle K2 has a canonical orientation, with respect to which

tp ∈ K2,p\{ 0 } is positive if and only if Θ̃(t̃) ≥ 0 near p, where Θ̃ and t̃ are arbitrary

extensions of Θ and tp, respectively.

Any fiber metric g of TXΘ is called a Θ-metric. Since TXΘ |X is canonically

identified with TX, g can be regarded as a Riemannian metric defined on X, and

hence it determines the Levi-Civita connection ∇. Actually, ∇ has a property that

is suitable for manipulations involving Θ-tensor bundles as follows.

Definition 4.3. A Θ-connection on a Θ-manifold (X, [Θ]) is an R-linear map-

ping

∇ : C∞(X, TXΘ ) −→ C∞(X, T ∗XΘ ⊗ TXΘ ) = C∞(X,End( TXΘ )),

such that ∇X(fY ) = (Xf)Y +f∇XY for f ∈ C∞(X), where we write (∇Y )(X) =

∇XY .
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Proposition 4.4. Let g be a Θ-metric on a Θ-manifold. Then its Levi-Civita

connection ∇ satisfies

X, Y ∈ VΘ =⇒ ∇XY ∈ VΘ.

Therefore, ∇ is naturally regarded as a Θ-connection.

Proof. If ΓKIJ is the Christoffel symbol for the Levi-Civita connection of g

with respect to a local frame {YI } of TXΘ , then ΓKIJ := gKLΓLIJ is a linear

combination of the derivatives YIgKL and CKIJ , where [YI ,YJ ] = CKIJ YK and

CKIJ := gKLC
L
IJ . Since VΘ is closed under the Lie bracket, the coefficients CKIJ

are smooth up to the boundary of X. �

4.2. ACH metrics. Let g be a Θ-metric with possibly indefinite signature.

Recall the canonical filtration K2 ⊂ K1 ⊂ TXΘ |∂X . We would like to consider the

orthogonal decomposition

(4.2) TXΘ = R⊕K1, K1 = K2 ⊕ L;

this is always possible if g is positive definite. In the case of indefinite metrics, we

assume that this is possible. The 1-Θ-form dρ/ρ is, if restricted to ∂X, independent

of the choice of a boundary defining function ρ. This (dρ/ρ)|∂X is a canonical section

of the line bundle K⊥1 ⊂ T ∗XΘ . We assume that the following two conditions are

satisfied: ∣∣∣∣dρρ
∣∣∣∣2
g

=
1

4
at ∂X,(4.3)

g is positive-definite on K2.(4.4)

If we define r ∈ C∞(∂X,R) by (dρ/ρ)(r) = 1, then (4.3) is equivalent to |r|2g = 4.

Note that if these conditions are satisfied then the orthogonal decomposition (4.2)

is automatically possible.

When we fix Θ ∈ [Θ] and ρ, then (Θ̃/ρ2)|K2
is a well-defined section of K∗2 .

It is also true that this is determined by θ = ι∗Θ and ρ. Let t be the section of

K2 given by the condition (Θ̃/ρ2)(t) = 1. We say that ρ is an admissible boundary

defining function for θ if |t|2g = 1. Let Fθ be the set of preferred boundary defining

functions for θ. Condition (4.4) guarantees that Fθ is not empty for any θ.

Lemma 4.5. Let g be a fixed Θ-metric satisfying (4.4). Then, the first jet

of ρ ∈ Fθ is uniquely determined by θ. This gives a one-to-one correspondence

between compatible contact forms and the first jets of boundary defining functions.

Furthermore, for given θ, Fθ is determined only by g|∂X .

Proof. Two preferred boundary defining functions ρ1 and ρ2 for the same θ

should satisfy Θ̃/ρ2
1 = Θ̃/ρ2

2 along ∂X, and this is equivalent to that ρ1 = ρ2+O(ρ2).

The second statement is because, for any boundary defining function ρ, there is a
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compatible contact form θ for which ρ is preferred. The last assertion is obvious

by the definition. �

Let H ⊂ T (∂X) be the contact distribution associated to [Θ]. Given a bound-

ary defining function ρ, there is a vector-bundle isomorphism

(4.5) λρ : H → L, Yp 7→ πp(ρỸ mod Fp),

where Ỹ ∈ C∞(X,TX) is any extension of Yp ∈ Hp and πp : K1,p → Lp is the

projection with respect to the decomposition (4.2). Again, λρ depends only on the

first jet of ρ.

Definition 4.6. Let (X, [Θ]) a Θ-manifold and M = ∂X. An ACH metric is

a Θ-metric g satisfying (4.3), (4.4) and the following additional conditions:

(i) For any p ∈ ∂X, the map

(4.6) Lp −→ TpX
Θ , Zp 7−→ [rp, Zp],

is the identity map onto Lp;

(ii) There is a nondegenerate partially integrable CR structure T 1,0M with

underlying contact structure H such that, for some (hence for any) com-

patible contact form θ on M , λ∗ρ(g|L) agrees with the Levi form, where

ρ is a preferred boundary defining function for θ.

If g is an ACH metric, then the triple (X, [Θ], g) is called an ACH manifold.

On condition (ii), the assumption of partial integrability is actually not restric-

tive here, since if λ∗ρ(g|L) = (dθ)|H(·, J ·) holds for the endomorphism J giving an

almost CR structure T 1,0M , then (dθ)|H(·, J ·) is symmetric, which implies that

T 1,0M is partially integrable. Furthermore, because of the contact condition, J is

uniquely determined. So we can define as follows.

Definition 4.7. We say that (M,T 1,0M) is the infinity of the ACH manifold,

or that T 1,0M is induced by the ACH metric g.

Here is a technical lemma used in the next subsection.

Lemma 4.8. Let g be a Θ-metric satisfying (4.3) and (4.4). Suppose that there

is a local frame {N,T, Yj } of TX around p ∈ ∂X, which is dual to { dρ, Θ̃, αj },
such that

dΘ̃(N,Yj) = −Θ̃([N,Yj ]) = O(ρ) and Rp = 〈ρN〉 /Fp.

Then, the map (4.6) is the identity onto Lp if and only if Lp = 〈ρY1, . . . , ρY2n〉 /Fp.

Proof. Since rp = (ρN)p, [ρN, ρ2T ] ≡ 2ρ2T and [ρN, ρYj ] ≡ ρYj modulo

Fp. �
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4.3. Normalization of ACH metrics. Let (X, [Θ], g) be an ACH manifold

and M = ∂X. We have seen in Lemma 4.5 that a first jet of boundary defining

functions is uniquely determined for each θ. There is a canonical way to extend it

to a germ along ∂X as shown below. This (germ of) boundary defining function(s)

is called the model boundary defining function following the terminology of [GS].

Lemma 4.9. Let g be a Θ-metric satisfying (4.3), (4.4). Then, for any com-

patible contact form θ, there exists a boundary defining function ρ whose first jet

corresponds to θ via Lemma 4.5 that satisfies

(4.7)

∣∣∣∣dρρ
∣∣∣∣2
g

=
1

4
near ∂X.

The germ of ρ along ∂X is unique.

Proof. Take any admissible boundary defining function ρ′ as a reference, and

set ρ = eψρ′. Then |dρ/ρ|2g = 1/4 is equivalent to

(4.8)
2Xρ′

ρ′
ψ + ρ

∣∣∣∣dψρ′
∣∣∣∣2
g

=
1

ρ′

(
1

4
−
∣∣∣∣dρ′ρ′

∣∣∣∣2
g

)
,

where Xρ′ := ]g(dρ
′/ρ′) is the dual Θ-vector field of dρ′/ρ′ with respect to g. If we

write

Xρ′ = aρN + bρ2T + ciρYi, a, b, ci ∈ C∞(X),

then the assumption (4.3) implies that (dρ′/ρ′)(Xρ′) = 1/4 on ∂X, and hence

a = 1/4 on ∂X. Hence (4.8) is a noncharacteristic first-order PDE. The first-jet

condition implies that ψ should be zero along ∂X, and thus we obtain a unique

solution of (4.8) near ∂X. �

Fix any compatible contact form θ. Let ρ be a model boundary defining func-

tion associated to θ and Xρ := ]g(dρ/ρ). We consider the smooth map induced by

the flow Flt of the vector field 4Xρ/ρ, which is transverse to ∂X:

Φ: (an open neighborhood of M in M × [0,∞)) −→ X, (p, t) 7−→ Flt(p).

Here M is identified with M×{ 0 }. The manifold-with-boundary M×[0,∞) carries

a standard Θ-structure [Θ]std, which is given by extending the class of contact forms

in such a way that it annihilates ∂t. On the other hand, [Θ] annihilates 4Xρ/ρ along

∂X because

Θ̃(4Xρ/ρ) = 4ρg(dρ/ρ, Θ̃/ρ2) = O(ρ).

Therefore, we conclude that Φ is a Θ-diffeomorphism, i.e., a diffeomorphism pre-

serving Θ-structures, onto its image. Since dρ(4Xρ/ρ) = 4g(dρ, dρ/ρ2) = 1, it holds

that t = Φ∗ρ and that t∂t is orthogonal to ker(dt/t) with respect to the induced

Θ-metric Φ∗g. Moreover, |t∂t|2Φ∗g = |4Xρ|2g = 4, and hence t is the model boundary

defining function on (M × [0,∞)t, [Θ]std,Φ
∗g) for θ.
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Definition 4.10. Let (M,T 1,0M) be a nondegenerate partially integrable CR

manifold and X := M × [0,∞)ρ equipped with the standard Θ-structure. Let θ a

contact form on (M,T 1,0M). Then a normal-form ACH metric g for (M,T 1,0M, θ)

is an ACH metric defined near the boundary ofX satisfying the following conditions:

(i) ρ∂ρ is orthogonal to ker(dρ/ρ) with respect to g;

(ii) ρ is a model boundary defining function on (X, [Θ]std, g) for θ;

(iii) the induced partially integrable CR structure at infinity is the original

one.

The triple (X, [Θ]std, g) is called a normal-form ACH manifold for (M,T 1,0M, θ).

The discussion so far in this subsection is summed up as follows.

Proposition 4.11. Let (X, [Θ], g) be an ACH manifold with C∞-smooth ACH

metric g, and (M,T 1,0M) its infinity. Then, for any choice of a compatible contact

form θ, a sufficiently small neighborhood of the boundary of (X, [Θ], g) is iden-

tified with a normal-form ACH manifold for (M,T 1,0M, θ) via a boundary-fixing

Θ-diffeomorphism.

Proposition 4.12. Let (M,T 1,0M) be a nondegenerate partially integrable CR

manifold and X := M × [0,∞)ρ carrying the standard Θ-structure. Let {Zα } be

a local frame of T 1,0M , { θα } a family of 1-forms on M such that { θα | T 1,0M } is

the dual coframe for {Zα }. Let θ be a contact form on (M,T 1,0M). The 1-forms

θ, θα and θα are extended in such a way that they annihilate ∂ρ and are killed by

L∂ρ . Then, a Θ-metric g onX is a normal-form ACH metric for (M,T 1,0M, θ) if

and only if it is of the form

(4.9) g = 4

(
dρ

ρ

)2

+ g00

(
θ

ρ2

)2

+ 2g0A

θ

ρ2

θA

ρ
+ gAB

θA

ρ

θB

ρ
,

where the indices A, B run { 1, . . . , n, 1, . . . , n }, and satisfies

(4.10) g00 |M = 1, g0α |M = 0, g
αβ
|M = h

αβ
, and gαβ |M = 0,

where h
αβ

is the Levi form associated with θ.

Proof. The condition ρ∂ρ ⊥g ker(dρ/ρ), together with that ρ is a model

boundary defining function, implies that g is of the form (4.9). Because ρ is pre-

ferred for θ, g00 must be 1 at M . By Lemma 4.8, the condition (i) in Definition

4.6 is equivalent to g0α |M = 0 in this situation. The given partially integrable CR

structure T 1,0M is induced by g if and only if g
αβ
|M = h

αβ
and gαβ |M = 0. �

Corollary 4.13. Let (X, [Θ]) be a compact Θ-manifold and T 1,0M is a com-

patible strictly pseudoconvex partially integrable CR structure on the boundary. Take
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a C∞-smooth ACH metric g0 that is, after normalized by some contact form θ, writ-

ten as follows, where θ and { θα } on M × [0,∞) are taken as in Proposition 4.12:

(4.11) g0 = 4

(
dρ

ρ

)2

+

(
θ

ρ2

)2

+ 2h
αβ

θα

ρ

θβ

ρ
.

Here h
αβ

is the Levi form of (M,T 1,0M, θ). Then, a C∞-smooth Θ-metric g on

(X, [Θ]) is an ACH metric that induces T 1,0M if and only if

(4.12) |g − g0|2g0 = O(ρ).

Proof. Suppose g is a C∞-smooth ACH metric that induces T 1,0M . Then,

since the normalization of g with respect to θ is the form (4.9) with (4.10), g − g0

vanishes at ∂X as a Θ-tensor. Hence (4.12) holds. Conversely, if (4.12) is satisfied,

then g − g0 vanishes at ∂X as a Θ-tensor (since g is positive definite in this case).

Therefore, one can check that g is an ACH metric directly by the definition. �

4.4. Complex hyperbolic metric. We close this section with a brief obser-

vation on the complex hyperbolic space CHn. There are two popular models for

this space, namely, the ball model and the Siegel domain model. As a metric on

the unit ball B ⊂ Cn+1, the complex hyperbolic metric g is the Kähler metric given

by

g = 4
∂2

∂zi∂zj

(
log

1

1− |z|2

)
dzidzj ,

where the constant factor is chosen so that g solves Ric
ij

= − 1
4 (n + 2)g

ij
. If we

consider this as a metric on the Siegel domain

D := { z = (z′, w) ∈ Cn × C | Imw > |z′|2 } ,

then

g = 4
∂2

∂zi∂zj

(
log

1

Imw − |z′|2

)
dzidzj .

If we write r = Imw − |z′|2, then

g
ij

= 4
(rirj
r2
−
rij
r

)
.

Let us identify g with a Riemannian metric in the standard manner. We adopt the

following convention: if V = V i∂i + V i∂i and W = W i∂i + W i∂i are real tangent

vectors, we set

g(V,W ) :=
1

2
(g
ij
V iW j + g

ij
W iV j).

The symmetric 2-tensor that represents this Riemannian metric is g
ij
dzidzj , where

dzidzj is now regarded as the symmetric product of dzi and dzj . Note that the

Ricci tensor is Ric
ij
dzidzj + Ric

ij
dzjdzi = 2 Ric

ij
dzidzj , so this Riemannian

metric solves Ric = − 1
2 (n+ 2)g.
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The boundary of the Siegel domain D is the Heisenberg group H. Recall that

we can identify H with Cn × R as we did in Subsection 3.8. We consider the

following identification of D and H× (0,∞) = Cn × R× (0,∞):

D −→ Cn × R× (0,∞), (z′, w) 7−→ (z′, t, r) = (z′,Rew, Imw − |z′|2).

Let Φ be the inverse of this mapping: Φ(z′, t, r) = (z′, t+ i(r + |z′|2)). Then,

Φ∗(ridz
i) = Φ∗

(
−

n∑
α=1

zαdzα +
1

2i
dw

)

= −
n∑
α=1

zαdzα − i

2
dt+

1

2
dr +

1

2

n∑
α=1

(zαdzα + zαdzα)

=
1

2
dr − i

2
dt− 1

2

n∑
α=1

(zαdzα − zαdzα)

=
1

2
dr − iθ,

where θ is the standard contact form. Therefore we obtain

Φ∗g =
dr2

r2
+ 4

θ2

r2
+

4

r

n∑
α=1

dzαdzα.

So, if we set ρ = (r/2)1/2, this is

(4.13) Φ∗g = 4
dρ2

ρ2
+
θ2

ρ4
+

2

ρ2

n∑
α=1

dzαdzα.

The final result (4.13) shows, by Proposition 4.12, that Φ∗g is a normal-form ACH

metric on H × [0,∞) = { (z′, t, ρ) } for the Heisenberg group associated with the

standard contact form. Since g exactly solves Ric = − 1
2 (n + 2)g, we can conclude

from this that the CR obstruction tensor Oαβ vanishes for the Heisenberg group.

We remark that we had to take the square root of a boundary defining function.

This means that the C∞-structure of D = D ∩H ∼= H× [0,∞) = { (z′, w, r) } and

that of H× [0,∞) = { (z′, w, ρ) } are different. This generalizes to the square root

construction, which will be described in Subsection 5.1, for an arbitrary complex

manifold-with-boundary.

5. Bergman-type metrics

5.1. Bergman-type metrics and square root construction. Let Ω be

a smoothly bounded strictly pseudoconvex domain in Cn+1. Fefferman proved in

[F1] that the Bergman kernel function B(z, z) restricted on the diagonal admits the

following asymptotic expansion at ∂Ω, where r ∈ C∞(Ω) is an arbitrary boundary

defining function:

B(z, z) = r(z)−n−2F (z) + log r(z) ·G(z), F , G ∈ C∞(Ω).
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The function logB(z, z) is strictly plurisubharmonic, and the Kähler metric asso-

ciated to it is called the Bergman metric on Ω. Since F (z) > 0 for z ∈ ∂Ω by

Hörmander [Hö], if we set ϕ(z) = B(z, z)−1/(n+2), this function is a boundary

defining function, which is Cn+2,ε-smooth for any ε ∈ (0, 1). The Bergman metric

has (n + 2) log(1/ϕ) as a Kähler potential function. We also remark that one can

write

(5.1) ϕ ∼ r

(
Φ +

∞∑
k=1

(rn+2 log r)kΦk

)
, Φ, Φk ∈ C∞(Ω).

We call (5.1) a conormal expansion of the function ϕ.

Similarly, there is a function ϕMA called the solution to the complex Monge–

Ampère equation, which is discussed in the next subsection. Lee–Melrose [LM]

proved that it admits a conormal expansion (5.1). The metric g given by the

potential log(1/ϕMA) is a negatively curved Kähler-Einstein metric.

Now let Ω be an arbitrary complex manifold-with-boundary such that ∂Ω car-

ries nondegenerate CR structure. Following Epstein–Melrose–Mendoza [EMM],

we call a Kähler metric g defined in the interior Ω a Bergman-type metric if g has,

up to a positive constant factor, a potential function log(1/ϕ) if we choose some

boundary defining function ϕ. If ∂Ω is not strictly pseudoconvex, g should have

indefinite signature—such a situation is also taken into consideration. In the sequel

we assume that ϕ is at least C2-smooth up to the boundary, and for simplicity,

that the second derivatives of ϕ have C∞-smooth boundary values (as is the case

when ϕ has conormal expansion).

We normalize g so that 4 log(1/ϕ) is a potential for g. In a local chart

(5.2) g = g
ij
dzidzj , g

ij
= 4

∂2

∂zi∂zj

(
log

1

ϕ

)
= 4

(
ϕiϕj
ϕ2
−
ϕij
ϕ

)
,

and this is continuous. This metric is identified with a Riemannian metric on Ω in

the manner described in Subsection 4.4.

We would like to see that g can be regarded as an ACH metric if properly

recognized. In order for that, we need to replace the C∞-structure of Ω and take a

Θ-structure appropriately.

Let C∞ be the sheaf of germs of smooth functions on Ω. We define a presheaf

C∞1/2,pre as follows. Take a set of boundary coordinate charts { (Uλ; (xλ, y
i
λ)) } that

covers ∂Ω, where (xλ, y
i
λ) : Uλ −→ R≥0×R2n+1 is the coordinate map. If V ⊂ Ω is

an open subset of some Uλ, then the ring C∞1/2,pre(V ) is obtained by adjoining x
1/2
λ

to C∞(V ). Since (xλ/xµ)1/2 is smooth on Uλ ∩ Uµ in the original C∞-structure,

C∞1/2,pre(V ) is well-defined. For any other open set W ⊂ Ω, C∞1/2,pre(W ) is equal to

C∞(W ). Let C∞1/2 be the sheafification of C∞1/2,pre. We define a new C∞-structure

on Ω by C∞1/2. In other words, a function f in Ω is smooth with respect to the

new C∞-structure if and only if f is C∞-smooth in Ω with respect to the original
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structure and, for each boundary coordinate chart (Uλ; (xλ, y
i
λ)), f is C∞-smooth

as the function of (x
1/2
λ , yiλ).

For a C∞-smooth boundary defining function r of the original Ω, we set θ̃ =
i
2 (∂r − ∂r), and define Θpre = θ̃|∂Ω. If r̂ = e2Υ̃r is another C∞-smooth boundary

defining function, we get Θ̂pre = e2ΥΘpre, where Υ = Υ̃|∂Ω.

Definition 5.1. Let Ω be a complex manifold-with-boundary such that the

induced CR structure on ∂Ω is nondegenerate. The square root of Ω, denoted by

Ω1/2, is the manifold-with-boundary that is identical to Ω as a topological manifold

and equipped with the C∞-structure given by C∞1/2. The canonical Θ-structure on

Ω1/2 is defined to be the conformal class of i∗1/2Θpre, where i1/2 : Ω1/2 −→ Ω is the

identity map.

Let ξ the (1, 0)-vector field near ∂Ω characterized by

ξ ∂∂r = 0 mod ∂r, ∂r(ξ) = 1.

If we set ν := Re ξ and T̃ := 2 Im ξ, then

dr(ν) = 1, dr(T̃ ) = 0, θ̃(ν) = 0, and θ̃(T̃ ) = 1.

Let Z̃1, . . . , Z̃n be (1, 0)-vector fields defined near a point of ∂Ω spanning ker ∂r ⊂
T 1,0Ω, and Z̃α := Z̃α. We take θ̃αs so that { dr, θ̃, θ̃α, θ̃α } becomes the dual coframe

for { ν, T̃ , Z̃α, Z̃α }, where θ̃α := θ̃α.

Define Θ̃ (resp. Θ̃α, Θ̃α) as the pullback of θ̃ (resp. θ̃α, θ̃α) by i1/2. If

we set ρ = r1/2, then ρ is a smooth boundary defining function of Ω1/2, and

{ dρ/ρ, Θ̃/ρ2, Θ̃α/ρ, Θ̃α/ρ } is a local frame of the (complexified) Θ-cotangent bun-

dle C T ∗Ω1/2
Θ . Since this is the pullback of { 1

2r
−1dr, r−1θ̃, r−1/2θ̃α, r−1/2θ̃α },

C T ∗Ω1/2
Θ can be thought as the vector bundle spanned by this set of 1-forms.

One can also take { r−1∂r, r−1∂r, r−1/2θ̃α, r−1/2θ̃α } as a local frame of C T ∗Ω1/2
Θ .

Systematic use of this special coframe was the approach that Roth [R] took—in

the current language, he computed on C T ∗Ω1/2
Θ rather than on CT ∗Ω.

Proposition 5.2. If g is a Bergman-type metric on Ω, then up to a constant

factor, i∗1/2g is an ACH metric on Ω1/2 equipped with the canonical Θ-structure.

If g is defined by a boundary defining function ϕ and θ = i
2 (∂ϕ − ∂ϕ)|T∂Ω, then

ρ = (r/2)1/2 ∈ Fθ for any C∞-smooth boundary defining function r ∈ C∞(Ω) such

that ϕ = r + o(r2).

Proof. By the smoothness assumption for ϕ, one can take a C∞-smooth

boundary defining function r ∈ C∞(Ω) such that ϕ = r + o(r2). Using r, we

take { ν, T̃ , Z̃α, Z̃α } and { dr, θ̃, θ̃α, θ̃α } as above. We further define the real-valued

function κ as follows:

ξ ∂∂r = κ ∂r, or κ = ∂∂r(ξ, ξ).
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Then by [G1, Equation (1.4)], for some set of functions { h̃
αβ
},

(5.3) ∂∂r = κ ∂r ∧ ∂r − h̃
αβ
θ̃α ∧ θ̃β = iκ dr ∧ θ̃ − h̃

αβ
θ̃α ∧ θ̃β .

Since ∂∂ϕ− ∂∂r is o(1) in local coordinates, we conclude that

(5.4) g = g0 + o(1), g0 = 4

(
∂r∂r

r2
+ h̃

αβ

θ̃αθ̃β

r

)
=
dr2 + 4θ̃2

r2
+ 4h̃

αβ

θ̃αθ̃β

r
.

Here o(1) denotes a certain 2-tensor whose components with respect to the coframe

{ r−1∂r, r−1∂r, r−1/2θ̃α, r−1/2θ̃α } are o(1). Let Θ̃, Θ̃α, and Θ̃α as above, and here

we define ρ by ρ = (r/2)1/2. Then it is immediate from (5.4) that

(5.5) i∗1/2g = G0 + o(1), G0 = 4
dρ2

ρ2
+

Θ̃2

ρ4
+ 2h̃

αβ

Θ̃αΘ̃β

ρ2
.

This is a Θ-metric on Ω1/2. Condition (4.4) is trivially true, and it follows from

(5.5) that (4.3) and the second condition of Definition 4.6 are satisfied. Moreover,

if {N, T̃ , Z̃α, Z̃α } is the dual frame for { dρ, Θ̃, Θ̃α, Θ̃α }, then (5.5) shows that

Rp = 〈ρN〉 /Fp and (Lp)C = 〈ρZ̃1, . . . , ρZ̃n, ρZ̃1, . . . , ρZ̃n〉 /Fp.

Therefore, by Lemma 4.8 we only have to check dΘ̃(N, Z̃α) = O(ρ) to prove that

the first condition in Definition 4.6 holds. Since it follows from (5.3) that dθ̃ does

not contain dr ∧ θ̃α term, dΘ̃(N, Z̃α) is actually zero. �

5.2. Complex Monge–Ampère equation. Asymptotic solutions. Con-

sider the special case where Ω ⊂ Cn+1 is a domain with smooth boundary carrying

nondegenerate CR structure. Let g be a Bergman-type metric given by a bound-

ary defining function ϕ that is at least C4-smooth so that the curvature tensor is

defined. If we set G = 4 log(1/ϕ), g
ij

= ∂i∂jG. Let ω = (i/2)g
ij
dzi ∧ dzj be the

associated Kähler form and dVg = ωn+1/(n + 1)! the volume form. We consider

the following equation, where dVEuc is the volume form of the Euclidean metric on

Cn+1:

(5.6) e−(n+2)G|dVg| = dVEuc.

If this is satisfied, then

Ric
ij

= −∂i∂j log|det g| = −n+ 2

4
g
ij
.

Equation (5.6) is the complex Monge–Ampère equation that we consider here. If q

is the number of negative eigenvalues of the Levi form, we can compute |dVg|/dVEuc
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as follows:

|dVg|
dVEuc

= (−1)q det(g
ij

) = (−1)q det

(
ϕiϕj
ϕ2
−
ϕij
ϕ

)
= (−1)n+1+q det

(
1 ϕ−1ϕj

ϕ−1ϕi ϕ−1ϕij

)

= (−1)n+1+qϕ−n−2 det

(
ϕ ϕj

ϕi ϕij

)
.

(5.7)

Since e−(n+2)G = ϕn+2, equation (5.6) is equivalent to

(5.8) J [ϕ] = 1, where J [ϕ] := (−1)n+1+q det

(
ϕ ϕj

ϕi ϕij

)
.

There is a simple method given by Fefferman [F2] to obtain an approximate solution

of this equation.

Lemma 5.3. Let ϕ ∈ C∞(Ω) be a boundary defining function and η ∈ C∞(Ω)

an arbitrary function. Take another boundary defining function r ∈ C∞(Ω).

(1) J [ϕ] > 0 on ∂Ω, and J [ηϕ] = ηn+2J [ϕ] +O(r).

(2) If J [ϕ] = 1 +O(rs−1) for some s ≥ 2, then

J [ϕ+ ηϕs] = J [ϕ] + s(n+ 3− s)ηϕs−1 +O(rs).

Proof. Let a ∈ C, (bj) ∈ Cn+1, and suppose that 0 ϕ
j

ϕi ϕ
ij

( a
bj

)
= 0 on ∂Ω.

The fact that the first component is zero implies that ϕjb
j = 0, so the nondegen-

eracy implies that ϕ
ij
bj is nonzero unless (bj) = 0. Therefore the matrix above is

nonsingular and thus J [ϕ] 6= 0 on ∂Ω. As one can see from (5.7), on Ω = {ϕ > 0 },
the sign of J [ϕ] is equal to that of

(−1)q det

(
ϕiϕj
ϕ2
−
ϕij
ϕ

)
.

Since the hermitian matrix (ϕ−2ϕiϕj − ϕ−1ϕij) has signature (n + 1 − q, q) near

∂Ω, J [ϕ] > 0 near ∂Ω. Therefore J [ϕ] should be positive on ∂Ω, too. The two

equalities in the statement are proved by elementary matrix operations. See [F2]

for details. �

Proposition 5.4. There exists a smooth boundary defining function ϕ ∈ C∞(Ω)

such that

(5.9) J [ϕ] = 1 +O(rn+2).

Such a ϕ is unique modulo O(rn+2).
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Proof. By Lemma 5.3 (1), one can choose ϕ1 so that J [ϕ1] = 1 + O(r).

This condition determines ϕ1 up to O(r2). Then we use (2) of the same lemma

inductively as follows. Suppose ϕs−1 satisfies J [ϕs−1] = 1 + O(rs−1), and ϕs−1

is unique modulo O(rs−1). Next we set ϕs = ϕs−1 + ηϕss−1. Then we obtain

J [ϕs] = J [ϕs−1] + s(n + 3 − s)ηϕs−1
s−1 + O(rs). So, if s 6= n + 3, one can uniquely

determine the boundary value of η so that J [ϕs] = O(rs). Thus ϕs is determined

modulo O(rs). �

A boundary defining function ϕ ∈ C∞(Ω) satisfying (5.9) is called a Fefferman

approximate solution to (5.8). This is the best possible C∞-smooth approximation.

A detailed analysis of the obstruction, which is the boundary value of Φ1(z) in the

expansion (5.1) when Ω is a bounded strictly pseudoconvex domain, is given by

Graham [G1, G2].

Proposition 5.5. Let Ω ⊂ Cn+1 be a domain with smooth boundary whose

induced CR structure is nondegenerate. Take a Fefferman approximate solution ϕ

to the complex Monge–Ampère equation (5.8), and let g be the Bergman-type metric

with Kähler potential 4 log(1/ϕ). Then, if we consider the induced ACH metric on

the square root Ω1/2 equipped with the canonical Θ-structure, which we also write g

by abusing notation, then the tensor E = Ric + 1
2 (n+ 2)g satisfies

(5.10) E = O(ρ2n+4)

as a Θ-tensor. Here ρ is an arbitrary boundary defining function of Ω1/2.

Proof. By the definition of J [ϕ], it follows that

dVg = ϕ−n−2J [ϕ]dVEuc.

Therefore, the usual formula of the Ricci tensor implies

Ric
jk

=
∂2

∂zj∂zk
((n+ 2)ϕ− log J(ϕ)) = −1

4
(n+ 2)g

jk
− ∂2

∂zj∂zk
log J(r).

Since (5.9) is satisfied, we can write log J(r) = rn+2f with f ∈ C∞(Ω). Then,

∂2

∂zj∂zk
log J(r) = (n+ 2)(n+ 1)rnfrjrk +O(rn+1),

and hence, as a Θ-tensor, E is given by

E = −2(n+ 2)(n+ 1)rnf ∂r ∂r +O(ρ2n+4).

Since { r−1∂r, r−1∂r, r−1/2θ̃α, r−1/2θ̃α } is a local frame of C T ∗Ω1/2
Θ , the first term

on the right-hand side is also O(ρ2n+4) as a Θ-tensor. �

Since the construction of a Fefferman approximate solution is local, the follow-

ing proposition is also true.
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Proposition 5.6. Let Ω ⊂ Cn+1 be a domain, and M a nondegenerate smooth

real hypersurface of Ω with induced CR structure T 1,0M such that Ω \M is the

union of two connected open sets Ω+ and Ω−, Ω+ ∩ Ω− = ∅. Let X be the square

root of Ω+ ∪M . Then there exists a C∞-smooth ACH metric g on X that induces

T 1,0M for which E = Ric + 1
2 (n+2)g satisfies E = O(ρ2n+4), where ρ is a boundary

defining function of X.

5.3. CR Q-curvature. In the case of integrable CR structures, the original

definition of the CR Q-curvature used the so-called Fefferman construction. If M

is a (2n + 1)-dimensional nondegenerate integrable CR manifold with trivial CR

canonical bundle KM , then this construction gives a canonical conformal class on

the S1-bundle (K∗M )1/(n+2)/R+, where K∗M := KM \ (the zero section). More-

over, there is a canonical way to get an S1-invariant representative metric for any

choice of a contact form θ. Therefore, the associated conformal Q-curvature on

(K∗M )1/(n+2)/R+ descends to a function on M . This is the CR Q-curvature of

Fefferman–Hirachi [FH], which we write QFH.

Compared to the Q-curvature in conformal geometry, there is a special phe-

nomenon about the CR Q-curvature: QFH always vanishes for a special class of

contact forms called invariant contact forms. Suppose we are given a nondegener-

ate integrable CR manifold (M,T 1,0M) together with an embedding M ↪→ Cn+1.

Then, if we take a Fefferman approximate solution ϕ to (5.6), which is highly de-

pendent to the embedding, θ = i
2 (∂ϕ − ∂ϕ)|TM is called the associated invariant

contact form.

Fefferman–Hirachi’s CR Q-curvature QFH is characterized by the following

properties:

(Q1) QFH is determined by a finite jet of T 1,0M and θ;

(Q2) QFH vanishes for any invariant contact form θ;

(Q3) If θ and θ̂ = e2Υθ are two contact forms, then

(5.11) e2(n+1)ΥQ̂FH = QFH + cnPn+1Υ,

where cn is a certain constant depending on n and Pn+1 is the (n+ 1)st

CR-invariant power of the sublaplacian.

In [FH], the definition of Pn+1 is given by ambient-metric construction. By [GG,

Proposition 5.4], this operator is equal to what we defined in Definition 2.17. Hence

(5.11) is the same as (2.20) up to the constant cn. The constant cn depends on the

normalization of Pn+1 and QFH, so we do not discuss this point in detail.

Since any nondegenerate integrable CR structure can be formally embedded at

a given point p ∈M , (Q1) reduces the computation of CR Q-curvatures to the case

of embedded CR structures. Since an embedded CR structure admits an invariant

contact form, by using (5.11), we can compute QFH for any given θ. Therefore QFH

is uniquely determined by these properties.
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If one wants to prove that Q in the sense of Definition 2.17 generalizes QFH, it

suffices to check that Q satisfies (Q1)–(Q3) in the integrable case. Property (Q1)

follows by the fact that Q admits a universal expression as a local pseudohermitian

invariant, while (Q3) is true up to a constant as already mentioned in Theorem

2.15. Therefore, it remains to prove that Q vanishes for invariant contact forms

when (M,T 1,0M) is embedded. This will be done in Proposition 10.2.



CHAPTER 3

Asymptotic solutions of the Einstein equation

6. Construction of asymptotic solutions

6.1. Choice of frame. Rule for the index notation. Let (M,T 1,0M) be

a nondegenerate partially integrable CR manifold. We have seen in Subsection

4.3 that any Θ-manifold with C∞-smooth ACH metric can be, by fixing a contact

form θ, identified with a normal-form ACH manifold near the boundary. Therefore,

to prove Theorems 2.1 and 2.2, it suffices to work on normal-form ACH metrics.

Namely, we first prove the following theorem in this section.

Theorem 6.1. Let (M,T 1,0M) be a nondegenerate partially integrable CR

manifold. Then, for any compatible contact form θ, there exists a C∞-smooth

normal-form ACH metric g for (M,T 1,0M, θ) on X = M × [0,∞) that satisfies

(2.1). Such a metric g is unique modulo O(ρ2n+2). Moreover, g can be taken so

that (2.2) is also satisfied. Then g is unique modulo O(ρ2n+2) tensor with O(ρ2n+3)

trace.

In this section (and also when we deal with normal-form ACH metrics in the

later sections), X = M×[0,∞) and ρ is always the coordinate for the second factor.

Let {ZI } be a local frame of the Θ-tangent bundle TXΘ given by

(6.1) {ZI } := { ρ∂ρ, ρ2T, ρZα, ρZα } ,

where T is the Reeb vector field and {Zα } is a local frame of T 1,0M , both extended

constantly in the ρ-direction. In other words, we define θ and θα to be the pullbacks

of corresponding 1-forms on M by the projection to the first factor π : X −→ M

and T , Zα are defined so that { ∂ρ, T, Zα, Zα } is the dual frame to { dρ, θ, θα, θα }.
The indices corresponding to (6.1) are ∞, 0, 1, . . . , n, 1, . . . , n. The following

indexing rule is used in the rest of this chapter:

• α, β, γ, σ, τ run { 1, . . . , n } and α, β, γ, σ, τ run { 1, . . . , n };
• i, j, k run { 0, 1, . . . , n, 1, . . . , n };
• I, J , K, L run {∞, 0, 1, . . . , n, 1, . . . , n }.

The index ∞ is said to be normal, while the other indices are tangential.

The components of any Θ-tensor on X are classified by the number of tangential

indices, and those in each class can be considered as representing a tensor on M ,

41
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not on X, with coefficients in C∞(X). For example, if ϕ = ϕIJ is a symmetric 2-

Θ-tensor on X, then there are three “normal-tangential” types for its components.

We introduce the symbol θi by setting θ0 = θ, and set

ϕ(0) := ϕ∞∞, ϕ(1) := ϕ∞iθ
i, ϕ(2) := ϕijθ

iθj .

Because of the tensorial transformation law of the coefficients, these are well-defined

regardless of a particular choice of {Zα }. Therefore, ϕ(0), ϕ(1), and ϕ(2) are a 0-

tensor, a 1-tensor, and a symmetric 2-tensor globally defined on M with coefficients

in C∞(X), respectively. By abusing notation, in the sequel we just write ϕ∞∞,

ϕ∞i, and ϕij to represent these tensors on M . The Tanaka–Webster connection

∇ can be applied to them in the obvious way. Lowercase Greek indices and their

complex conjugates in these tensors can be raised and lowered by the Levi form.

Let g be a C∞-smooth normal-form ACH metric on X. By Proposition 4.12,

the ACH condition is equivalent to the following boundary value condition of the

components of g with respect to (6.1):

g∞∞ = 4, g∞0 = 0, g∞α = 0,

g00 = 1 +O(ρ), g0α = O(ρ), g
αβ

= h
αβ

+O(ρ), gαβ = O(ρ).

Let ϕ be g minus the boundary values. That is, the symmetric 2-tensor ϕij on M

with coefficients in C∞(X) are defined by

(6.2) g00 = 1 + ϕ00, g0α = ϕ0α, g
αβ

= h
αβ

+ ϕ
αβ
, gαβ = ϕαβ .

This tensor is exactly what we can use to control the Ricci tensor of g.

6.2. Extension of the Tanaka–Webster connection. In order to relate

the Levi-Civita connection of g and the Tanaka–Webster connection on the bound-

ary, we need some extension of the latter to X. In the case of bounded domains in

Cn+1, Graham–Lee [GL1] introduced such an extension, called the ambient con-

nection, using the CR structures on the level sets of any given boundary defining

function. However, on general Θ-manifolds this idea does not work because there

is no complex structure, or not even almost complex structure, inside. So our

approach here is more primitive. We define the connection ∇ of TX by setting

∇∂ρ = 0, ∇∂ρZj = 0, ∇ZiZj = ΓkijZk,

where Γkij is the Christoffel symbol of the Tanaka–Webster connection associated

to θ with respect to {Zi }. Then we get

∇ρ∂ρ(ρ∂ρ) = ρ∂ρ, ∇ρ∂ρ(ρ2T ) = 2ρ2T, ∇ρ∂ρ(ρZβ) = ρZβ ,

∇ρ2T (ρ∂ρ) = 0, ∇ρ2T (ρ2T ) = 0, ∇ρ2T (ρZβ) = ρ3Γγ0βZγ ,

∇ρZα(ρ∂ρ) = 0, ∇ρZα(ρ2T ) = 0, ∇ρZα(ρZβ) = ρ2ΓγαβZγ ,

∇ρZα(ρ∂ρ) = 0, ∇ρZα(ρ2T ) = 0, ∇ρZα(ρZβ) = ρ2ΓγαβZγ ;
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we have omitted ∇(ρZβ) because this is just the complex conjugate of ∇(ρZβ).

Therefore ∇ZKZI is a linear combination of ZJs with coefficients in C∞(X), and

hence we are allowed to regard ∇ as a Θ-connection. The nonzero Christoffel

symbols are, with respect to the frame {ZI },

Γ∞∞∞ = 1, Γ0
∞0 = 2, Γγ∞β = δ γ

β ,

Γγ0β = ρ2Γγ0β , Γγαβ = ρΓγ0β , Γγαβ = ρΓγ0β .

Note that we again omitted the complex conjugates, and that Γkij denotes the

Christoffel symbol of ∇ with respect to {Zi }.
The nontrivial components of the torsion of the connection ∇ are

(6.3) T 0
αβ

= ih
αβ
, T γ0β = ρ2A γ

β , T γαβ = −ρN γ
αβ .

Of course, the torsion TKIJ is skew-symmetric with respect to I and J , so there

are more nonzero components than displayed above. Taking complex conjugates

provides further nonzero components. The components which are not obtained in

this way are all zero.

Let us describe the action of ∇ on Θ-tensors more closely. Suppose S = SIJ
is a 2-Θ-tensor for example. As we did in the previous subsection, we classify the

components by the normal-tangential type. Then SIJ is considered as a quadruple

(S∞∞ , S∞j , Si∞ , Sij ) which consists of a 0-tensor, two 1-tensors, and a 2-tensor on

M , all with coefficients in C∞(X). We can consider their covariant derivatives with

respect to the Tanaka–Webster connection: ∇kS∞∞ , ∇kS∞j , ∇kSi∞ , ∇kSij . On

the other hand, ∇KSIJ is a 3-Θ-tensor, and this can be considered as an 8-tuple

of tensors on M . If

#(I1, . . . , Ip) := p+ (the number of 0s in the index list I1, . . . , Ip),

then we have

∇∞SIJ = (ρ∂ρ −#(I, J))SIJ ,(6.4a)

∇0SIJ = ρ2∇0SIJ ,(6.4b)

∇αSIJ = ρ∇αSIJ .(6.4c)

This generalizes to an arbitrary Θ-tensor as follows.

Lemma 6.2. Let S = S J1···Jq
I1···Ip be an arbitrary Θ-tensor. Then, its covariant

derivative ∇S with respect to the extended Tanaka–Webster connection is given by

∇∞S J1···Jq
I1···Ip = (ρ∂ρ −#(I1, . . . , Ip) + #(J1, . . . , Jp))S

J1···Jq
I1···Ip ,(6.5a)

∇0S
J1···Jq

I1···Ip = ρ2∇0S
J1···Jq

I1···Ip ,(6.5b)

∇αS J1···Jq
I1···Ip = ρ∇αS J1···Jq

I1···Ip .(6.5c)
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If we decompose TXΘ into the direct sum of the two line bundles spanned by

Z∞, Z0 and the two vector bundles spanned by {Zα }, {Zα }, then the connection

∇ respects this decomposition. Clearly ∇ is flat on the two line bundles, and hence

the components of the curvature R J
I KL is zero unless I and J are simultaneously

lowercase Greek or conjugate lowercase Greek. Here we compute the lowercase

Greek case only because the other is just its complex conjugate. Since ∇∂ρZj = 0

and [∂ρ, Zj ] = 0, R β
α KL is zero if at least one of K and L is ∞. So we only have

to compute R β
α kl. Because the covariant differentiation in the direction of Zi with

respect to ∇ is just the trivial extension of that with respect to the Tanaka–Webster

connection ∇, the expression of the curvature tensor is the same. Paying attention

to that we are using the frame {ZI } to define the components of R, we obtain

R β
α στ = ρ2R β

α στ , R β
α 0γ = −ρ3W β

α γ , R β
α 0γ = ρ3W β

αγ ,

R β
α στ = ρ2V β

α στ , R β
α στ = −ρ2V βαστ ,

where R
αβστ

, W
αβγ

and V
αβστ

are the curvature components of ∇ defined in

(3.17). In (3.19b), W and V are given explicitly in terms of the Nijenhuis tensor

and the Tanaka–Webster torsion tensor. The nontrivial components of the Ricci

tensor RIJ , defined by RIJ := R K
I KJ , is given by

(6.6) Rα0 = ρ3A β
αβ, , Rαβ = ρ2R

αβ
, Rαβ = ρ2(i(n− 1)Aαβ +N γ

γβα, ).

The tensor RIJ is not necessarily symmetric. In fact, R0α is zero despite of the

first equation of (6.6). The other components, namely R∞I , RI∞, and R00, are

also zero.

6.3. Levi-Civita connection. Recall from Proposition 4.4 that the Levi-

Civita connection induced by a Θ-metric is a Θ-connection. Let D = DK
IJ be the

3-Θ-tensor representing the difference between ∇ and the Levi-Civita connection

∇g determined by g; that is, if we write D(ZI ,ZJ) = DK
IJZK ,

∇gZIZJ = ∇ZIZJ +D(ZI ,ZJ).

Then we obtain

∇gZK∇
g
ZL
ZJ = ∇ZK (∇ZLZJ +D(ZL,ZJ)) +D(ZK ,∇ZLZJ +D(ZL,ZJ))

= ∇ZK∇ZLZJ + (∇ZKD)(ZL,ZJ) +D(∇ZKZL,ZJ) +D(ZL,∇ZKZJ)

+D(ZK ,∇ZLZJ) +D(ZK , D(ZL,ZJ))
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and therefore the Riemann curvature tensor is

R(ZK ,ZL)(ZI) = (∇gZK∇
g
ZL
−∇gZL∇

g
ZK
−∇g[ZK ,ZL])ZI

= (∇ZK∇ZL −∇ZL∇ZK −∇[ZK ,ZL])ZI

+D(∇ZKZL −∇ZLZK − [ZK ,ZL],ZI)

+ (∇ZKD)(ZL,ZI)− (∇ZLD)(ZK ,ZI)

+D(ZK , D(ZL,ZI))−D(ZL, D(ZK ,ZI))

= R(ZK ,ZL)(ZI) +D(T (ZK ,ZL),ZI)

+ (∇ZKD)(ZL,ZI)− (∇ZLD)(ZK ,ZI)

+D(ZK , D(ZL,ZI))−D(ZL, D(ZK ,ZI)).

In the index notation,

R J
I KL = R J

I KL+∇KDJ
LI−∇LDJ

KI+DJ
KMD

M
LI−DJ

LMD
M
KI+TMKLD

J
MI .

Since ∇g is torsion-free,

(6.7) TMKL +DM
KL −DM

LK = 0.

Hence the Ricci tensor of g is (using its symmetry) given by

(6.8) RicIJ = RJI +∇KDK
IJ −∇IDK

KJ −DL
KID

K
LJ +DL

IJD
K
KL.

Thus the computation of the Ricci tensor reduces to that of DK
IJ . We set DKIJ :=

gKLD
L
IJ . Then, as in the case of the usual formula, one can derive

(6.9) DKIJ =
1

2
(∇IgJK +∇JgIK −∇KgIJ + T IJK + T JIK − TKIJ),

where TKIJ := gKLT
L
IJ . One can write DKIJ down explicitly in terms of ϕij

using (6.2), (6.3), and (6.5).

The computation of DK
IJ , the tensor D with indices in the original positions,

involves the inverse gIJ of the metric. But in order to express gIJ exactly, we have

to use infinite series of ϕ, where ϕ is defined by (6.2), which is too complicated to

handle. So we give up the exact computation and are satisfied with an approxima-

tion. We omit any term which contains ϕij as a factor, and other than that, an

O(ρ) factor. Since ϕij itself is an O(ρ) tensor, nonlinear terms in ϕij can be all

omitted, and moreover something like ρϕij is also negligible. Then gIJ is given by

g∞∞ ≡ 1
4 , g∞0 ≡ g∞α ≡ 0,

g00 ≡ 1− ϕ00, g0α ≡ −ϕ α
0 , gαβ ≡ hαβ − ϕαβ , gαβ ≡ −ϕαβ .

(6.10)

This somewhat crude computation is enough for our purpose, namely, determining

the expansion of ϕij inductively so that g satisfies the Einstein equation (to high

order). This is because, if ϕij is perturbed by adding ψij which is O(ρm), then the

change of the omitted terms is O(ρm+1).
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Lemma 6.3. The tensor DKIJ is, modulo ϕij times O(ρ), as in Table 6.1.

(Since we know (6.7), we did not list D∞JI in the table if D∞IJ is present, and

we have also omitted complex conjugates.)

Type Value

D∞∞∞ −4

D∞∞0 0

D∞∞α 0

D∞00 2− 1
2 (ρ∂ρ − 4)ϕ00

D∞0α − 1
2 (ρ∂ρ − 3)ϕ0α

D∞αβ h
αβ
− 1

2 (ρ∂ρ − 2)ϕ
αβ

D∞αβ − 1
2 (ρ∂ρ − 2)ϕαβ

Type Value

D0∞∞ 0

D0∞0 −2 + 1
2 (ρ∂ρ − 4)ϕ00

D0∞α
1
2 (ρ∂ρ − 3)ϕ0α

D000 0

D00α 0

D
0αβ

− i
2hαβ −

i
2hαβϕ00

D0αβ −ρ2Aαβ

Type Value

Dγ∞∞ 0

Dγ∞0
1
2 (ρ∂ρ − 3)ϕ0γ

Dγ∞α −hαγ + 1
2 (ρ∂ρ − 2)ϕαγ

Dγ∞α
1
2 (ρ∂ρ − 2)ϕαγ

Dγ00 0

Dγ0α
i
2hαγ + i

2hαγϕ00

Dγ0α 0

Dγαβ
i
2 (hαγϕ0β + hβγϕ0α)

D
γαβ

− i
2 (h

αβ
ϕ0γ − hαγϕ0β

)

D
γαβ

ρN
γβα

Table 6.1. DKIJ , with ϕij times O(ρ) omitted (Lemma 6.3)

Proof. First we consider the case where ∞ appears as an index. A direct

computation shows D∞∞∞ = −4. For the other 13 components (see the table),

(6.5b) and (6.5c) implies that ∇IgJK is negligible unless I =∞, and is zero if only

one of J and K is ∞. The torsion component TKIJ is zero if ∞ appears in the

indices. Therefore, DK∞∞ ≡ D∞∞J ≡ D∞I∞ ≡ 0, and

D∞IJ ≡ −DI∞J ≡ −DJI∞ ≡ − 1
2 (ρ∂ρ −#(I, J))gIJ .

On the other hand, if ∞ does not appear in the indices, DKIJ is

DKIJ ≡ 1
2 (T IJK + T JIK − TKIJ),

and this is computed on a type by type basis. The details are omitted. �

Lemma 6.4. The tensor DK
IJ is, modulo ϕij times O(ρ), as in Table 6.2 (again

some types are omitted because of symmetry and complex conjugacy).

Proof. One just computes by the formula DK
IJ = gKLDLIJ using Table 6.3

and (6.10). The details are omitted. �
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Type Value

D∞∞∞ −1

D∞∞0 0

D∞∞α 0

D∞00
1
2 −

1
8 (ρ∂ρ − 4)ϕ00

D∞0α − 1
8 (ρ∂ρ − 3)ϕ0α

D∞
αβ

1
4hαβ −

1
8 (ρ∂ρ − 2)ϕ

αβ

D∞αβ − 1
8 (ρ∂ρ − 2)ϕαβ

Type Value

D0
∞∞ 0

D0
∞0 −2 + 1

2ρ∂ρϕ00

D0
∞α

1
2 (ρ∂ρ − 1)ϕ0α

D0
00 0

D0
0α − i

2ϕ0α

D0
αβ

− i
2hαβ

D0
αβ −ρ2Aαβ

Type Value

Dγ
∞∞ 0

Dγ
∞0

1
2 (ρ∂ρ + 1)ϕ γ

0

Dγ
∞α −δ γ

α + 1
2ρ∂ρϕ

γ
α

Dγ
∞α

1
2ρ∂ρϕ

γ
α

Dγ
00 0

Dγ
0α

i
2δ

γ
α + i

2δ
γ

α ϕ00

Dγ
0α

i
2ϕ

γ
α

Dγ
αβ

i
2 (δ γ

α ϕ0β + δ γ
β ϕ0α)

Dγ

αβ
i
2δ

γ
α ϕ

0β

Dγ

αβ
ρNγ

βα

Table 6.2. DK
IJ , with ϕij times O(ρ) omitted (Lemma 6.4)

6.4. The Ricci tensor. According to equation (6.8), we need to compute the

following to obtain a formula of the Ricci tensor:

∇KDK
IJ , ∇IDK

KJ , DL
KID

K
LJ , and DL

IJD
K
KL.

Because we know in advance that RicIJ is symmetric in I and J , we only have

to consider the cases where (I, J) is either (∞,∞), (∞, 0), (∞, α), (0, 0), (0, α),

(α, β), or (α, β). A direct computation using Lemma 6.4 leads to

∇KDK
∞∞ ≡ 1,(6.11a)

∇KDK
∞0 ≡ 0,(6.11b)

∇KDK
∞α ≡ 0,(6.11c)

∇KDK
00 ≡ − 3

2 −
1
8 (ρ∂ρ − 3)(ρ∂ρ − 4)ϕ00,(6.11d)

∇KDK
0α ≡ − 1

8 (ρ∂ρ − 2)(ρ∂ρ − 3)ϕ0α,(6.11e)

∇KDK
αβ
≡ − 1

4hαβ −
1
8 (ρ∂ρ − 1)(ρ∂ρ − 2)ϕ

αβ
,(6.11f)

∇KDK
αβ ≡ ρ2N γ

γβα, − ρ
4Aαβ,0 − 1

8 (ρ∂ρ − 1)(ρ∂ρ − 2)ϕαβ .(6.11g)

One can see from the same lemma that DK
KI is

DK
K∞ ≡ −(2n+ 3) +

1

2
ρ∂ρϕ00 + ρ∂ρϕ

α
α ,(6.12a)

DK
K0 ≡ 0,(6.12b)

DK
Kα ≡ 0,(6.12c)
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and therefore

(6.13) ∇∞DK
K∞ ≡ 2n+ 3 + 1

2ρ∂ρ(ρ∂ρ − 1)ϕ00 + ρ∂ρ(ρ∂ρ − 1)ϕ α
α ;

all the other types of ∇IDK
KJ are negligible. The third term DL

KID
K
LJ is

computed directly using Lemma 6.4, and is as follows:

DL
K∞D

K
L∞ ≡ 2n+ 5− 2ρ∂ρϕ00 − 2ρ∂ρϕ

α
α ,(6.14a)

DL
K∞D

K
L0 ≡ 0,(6.14b)

DL
K∞D

K
Lβ ≡ i

2 (ρ∂ρ + 1)ϕ0β ,(6.14c)

DL
K0D

K
L0 ≡ − 1

2 (n+ 4) + (ρ∂ρ − n− 2)ϕ00 + ϕ α
α ,(6.14d)

DL
K0D

K
Lβ ≡ −ρ3N στ

β Aστ + 1
4 (3ρ∂ρ − 2n− 5)ϕ0β ,(6.14e)

DL
KαD

K
Lβ
≡ ρ2Nτ

ασN
σ
βτ

+ 1
2 (ρ∂ρ − 2)ϕ

αβ
+ 1

2hαβϕ00,(6.14f)

DL
KαD

K
Lβ ≡ iρ2Aαβ + 1

2ρ∂ρϕαβ .(6.14g)

The fourth term DL
IJD

K
KL can be computed by Lemma 6.4 and equation (6.12).

Since DK
KL is nonzero only for L = ∞, we obtain DL

IJD
K
KL = D∞IJD

K
K∞,

and therefore

DL
∞∞D

K
KL ≡ 2n+ 3− 1

2ρ∂ρϕ00 − ρ∂ρϕ α
α ,(6.15a)

DL
∞0D

K
KL ≡ 0,(6.15b)

DL
∞αD

K
KL ≡ 0,(6.15c)

DL
00D

K
KL ≡ − 1

2 (2n+ 3) + 1
4ρ∂ρϕ00 + 1

2ρ∂ρϕ
α
α

+ 1
8 (2n+ 3)(ρ∂ρ − 4)ϕ00,

(6.15d)

DL
0αD

K
KL ≡ 1

8 (2n+ 3)(ρ∂ρ − 3)ϕ0α,(6.15e)

DL
αβ
DK

KL ≡ − 1
4 (2n+ 3)h

αβ
+ 1

8hαβρ∂ρϕ00 + 1
4hαβρ∂ρϕ

γ
γ

+ 1
8 (2n+ 3)(ρ∂ρ − 2)ϕ

αβ
,

(6.15f)

DL
αβD

K
KL ≡ 1

8 (2n+ 3)(ρ∂ρ − 2)ϕαβ .(6.15g)

By combining all these results, we can compute the Ricci tensor. Since we are

actually interested in the difference of the Ricci tensor and − 1
2 (n+ 2)g, the result

in the following lemma is stated with respect to their difference.

Lemma 6.5. If g is a C∞-smooth normal-form ACH metric for (M,T 1,0M, θ)

whose components are expressed as (6.2), then the components of E := Ric + 1
2 (n+

2)g is given as follows, where we omit ϕij times O(ρ):

E∞∞ ≡ − 1
2ρ∂ρ(ρ∂ρ − 4)ϕ00 − ρ∂ρ(ρ∂ρ − 2)ϕ α

α ,

E∞0 ≡ 0,

E∞α ≡ − i
2 (ρ∂ρ + 1)ϕ0α,

E00 ≡ − 1
8 ((ρ∂ρ)

2 − (2n+ 4)ρ∂ρ − 4n)ϕ00 + 1
2 (ρ∂ρ − 2)ϕ α

α ,
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E0α ≡ ρ3A β
αβ, + ρ3N βγ

α A
βγ
− 1

8 (ρ∂ρ + 1)(ρ∂ρ − 2n− 3)ϕ0α,

E
αβ
≡ ρ2R

αβ
− 2ρ2N γ

α ρN
ρ

β γ
− 1

8 ((ρ∂ρ)
2 − (2n+ 2)ρ∂ρ − 8)ϕ

αβ

+ 1
8hαβ(ρ∂ρ − 4)ϕ00 + 1

4hαβρ∂ρϕ
γ
γ ,

Eαβ ≡ inρ2Aαβ + ρ2(N γ
γαβ, +N γ

γβα, )− ρ4Aαβ,0 − 1
8ρ∂ρ(ρ∂ρ − 2n− 2)ϕαβ .

In particular, the tensor E is automatically O(ρ).

6.5. The Bianchi identity. While ϕ has (2n+1)2 components, the Einstein

equation is a system of (2n + 2)2 differential equations between the components.

However, these equations are not all independent because of the contracted Bianchi

identity:

(6.16) dScal = −2δRic .

Here δ is the divergence operator. In the case of ACH metrics, we can derive the

following useful lemma from (6.16).

Lemma 6.6. Let m ≥ 1 be a positive integer. Suppose that g is a C∞-smooth

normal-form ACH metric for which E := Ric + 1
2 (n + 2)g satisfies E = O(ρm).

Then we have

O(ρm+1) = (m− 4n− 4)E∞∞ − 4(m− 4)E00 − 8(m− 2)E α
α ,(6.17a)

O(ρm+1) = (m− 2n− 4)E∞0 ,(6.17b)

O(ρm+1) = (m− 2n− 3)E∞α − 4iE0α .(6.17c)

Here, E α
α = hαβE

αβ
.

Proof. Since the Levi-Civita connection ∇g kills the metric, from (6.16) we

also obtain d(trg E) = −2δE, or

gIJ∇gKEIJ = 2gIJ∇gIEJK .

In terms of the extended Tanaka–Webster connection ∇ and the tensor D, we can

rewrite this identity as

gIJ(∇KEIJ − 2DL
KIEJL) = 2gIJ(∇IEJK −DL

IJELK −DL
IKEJL),

or equivalently,

(6.18) 0 = gIJ(∇KEIJ − 2∇IEJK + 2DL
IJEKL − 2TLIKEJL).

Since ∇ is a Θ-connection, E = O(ρm) implies ∇E = O(ρm) and so we obtain

O(ρm+1) = 1
4 (∇KE∞∞ − 2∇∞E∞K + 2DL

∞∞EKL − 2TL∞KE∞L)

+ 1 · (∇KE00 − 2∇0E0K + 2DL
00EKL − 2TL0KE0L)

+ 2hβγ(∇KEβγ −∇βEγK −∇γEβK + (DL
βγ +DL

γβ)EKL

− TLβKEγL − TLγKEβL).

(6.19)
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Since ∇0EIJ and ∇αEIJ are O(ρm+1), this further simplifies to

O(ρm+1) = 1
4 (∇KE∞∞ − 2∇∞E∞K + 2DL

∞∞EKL − 2TL∞KE∞L)

+ (∇KE00 + 2DL
00EKL − 2TL0KE0L)

+ 2hβγ(∇KEβγ + (DL
βγ +DL

γβ)EKL − TLβKEγL − TLγKEβL).

Recall the boundary values of DK
IJ from Table 6.4 and those of TKIJ from (6.3):

on M = M × { 0 }, they are

D∞∞∞ = −1, D∞00 = 1
2 , D∞

αβ
= 1

4hαβ ,(6.20a)

D0
∞0 = −2, D0

αβ
= i

2hαβ ,(6.20b)

Dγ
∞α = −δ γ

α , Dγ
0α = i

2δ
γ

α(6.20c)

and

T 0
αβ

= ih
αβ

;

all the nontrivial components that are not shown are zero on M . Therefore, our

equality again reduces to

O(ρm+1) = 1
4 (∇KE∞∞ − 2∇∞E∞K − 2E∞K ) + (∇KE00 + E∞K )

+ 2hβγ(∇KEβγ + 1
2hβγE∞K − T

0
βKE0γ − T 0

γKE0β ).

Substituting K =∞, K = 0 and K = α into this formula, by (6.4a) we find that

O(ρm+1) = − 1
4 (ρ∂ρ − 4n− 4)E∞∞ + (ρ∂ρ − 4)E00 + 2(ρ∂ρ − 2)E α

α ,(6.21a)

O(ρm+1) = − 1
2 (ρ∂ρ − 2n− 4)E∞0 ,(6.21b)

O(ρm+1) = − 1
2 (ρ∂ρ − 2n− 3)E∞α + 2iE0α ,(6.21c)

which imply (6.17). �

6.6. Construction of asymptotic solution. Now we prove Theorem 6.1.

Let E := Ric + 1
2 (n + 2)g. Recall from Lemma 6.5 that E = O(ρ) for any normal-

form ACH metric g. We shall inductively show that there exists a normal-form

ACH metric g(m) satisfying E = O(ρm) for each m ≤ 2n+ 2,, and for such g(m) its

components g
(m)
ij are unique modulo O(ρm).

Suppose we have a normal-form ACH metric g(m) such that E = O(ρm). Con-

sider a new metric g(m) given by g
(m+1)
ij = g

(m)
ij + ψij , where ψij = O(ρm). Then,

by Lemma 6.5, the difference δE = E(m+1) − E(m) modulo O(ρm+1) is

δE∞∞ ≡ − 1
2m(m− 4)ψ00 −m(m− 2)ψ α

α ,(6.22a)

δE∞0 ≡ 0,(6.22b)

δE∞α ≡ − i
2 (m+ 1)ψ0α ,(6.22c)

δE00 ≡ − 1
8 (m2 − (2n+ 4)m− 4n)ψ00 + 1

2 (m− 2)ψ α
α ,(6.22d)

δE0α ≡ − 1
8 (m+ 1)(m− 2n− 3)ψ0α ,(6.22e)
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δE
αβ
≡ − 1

8 (m2 − (2n+ 2)m− 8)ψ
αβ

+ 1
8hαβ(m− 4)ψ00 + 1

4hαβmψ
γ
γ ,(6.22f)

δEαβ ≡ − 1
8m(m− 2n− 2)ψαβ .(6.22g)

By taking the trace and the trace-free part of (6.22f), we obtain

δE γ
γ ≡ − 1

8 (m2 − (4n+ 2)m− 8)ψ γ
γ + 1

8n(m− 4)ψ00 ,(6.23a)

tf(δE
αβ

) ≡ − 1
8 (m2 − (2n+ 2)m− 8) tf(ψ

αβ
).(6.23b)

Look at (6.22e), (6.22g), and (6.23b). Since the coefficients appearing in these

equalities are nonzero for m ≤ 2n + 1, we can uniquely determine ψ0α , ψαβ , and

tf(ψ
αβ

) modulo O(ρm+1) so that E
(m+1)
0α , E

(m+1)
αβ , and tf(δE

αβ
) are O(ρm+1). Next

we regard (6.22d) and (6.23a) as a system of linear equations for ψ00 and ψ α
α . The

determinant of the coefficients

Dm := det

(
− 1

8 (m2 − (2n+ 4)m− 4n) 1
2 (m− 2)

1
8n(m− 4) − 1

8 (m2 − (4n+ 2)m− 8)

)
is actually

(6.24) Dm =
1

64
m(m+ 2)(m− 2n− 4)(m− 4n− 4),

which shows that this system is nondegenerate for m ≤ 2n + 1. Hence we can

determine ψ00 and ψ α
α , both modulo O(ρm+1), so that E

(m+1)
00 and E

(m+1) γ
γ are

O(ρm+1). Thus we have attained E
(m+1)
ij = O(ρm+1), and if g

(m)
ij are determined

unique up to O(ρm) at the beginning of step m, then g
(m+1)
ij are unique modulo

O(ρm+1).

To go to the next step, we have to check that E
(m+1)
∞∞ , E

(m+1)
∞0 , and E

(m+1)
∞α are

also O(ρm+1). This can be seen from Lemma 6.6. In fact, since E
(m+1)
ij = O(ρm+1)

is already achieved, (6.17) shows that (m−4n−4)E
(m+1)
∞∞ , (m−2n−4)E

(m+1)
∞0 , and

(m−2n−2)E
(m+1)
∞α are O(ρm+1). Therefore, for m ≤ 2n+1, it follows that E

(m+1)
∞∞ ,

E
(m+1)
∞0 , and E

(m+1)
∞α are O(ρm+1) and hence so is the whole E(m+1). Hence the

induction is complete and the first part of Theorem 6.1 is proved.

To obtain the second part, now we consider g with components gij = g
(2n+2)
ij +

ψij , ψij = O(ρ2n+2). Equations (6.22a), (6.22d), and (6.23a) imply

trg E = Scal +(n+ 1)(n+ 2) = 1
4δE∞∞ + δE00 + 2 δE γ

γ +O(ρ2n+3)

= 1
2 (n+ 2)(ψ00 + 2ψ γ

γ ) +O(ρ2n+3).

Therefore we can take ψ so that trg E = O(ρ2n+3). Suppose g and g1 are chosen in

this way and let (g1)ij = gij + ψij . Then ψ00 + 2ψ γ
γ = trg(g1 − g) +O(ρ2n+3), so

trg(g1 − g) should be O(ρ2n+3).

6.7. Evenness. Here we introduce the evenness condition to C∞-smooth ACH

metrics. To define the evenness, it is more appropriate to see an ACH metric g as a

usual Riemannian metric on X rather than a Θ-metric. Let us start with the case
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where g is a normal-form ACH metric for (M,T 1,0M, θ). As a Riemannian metric,

it is defined on M × (0,∞), and can be written as

(6.25) g =
4dρ2 + hρ

ρ2
,

where hρ is a family of Riemannian metrics with parameter ρ. The family hρ is

divergent in the direction of the Reeb vector field when ρ tends to 0. If we consider

ρ2hρ, then it is convergent and admits an asymptotic expansion at ρ = 0 in the

(nonnegative) powers of ρ with coefficients in the space of symmetric 2-tensors on

M .

Definition 6.7. A C∞-smooth normal-form ACH metric g is even if the as-

ymptotic expansion of ρ2hρ at ρ = 0 contains even-degree terms only. An arbitrary

C∞-smooth ACH metric is even if its normalization is even.

The well-definedness of the evenness for the general case is due to the remark

made in the last paragraph of [GS, §3.2].

Proposition 6.8. For any Θ-manifold and a compatible partially integrable

CR structure T 1,0M on the boundary, one can always take a C∞-smooth ACH

metric g that induces T 1,0M so that it satisfies (2.1), (2.2) and is even.

Proof. Take a normal-form ACH metric g = ρ−2(4 dρ2 + hρ) satisfying (2.1)

and (2.2). Although hρ is defined for ρ > 0, we can smoothly extend ρ2hρ to

−ε < ρ < ε. Making ε smaller if necessary, we can define a Riemannian metric

g− on M × (−ε, 0) by setting g− := ρ−2(4 dρ2 + hρ). Then the tensor E− :=

Ric(g−) + 1
2 (n + 2)g− also satisfies (2.1) and (2.2). If we consider the pullback of

g− by the inversion ι : (x, ρ) 7−→ (x,−ρ), then the metric g′ = ι∗g− on X again

fulfills (2.1) and (2.2). If we write g′ = ρ−2(4 dρ2 + h′ρ), then the odd-degree terms

of the expansions of hρ and h′ρ have opposite signs, while the even-degree ones are

the same. Hence, by the uniqueness result stated in Theorem 6.1, the determined

odd-degree coefficients in the expansion of hρ must be zero. Therefore, putting

the undetermined terms as zero for example, we obtain an even normal-form ACH

metric satisfying (2.1) and (2.2). �

Let C∞even be the space of C∞-smooth functions on M × [0,∞). Since the

vector field ρ∂ρ preserves, as an operator on smooth functions, preserves C∞even, the

components of the Riemann curvature tensor of an even normal-form ACH metric

with respect to { ρ∂ρ, T, Zα, Zα } are all belong to C∞even. Therefore, if g is an even

normal-form ACH metric that satisfies (2.1), then it is moreover true that

E∞α = O(ρ2n+3), E0α = O(ρ2n+3) and trg E = O(ρ2n+4),

where the components of E = Ric + 1
2 (n+ 2)g are now with respect to {ZI }. Thus

we obtain Theorem 2.3. Furthermore, we can go ahead with the induction in the
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proof of Theorem 6.1 a bit more: we can determine all the ρ2n+2-coefficients of g00

and g
αβ

so that the ρ2n+2 coefficients of E∞∞ , E00 , and E
αβ

vanishes. By (6.17b),

E∞0 = O(ρ2n+3). By the evenness,

E∞∞ = O(ρ2n+4), E∞0 = O(ρ2n+4),

E00 = O(ρ2n+4), E
αβ

= O(ρ2n+4).

Let us summarize the result—this will be used in Subsection 7.1.

Proposition 6.9. For any (M,T 1,0M, θ), one can take an even C∞-smooth

normal-form ACH metric g so that E = Ric + 1
2 (n+ 2)g satisfies

(6.26) EIJ = O(ρ2n+2+a(I,J)),

where

(6.27) a(I, J) :=


2, (i, j) = (∞,∞), (∞, 0), (0, 0), (α, β),

1, (i, j) = (∞, α), (0, α),

0, (i, j) = (α, β).

The components gij are uniquely determined modulo O(ρ2n+2+a(i,j)).

7. CR obstruction tensor

7.1. CR obstruction tensor. Recall the proof of Theorem 6.1 given in Sub-

section 6.6. In spite of the success of the inductive determination of the coefficients

of gij up to the (2n+ 1)st order, the next step cannot be executed. This is because

of (6.22g)—although the metric g in Theorem 6.1 has O(ρ2n+2) freedom, no matter

how we determine g, there is no effect on the ρ2n+2-coefficient of Einαβ . So we get

the well-defined tensor

(7.1) Oαβ := (ρ−2n−2Eαβ )
∣∣
ρ=0

.

This is the CR obstruction tensor Oαβ of Definition 2.6. It follows that Oαβ is

given by a universal formula in terms of the Levi form and its dual, the Nijenhuis

tensor, the pseudohermitian torsion tensor, the pseudohermitian Ricci tensor, and

their covariant derivatives. To see this, we take g(1) so that g
(1)
ij are constant in ρ.

Then, by Lemma 6.5

E(1)
∞∞ = E

(1)
∞0 = E(1)

∞α = E
(1)
00 = 0,

E
(1)
0α = ρ3A β

αβ, + ρ3N βγ
α A

βγ
,

E
(1)

αβ
= ρ2R

αβ
− 2ρ2N γ

α ρN
ρ

β γ
,

E
(1)
αβ = inρ2Aαβ + 2ρ2∇γNγ(αβ) − ρ

4Aαβ,0.
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Hence, if g(2) solves E(2) = O(ρ2) then it must be equal to g(1) modulo O(ρ2), and

g(3) solving E(3) = O(ρ3) should be taken as follows:

g00 = 1 +O(ρ3),(7.3a)

g0α = O(ρ3),(7.3b)

g
αβ

= h
αβ

+ ρ2Φ
αβ

+O(ρ3),(7.3c)

gαβ = ρ2Φαβ +O(ρ3),(7.3d)

where

Φ
αβ

:= − 2

n+ 2

(
R
αβ
− 2NαστN

τσ
β
− 1

2(n+ 1)
(R− 2NγστN

γτσ)h
αβ

)
,(7.4a)

Φαβ := − 2

n
(iAαβ + 2∇γNγ(αβ) ).(7.4b)

If, in each step in the induction, we construct g(m+1) by taking ψij for which

ρ−mψij is constant in ρ, then it is obvious that the components of ψij . As a result,

Oαβ is also given by such a formula. Thus we have proved Theorem 2.5.

Proof of Theorem 2.10. Let g be a normal-form ACH metric satisfying the

condition of Proposition 6.9. We would like to compute the right-hand side of (6.18)

modulo O(ρ2n+5) for K = 0 and modulo O(ρ2n+4) for K = α.

Let first K = α. Since ϕij = O(ρ2) by the evenness, it is immediate that

the right-hand side of (6.19) is actually O(ρ2n+4). Since TL∞J = 0 and ∇αE∞∞ ,

∇αE00 , ∇0E0α , ∇αEβγ , and ∇βEγα are all O(ρ2n+4),

O(ρ2n+4) = 1
4 (−2∇∞E∞α + 2DL

∞∞EαL) + (2DL
00ELα − 2TL0αE0L)

+ 2hβγ(−∇γEβα + (DL
βγ +DL

γβ)ELα − TLβαEγL − TLγαEβL).

By Table 6.4, in the current situation (6.20) actually holds in M × [0,∞) modulo

O(ρ2). If we also recall (6.3), then the equality above simplifies to

O(ρ2n+4) = 1
4 (−2∇∞E∞α − 2E∞α) + E∞α

+ 2hβγ(−∇γEβα + 1
2hβγE∞α + ρN σ

βα Eγσ + ihαγE0β )

= − 1
2 (ρ∂ρ − 2n− 3)E∞α − 2ρ∇βEαβ − 2ρN βγ

α E
βγ

+ 2iE0α

= −2ρ∇βEαβ − 2ρN βγ
α E

βγ
+ 2iE0α +O(ρ2n+4).

Therefore we obtain

(7.5) E0α = −iρ2n+3(∇βOαβ +N βγ
α O

βγ
) +O(ρ2n+4).

Let us again recall (6.18), and next we consider the case K = 0. This time

note that EIJ = O(ρ2n+3) if 0 ∈ { I, J }, and also that ∇LEIJ = O(ρ2n+3) if

0 ∈ { I, J, L } is 0. Moreover, TLI0 is at least O(ρ2) whatever I and L are. By
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these facts and ϕij = O(ρ2), we conclude

O(ρ2n+5) = 1
4 (∇0E∞∞ − 2∇∞E∞0 + 2DL

∞∞E0L − 2TL∞0E∞L)

+ 1 · (∇0E00 − 2∇0E00 + 2DL
00E0L − 2TL00E0L)

+ 2hβγ(∇0Eβγ −∇βE0γ −∇γE0β + (DL
βγ +DL

γβ)E0L

− TLβ0EγL − TLγ0EβL).

Since TL∞0 = TL00 = 0 and ∇0E∞∞ , ∇0E00 , ∇0Eβγ are O(ρ2n+5) (in fact

O(ρ2n+6)),

O(ρ2n+5) = 1
4 (−2∇∞E∞0 + 2DL

∞∞E0L) + 2DL
00E0L

+ 2hβγ(−∇βE0γ −∇γE0β + (DL
βγ +DL

γβ)E0L

− TLβ0EγL − TLγ0EβL).

This implies, because of (6.3) and the fact that (6.20) holds in M × [0,∞) modulo

O(ρ2),

O(ρ2n+5) = 1
4 (−2∇∞E∞0 − 2E∞0) + E∞0

+ 2hβγ(−∇βE0γ −∇γE0β + 1
2hβγE∞0 − ρ2A σ

β Eγσ − ρ2A σ
γ Eβσ )

= − 1
2 (ρ∂ρ − 2n− 4)E∞0 − 2ρ(∇αE0α +∇αE0α)

− 2ρ2(AαβEαβ +AαβE
αβ

)

= −2ρ(∇αE0α +∇αE0α)− 2ρ2(AαβEαβ +AαβE
αβ

) +O(ρ2n+5).

Therefore,

(7.6) ∇αE0α +∇αE0α = −ρ2n+3(AαβOαβ +AαβO
αβ

) +O(ρ2n+4).

Combining (7.5) and (7.6), we obtain

DαβOαβ −DαβO
αβ

= 0,

where Dαβ = ∇α∇β − iAαβ −Nγαβ∇γ − (∇γNγαβ). �

7.2. First variation of CR obstruction tensor. In this subsection, we

compute a part of the first-order term of the obstruction tensor with respect to

a variation on the Heisenberg group M = H from the standard CR structure

T 1,0M . Let ϕt : T
1,0M −→ T 1,0M be a C-homomorphism representing a smooth

1-parameter family T̂ 1,0
t based at T 1,0M . Let ψαβ ∈ E(αβ) (1, 1) be its derivative at

t = 0. Let {Zα } be the standard frame.

Let g = gt be a smooth normal-form ACH-Einstein metric that satisfies (2.1)

for each (M, T̂ 1,0
t , θ). This can be taken smoothly with respect to t. We set

g•00 = Ψ00, g•0α = Ψ0α, g•
αβ

= Ψ
αβ
, g•αβ = Ψαβ ,
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where (gt)ijs are the components with respect to { Ẑα = Zα + ϕt(Zα) }. Then,

gij s are uniquely determined modulo O(ρ2n+2), and so are Ψijs. Let Ψ
(m)
ij be the

uniquely determined coefficients. Because of (3.27), we can write

Ψij =

2n+1∑
m=1

ρmΨ
(m)
ij +O(ρ2n+2).

Since gt can be taken so that it is even, Ψ
(m)
00 , Ψ

(m)

αβ
, and Ψ

(m)
αβ are zero for m odd,

and Ψ
(m)
0α is zero for m even. Since each (gt)ij admits a universal expression as a

local pseudohermitian invariant, by (3.28) and (3.29), each Ψ
(m)
ij is given as a linear

combination of covariant derivatives of ψij (trivialized by θ).

If we consider a new contact form θ̂ = e2Υθ for constant Υ, then the formula

that gives Ψ
(m)
ij as a linear combination will not change because (3.28) and (3.29)

remain valid for such θ̂. On the other hand, ρ̂ used for the normalization with

respect to θ̂ is eΥρ, and hence

ρ̂2T̂ = ρT, ρ̂Zα = eΥρZα.

Therefore,

ρ̂mΨ̂
(m)
00 = ρmΨ

(m)
00 , ρ̂mΨ̂

(m)
0α = eΥρmΨ

(m)
0α ,

ρ̂mΨ̂
(m)

αβ
= e2ΥρmΨ

(m)

αβ
, ρ̂mΨ̂

(m)
αβ = e2ΥρmΨ

(m)
αβ .

Consequently, Ψ
(m)
ij must satisfy

Ψ̂
(m)
00 = e−mΥΨ

(m)
00 , Ψ̂

(m)
0α = e−(m−1)ΥΨ

(m)
0α ,

Ψ̂
(m)

αβ
= e−(m−2)ΥΨ

(m)

αβ
, Ψ̂

(m)
αβ = e−(m−2)ΥΨ

(m)
αβ .

Thus we conclude all the possible terms in Ψ
(m)
ij are as shown in Table 7.1. Similarly,

the variation O•αβ of the CR obstruction tensor should be a linear combination of

the following terms:

∆k
b∇n+1−k

0 ψαβ , ∆k
b∇n−k0 ∇(α∇

σψβ)σ ,

∆k
b∇n−1−k

0 ∇α∇β∇σ∇τψστ and ∆k
b∇n−1−k

0 ∇α∇β∇σ∇τψστ .
(7.7)

These terms are linearly independent if n ≥ 2.

We determine the coefficient of ∆n+1
b ψαβ in O•αβ . For this purpose, it suffices to

compute Ψ
(m)
ij neglecting ∇0ψαβ , ∇βψαβ , ∇βψ

αβ
and their covariant derivatives,

because these terms cannot contribute to the final (∆n+1
b ψαβ )-coefficient. This

means, as can be seen from Table 7.1. that we can compute as if Ψ
(m)
00 , Ψ

(m)
0α , and

Ψ
(m)

αβ
are zero.

By (7.4b), modulo these terms

(7.8) Ψ
(2)
αβ ≡

2

n
∆bψαβ .
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Type Terms

Ψ
(2l)
00 ∆k

b∇
l−1−k
0 ∇α∇βψαβ , ∆k

b∇
l−1−k
0 ∇α∇βψ

αβ

Ψ
(2l+1)
0α ∆k

b∇
l−k
0 ∇βψαβ , ∆k

b∇
l−1−k
0 ∇α∇σ∇τψστ , ∆k

b∇
l−1−k
0 ∇α∇σ∇τψστ

Ψ
(2l)

αβ
∆k
b∇

l−1−k
0 ∇α∇σψβσ , ∆k

b∇
l−1−k
0 ∇

β
∇σψασ ,

∆k
b∇

l−2−k
0 ∇α∇β∇

σ∇τψστ , ∆k
b∇

l−2−k
0 ∇

β
∇α∇σ∇τψστ ,

h
αβ

∆k
b∇

l−1−k
0 ∇σ∇τψστ , h

αβ
∆k
b∇

l−1−k
0 ∇σ∇τψστ

Ψ
(2l)
αβ ∆k

b∇
l−k
0 ψαβ , ∆k

b∇
l−1−k
0 ∇(α∇

σψβ)σ ,

∆k
b∇

l−2−k
0 ∇α∇β∇σ∇τψστ , ∆k

b∇
l−2−k
0 ∇α∇β∇σ∇τψστ

Table 7.1. Terms that can appear in Ψ
(m)
ij

Moreover, by computing E = Ric + 1
2 (n + 2)g again using this technique, one can

prove that Ψ
(2l)
αβ satisfy

0 ≡ l(l − n− 1)Ψ
(2l)
αβ −∆bΨ

(2l−2)
αβ for l ≥ 2,

and hence, for 1 ≤ l ≤ n,

ϕ
(2l)
αβ ≡

2 · (−1)l+1

l! · n!/(n− l)!
∆l
bµαβ .

Then, by a similar computation, one can derive

O•αβ ≡
1

2
∆bΨ

(2n)
αβ ≡

(−1)n+1

(n!)2
∆n+1
b ψαβ .

Thus we have shown the following.

Proposition 7.1. Let n ≥ 2. If we express O•αβ as a linear combination of the

terms in (7.7), then the coefficient of ∆n+1
b ψαβ is equal to (−1)n+1/(n!)2.

Corollary 7.2. Let n ≥ 2. Then there is a partially integrable CR structure

on the (2n+1)-dimensional Heisenberg group, arbitrarily close to the standard one,

for which the obstruction tensor does not vanish.

8. Formal solutions involving logarithmic singularities

8.1. ACH metrics with logarithmic singularities. In this section, we are

going to prove Theorems 2.11 and 2.12. Let (X, [Θ]) be a Θ-manifold. Recall that a

continuous Θ-tensor S belongs to A(X) if S admits an expansion of the form (2.9).

We write S ∈ Am if S(q) = O(ρm) for all q ≥ 0, and set A∞ :=
⋂∞
m=0Am. The

symbol Am will be used similarly to O(ρm)—for example, f = f0 +Am means that

f − f0 ∈ Am. Moreover, the symbol Am is used also for the respective components

(we make this agreement so that equation (8.5), for example, makes sense).

Again in this section, we set X = M × [0,∞), where (M,T 1,0M, θ) is a non-

degenerate partially integrable CR manifold with fixed contact form. We consider
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ACH metrics of the form (4.9) with gij satisfying (4.10), which we call normal-form

ACH metrics with logarithmic singularities for (M,T 1,0M, θ). All the computations

regarding the Ricci tensor go in the same way as in Section 6 except that, while

ρ∂ρ acts on the space of smooth O(ρm) functions as a mere “m times” operator

modulo O(ρm+1), it is no longer the case when O(ρm) and O(ρm+1) are replaced

by Am and Am+1.

Let us consider a normal-form ACH metric given in Proposition 6.9. For speci-

ficity, let g be such a metric with the property that each component gij is (at least

nearM = M×{ 0 }) given by a polynomial of ρ. Then the tensor E = Ric+ 1
2 (n+2)g

is unambiguously defined by (M,T 1,0M, θ). We set

E∞∞ = ρ2n+4F∞∞ +O(ρ2n+5),(8.1a)

E∞0 = ρ2n+3F∞0 +O(ρ2n+4),(8.1b)

E∞α = ρ2n+4F∞α +O(ρ2n+5),(8.1c)

E00 = ρ2n+4F00 +O(ρ2n+5),(8.1d)

E0α = ρ2n+3F0α +O(ρ2n+4),(8.1e)

Eαβ = ρ2n+4F
αβ

+O(ρ2n+5),(8.1f)

Eαβ = ρ2n+2Fαβ +O(ρ2n+3),(8.1g)

where FIJ is constant in the ρ-direction. We already know that Fαβ = Oαβ and

F0α = −i(∇βOαβ +N βγ
α O

βγ
). We define

(8.2) u := − 1

n+ 1
(F∞0 − i∇αF∞α + i∇αF∞α ).

Theorem 8.1. Let κ be any smooth function and λαβ a smooth symmetric

2-tensor satisfying

(8.3) Dαβλαβ −Dαβλ
αβ

= iu.

Then there is a normal-form ACH metric with logarithmic singularity g satisfying

EIJ = A∞ and

(8.4)
1

(2n+ 4)!

(
∂2n+4
ρ g

(0)
00

)∣∣∣
M

= κ,
1

(2n+ 2)!

(
∂2n+2
ρ g

(0)
αβ

)∣∣∣
M

= λαβ ,

where gij ∼
∑∞
q=0 g

(q)
ij (log ρ)q is the asymptotic expansion of gij . The components

gij are uniquely determined modulo A∞ by the condition above.

As is clear from the proof below, Theorem 8.1 also holds in the following formal

sense. Let p ∈ M , κ a smooth function and λαβ a tensor satisfying (8.3) to the

infinite order at p. Then there exists a normal-form ACH metric with logarithmic

singularity g satisfying (8.4) and EIJ = A∞ to the infinite order at p, and the

Taylor expansions of g
(q)
ij at p are uniquely determined by those of κ and λαβ . On
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the other hand, there is a formal power series solution to (8.3) by the Cauchy–

Kovalevskaya Theorem. Hence, by Borel’s Lemma, we have λαβ solving (8.3) to

the infinite order at p. Thus we obtain Theorem 2.11.

Remark 8.2. The appearance of a formally undetermined term λαβ at the

(2n + 2)nd order generalizes a result of Biquard–Herzlich [BH1, Corollary 5.4] in

the case n = 1.

8.2. Non-logarithmic part. The following result can be obtained by follow-

ing the argument in Section 6 again.

Proposition 8.3. There exists a normal-form ACH metric with logarithmic

singularity g for which E = Ric + 1
2 (n+ 2)g satisfies

(8.5) EIJ = A2n+2+a(I,J),

where a(I, J) is defined by (6.27). The components gij are uniquely determined

modulo A2n+2+a(i,j), and do not contain logarithmic terms up to this order.

Proof. Let g be a normal-form ACH metric with logarithmic singularity. If

we define ϕij by (6.2), then the Ricci tensor of g can be computed as we did in

Subsections 6.3 and 6.4, and as a result, Lemma 6.5 is again valid for g, where

the omitted terms are now those of the form ϕij times A1. In particular, the

contributions of A2n+2-terms in ϕij to E is A2n+2. Take a large N so that ϕij and

EIJ for given g are of the form

ϕij =

N∑
q=0

ϕ
(q)
ij (log ρ)q +A2n+2, ϕ

(q)
ij ∈ C

∞(X),

and

EIJ =

N∑
q=0

E
(q)
IJ (log ρ)q +A2n+2, E

(q)
IJ ∈ C

∞(X).

Our intermediate goal is proving that it is necessary for EIJ = A2n+2 that ϕ
(q)
ij = 0

(modulo O(ρ2n+2)) for q ≥ 1. Then ϕ
(0)
ij s are determined modulo O(ρ2n+2) by

Theorem 6.1.

We obtain from Lemma 6.5 that, if we set g′ij = gij + ψij with ψij = Am and

δE = E′ − E, then the following equalities hold modulo Am+1:

δE∞∞ ≡ − 1
2ρ∂ρ(ρ∂ρ − 4)ψ00 − ρ∂ρ(ρ∂ρ − 2)ψ α

α ,(8.6a)

δE∞0 ≡ 0,(8.6b)

δE∞α ≡ − i
2 (ρ∂ρ + 1)ψ0α ,(8.6c)

δE00 ≡ − 1
8 ((ρ∂ρ)

2 − (2n+ 4)ρ∂ρ − 4n)ψ00 + 1
2 (ρ∂ρ − 2)ψ α

α ,(8.6d)

δE0α ≡ − 1
8 (ρ∂ρ + 1)(ρ∂ρ − 2n− 3)ψ0α ,(8.6e)

δE γ
γ ≡ − 1

8 ((ρ∂ρ)
2 − (4n+ 2)ρ∂ρ − 8)ψ γ

γ + 1
8n(ρ∂ρ − 4)ψ00 ,(8.6f)
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tf(δE
αβ

) ≡ − 1
8 ((ρ∂ρ)

2 − (2n+ 2)ρ∂ρ − 8) tf(ψ
αβ

),(8.6g)

δEαβ ≡ − 1
8ρ∂ρ(ρ∂ρ − 2n− 2)ψαβ .(8.6h)

Therefore, if ψij =
∑N
q=0 ψ

(q)
ij (log ρ)q +Am+1, then the following holds for q = N

modulo O(ρm+1):

δE(q)
∞∞ ≡ − 1

2m(m− 4)ψ
(q)
00 −m(m− 2)ψ(q) α

α ,(8.7a)

δE
(q)
∞0 ≡ 0,(8.7b)

δE(q)
∞α ≡ − i

2 (m+ 1)ψ
(q)
0α ,(8.7c)

δE
(q)
00 ≡ − 1

8 (m2 − (2n+ 4)m− 4n)ψ
(q)
00 + 1

2 (m− 2)ψ(q) α
α ,(8.7d)

δE
(q)
0α ≡ − 1

8 (m+ 1)(m− 2n− 3)ψ
(q)
0α ,(8.7e)

δE(q) γ
γ ≡ − 1

8 (m2 − (4n+ 2)m− 8)ψ(q) γ
γ + 1

8n(m− 4)ψ
(q)
00 ,(8.7f)

tf(δE
(q)

αβ
) ≡ − 1

8 (m2 − (2n+ 2)m− 8) tf(ψ
(q)

αβ
),(8.7g)

δE
(q)
αβ ≡ −

1
8m(m− 2n− 2)ψ

(q)
αβ .(8.7h)

In particular, consider the case where gij does not contain logarithmic terms at all.

In this case E does not contain logarithmic terms either. Hence, if 1 ≤ m ≤ 2n+ 1,

(8.7) implies that (E′)(N) necessarily has a nonzero component at mth order as soon

as some component of ψ
(N)
ij becomes nonzero modulo O(ρm+1). This shows that we

cannot introduce ψ
(N)
ij that is not O(ρ2n+2) while keeping logarithmic terms away

from E. The same argument is also possible for q = N − 1, N − 2, . . . , 1, so we

conclude that g cannot have logarithmic terms modulo A2n+2.

Moreover, setting m = 2n+ 3 we similarly obtain that there are no logarithmic

terms in g00 , g0α , and g
αβ

modulo A2n+3, and by moving forward to the case

m = 2n+ 4, g00 and g
αβ

cannot have logarithmic terms modulo A2n+4. �

8.3. Computation on Ricci tensor. For the discussion that follows, we

need a formula for the behavior of the Ricci tensor that is different from (8.6).

Let g be a fixed normal-form ACH metric with logarithmic singularity such that

E = Ric +1
2 (n + 2)g is at least A3. The proof of Proposition 8.3 shows that such

g cannot contain logarithmic terms modulo A3. So its components are determined

as (7.3). For an integer m ≥ 3, we consider another metric g′ given as follows:

(8.8) g′ij = gij + ψij , ψij = Am+a(i,j).

Let δE := E′ − E.

Lemma 8.4. Let g be a normal-form ACH metric with logarithmic singularity

such that E = A3. For the perturbation (8.8) of g, the tensor δE is given by

δE∞∞ = − 1
2ρ∂ρ(ρ∂ρ − 4)ψ00 − ρ∂ρ(ρ∂ρ − 2)ψ γ

γ

+ 1
2ρ

2(ρ∂ρ)
2(Φαβψαβ + Φαβψ

αβ
) +Am+3,

(8.9a)
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δE∞0 = 1
2ρ(ρ∂ρ + 1)(∇αψ0α +∇αψ0α)

− 1
2ρ

2 · ρ∂ρ(Aαβψαβ +Aαβψ
αβ

) +Am+3,
(8.9b)

δE∞α = − i
2 (ρ∂ρ + 1)ψ0α + 1

2ρ · ρ∂ρ∇
βψαβ + 1

2ρN
βγ

α ρ∂ρψβγ +Am+2,(8.9c)

δE00 = − 1
8 ((ρ∂ρ)

2 − (2n+ 4)ρ∂ρ − 4n)ψ00 + 1
2 (ρ∂ρ − 2)ψ α

α

+ iρ(∇αψ0α −∇αψ0α)− 1
4ρ

2 · ρ∂ρ(Φαβψαβ + Φαβψ
αβ

) +Am+3,
(8.9d)

δE0α = − 1
8 (ρ∂ρ + 2)(ρ∂ρ − 2n− 2)ψ0α +Am+2,(8.9e)

δE α
α = 1

8n(ρ∂ρ − 2)ψ00 − 1
8 ((ρ∂ρ)

2 − (4n− 2)ρ∂ρ − 8n− 8)ψ α
α

+ (Am+2 terms depending on ψ0α and ψαβ ) +Am+3,
(8.9f)

tf(δE
αβ

) = − 1
8 ((ρ∂ρ)

2 − 2nρ∂ρ − 2n− 9) tf(ψ
αβ

)

+ (Am+2 terms depending on ψ0α and ψαβ ) +Am+3,

(8.9g)

δEαβ = − 1
8ρ∂ρ(ρ∂ρ − 2n− 2)ψαβ +Am+1,(8.9h)

where we define Φαβ by (7.4b).

Lemma 8.4 is proved by the following idea. In Subsection 6.4, we used (6.8) to

compute the Ricci tensor itself. However, if we try to show Lemma 8.4 again on

this plan, then it will demand too much complicated computation. So we take the

difference from the start: (6.8) implies that

δRicIJ = ∇K(δD)KIJ −∇I(δD)KKJ − δDL
KI ·DK

LJ −DL
KI · δDK

LJ

+ δDL
IJ ·DK

KL +DL
IJ · δDK

KL +Am+3.
(8.10)

We omitted the quadratic terms of δD. This is allowed because any δDK
IJ is Am

and we assumed that m ≥ 3. To compute the remaining part modulo Am+3, it

suffices to compute DK
IJ modulo A3 and δDK

IJ modulo Am+3.

Lemma 8.5. If g is a normal-form ACH metric with logarithmic singularity for

which E = Ric + 1
2 (n+ 2)g is A3, then DK

IJ modulo A3 is given by Table 8.1.

Proof. Since ϕij = A2, this follows by Lemma 6.5 if we modify it for metrics

with logarithmic singularities. �

Lemma 8.6. If g is a normal-form ACH metric with logarithmic singularity

for which E = Ric + 1
2 (n+ 2)g is A3, then for the perturbation (8.8) of the metric,

δDK
IJ modulo Am+3 is given by Table 8.2.

Proof. Since we can read δDK
IJ off from Table 6.1 only modulo Am+1, we

have to take a roundabout route as follows. We first compute δDKIJ modulo Am+3

by using (6.9). For this we need δ(∇KgIJ ) = ∇KψIJ , which is zero if ∞ ∈ { I, J },
and δTKIJ = TLIJψKL , which is zero if ∞ ∈ { I, J,K }. By (6.4), the components
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Type Value

D∞∞∞ −1

D∞∞0 0

D∞∞α 0

D∞00
1
2

D∞0α 0

D∞
αβ

1
4hαβ

D∞αβ 0

Type Value

D0
∞∞ 0

D0
∞0 −2

D0
∞α 0

D0
00 0

D0
0α 0

D0
αβ

− i
2hαβ

D0
αβ −ρ2Aαβ

Type Value

Dγ
∞∞ 0

Dγ
∞0 0

Dγ
∞α −δ γ

α + ρ2Φ γ
α

Dγ
∞α ρ2Φ γ

α

Dγ
00 0

Dγ
0α

i
2δ

γ
α

Dγ
0α iρ2Φ γ

α

Type Value

Dγ
αβ 0

Dγ

αβ
0

Dγ

αβ
ρNγ

βα

Table 8.1. DK
IJ modulo A3 (Lemma 8.5)

of the first tensor is as given in Table 8.3. On the other hand, by (6.3), those of

the second one is as in Table 8.4. As a result,

δDKIJ = 1
2 (δ(∇IgJK ) + δ(∇JgIK )− δ(∇KgIJ ) + δT IJK + δT JIK − δTKIJ)

is given by Table 8.3.

Then we compute δDK
IJ by the formula

(8.11) δDK
IJ = gKL · δDLIJ + δgKL ·DLIJ +Am+3.

Here we need

g00 = 1 +O(ρ3), g0α = O(ρ3),

gαβ = h
αβ
− ρ2Φαβ +O(ρ3), gαβ = −ρ2Φαβ +O(ρ3)

and

δg00 = −ψ00 +Am+3,

δg0α = −ψ α
0 +Am+3,

δgαβ = −ψαβ + ρ2(Φαγψ
βγ + Φβγψ

αγ) +Am+3,

δgαβ = −ψαβ + ρ2(Φαγψ
βγ + Φβγψ

αγ) +Am+3.

Moreover, DLIJ modulo A3 is read off from Table 6.1 as Table 8.6. We put all

these into (8.11). The details are omitted. �

We remark one more thing here: for metrics with logarithmic singularities such

that EIJ = Am+a(I,J), we need a version of Lemma 6.6. A similar use of the

contracted Bianchi identity now leads to the following lemma, whose proof is again

omitted.
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Lemma 8.7. Let m ≥ 1 be a positive integer. Suppose that g is a normal-form

ACH metric with logarithmic singularity for which E := Ric + 1
2 (n+ 2)g satisfies

EIJ = Am+a(I,J).

Then we have

Am+3 = (ρ∂ρ − 4n− 4)E∞∞ − 4(ρ∂ρ − 4)E00 − 8(ρ∂ρ − 2)E α
α

+ 16ρRe(∇αE∞α) + 8ρ2(ρ∂ρ − 2) Re(ΦαβEαβ ),
(8.12a)

Am+3 = (ρ∂ρ − 2n− 4)E∞0 + 8ρRe(∇αE0α) + 8ρ2 Re(AαβEαβ ),(8.12b)

Am+2 = (ρ∂ρ − 2n− 3)E∞α − 4iE0α + 4ρ∇βEαβ + 4ρN βγ
α E

βγ
.(8.12c)

8.4. Construction of the full expansion. To construct expansions of gij
that solves E = A∞, the first point where a logarithmic term comes into is the

(2n + 2)nd order. This is due to (8.9h). Moreover, (6.17) and (6.24) indicate that

the following orders also need some special care: 2n + 3, 2n + 4, and 4n + 4. We

first discuss the (2n+ 2)nd and two more orders that follow.

Lemma 8.8. Let u be as in (8.2) and assume that there is a solution λαβ to

the differential equation (8.3). Then there exists a normal-form ACH metric with

logarithmic singularity g for which E = Ric + 1
2 (n+ 2)g satisfies

E = A2n+5.

Such a metric g is necessarily of the form

g00 = g00 +A2n+4,(8.13a)

g0α = g0α +A2n+3,(8.13b)

g
αβ

= g
αβ

+A2n+4,(8.13c)

gαβ = gαβ +A2n+2,(8.13d)

where g is the metric described in Subsection 8.1. For a particular choice of λαβ
that solves (8.3) and any smooth real-valued function κ on M , we can take g so

that it satisfies (8.4). Such g is unique modulo A2n+5.

Proof. We set

(8.14) gij = gij +

2∑
a=0

N∑
q=0

(χa)
(q)
ij ρ

2n+2+a(log ρ)q +A2n+5,

where (χa)
(q)
ij s are tensors on M , and we shall determine when g satisfies the con-

dition E = A2n+5. The symbol δE will be used in various ways in this proof—this

always denotes some change of the tensor E, but we will consider many different

perturbations of the metric. The situations will be made clear every time when δE

is used.
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We first determine the terms with a = 0 so that E = A2n+3 is satisfied. Since g

is already chosen so that EIJ = A2n+2+a(I,J), an easy argument shows that (χ0)
(q)
00 ,

(χ0)
(q)
0α , and (χ0)

(q)

αβ
must be zero for all q. For (χ0)

(q)
αβ , we need the following formula

of δE when these coefficients are introduced, which follows from (8.9h):

−8 δEαβ = (q + 1)(2n+ 2)

N−1∑
q=0

(χ0)
(q+1)
αβ ρ2n+2(log ρ)q

+ (q + 1)(q + 2)

N−2∑
q=0

(χ0)
(q+2)
αβ ρ2n+2(log ρ)q +A2n+3.

Since Eαβ has no logarithmic term, (χ0)
(q)
αβ must be zero for q ≥ 2. The next

coefficient (χ0)
(1)
αβ is determined so that the ρ2n+2-coefficient of Eαβ vanishes as a

result. Namely, we set

(8.15) (χ0)
(1)
αβ =

4

n+ 1
Fαβ =

4

n+ 1
Oαβ .

By Lemma 8.7, E∞I are automatically A2n+3. The remaining coefficient (χ0)
(0)
αβ

does not controlled by any restriction so far.

Next we determine the terms with a = 1 so that E = A2n+4 holds. We have

introduced the (potentially) nonzero logarithmic coefficient (χ0)
(1)
αβ , and this is now

reflected in the tensor E. However, by applying Lemma 8.4 with m = 2n+ 2, there

is no effect of this term in E00 , E
αβ

modulo A2n+4. So E00 and E
αβ

are already

A2n+4, as E00 and Eαβ are from the beginning. Hence (χ1)
(q)
00 and (χ1)

(q)

αβ
must

be zero for all q. Lemma 8.7 implies that E∞∞ = A2n+4. Moreover, since we

already achieved E = A2n+3, the same lemma implies that E∞0 = A2n+4. The

remaining components of E to be considered are E∞α , E0α , and Eαβ . Equation

(8.9e) shows that E0α has no logarithmic term modulo A2n+4, so (χ1)
(q)
0α should be

zero for q ≥ 2, because (8.9e) implies

−8 δEαβ = (q + 1)(2n+ 4)

N−1∑
q=0

(χ1)
(q+1)
0α ρ2n+3(log ρ)q

+ (q + 1)(q + 2)

N−2∑
q=0

(χ1)
(q+2)
0α ρ2n+3(log ρ)q +A2n+4.

We introduce (χ1)
(1)
0α to kill E0α :

(8.16) (χ1)
(1)
0α =

4

n+ 2
F0α = − 4i

n+ 2
(∇βOαβ +N βγ

α O
βγ

).

Since (8.12c) cannot be used to prove that E∞α = A2n+4, we need another means

to kill E∞α in this order. Note that, since F0α = −i(∇βFαβ +N βγ
α F

βγ
), (8.15),

(8.16), and (8.9c) imply that E∞α has no logarithmic term modulo A2n+4 so far.



8. FORMAL SOLUTIONS INVOLVING LOGARITHMIC SINGULARITIES 65

By (8.9c) again, if we can take (χ1)
(0)
0α and (χ0)

(0)
αβ so that the following holds, then

E∞α becomes A2n+4:

− i(n+ 2)(χ1)
(0)
0α + (n+ 1)∇β(χ0)

(0)
αβ + (n+ 1)N βγ

α (χ0)
(0)

αβ

= −F∞α +
2i

n+ 2
F0α −

2

n+ 1
(∇βFαβ +N βγ

α F
βγ

).
(8.17)

Now suppose (8.17) can be satisfied. As for Eαβ , Lemma 8.4 shows that, because

of the nonzero coefficient (χ0)
(1)
αβ , Eαβ can be written as follows by using tensors

ε
(0)
αβ and ε

(1)
αβ on M :

Eαβ = ε
(0)
αβρ

2n+3 + ε
(1)
αβρ

2n+3 log ρ+A2n+4.

So we conclude, by using (8.6h) for m = 2n+3, that (χ1)
(q)
αβ must be zero for q ≥ 2,

and (χ1)
(1)
αβ , (χ1)

(0)
αβ are uniquely determined by the condition Eαβ = A2n+4.

Finally we consider a = 2 to achieve E = A2n+5. The effect of the existence of

(χ1)
(1)
αβ and (χ0)

(1)
αβ may appear in E00 and E

αβ
, so we write

E00 = ε
(0)
00 ρ

2n+4 + ε
(1)
00 ρ

2n+4 log ρ+A2n+5,

E
αβ

= ε
(0)

αβ
ρ2n+4 + ε

(1)

αβ
ρ2n+4 log ρ+A2n+5.

It follows from (8.9g) that tf((χ2)
(q)

αβ
) must be zero for q ≥ 2, and tf((χ2)

(1)

αβ
),

tf((χ2)
(0)

αβ
) are uniquely determined by requiring tf(E

αβ
) = A2n+5. For the deter-

mination of (χ2)
(q)
00 and (χ2)

(q) γ
γ , the following equality for the perturbation (8.8),

which follows from (8.9d) and (8.9f), is important:

n δE00 − 2 δE γ
γ = − 1

8 (ρ∂ρ + 2)(ρ∂ρ − 2n− 4)(nψ00 − 2ψ γ
γ )

+ (Am+2 terms depending on ψ0α and ψαβ ) +Am+3.

Therefore, in the current situation, the effect of (χ2)
(q)
00 and (χ2)

(q) γ
γ on nE00−2E γ

γ

is

− 8(n δE00 − 2 δE γ
γ )

= (q + 1)(2n+ 6)

N−1∑
q=0

(n(χ2)
(q+1)
00 − 2(χ2)(q+1) γ

γ )ρ2n+4(log ρ)q

+ (q + 1)(q + 2)

N−2∑
q=0

(n(χ2)
(q+2)
00 − 2(χ2)(q+2) γ

γ )ρ2n+4(log ρ)q +A2n+5.

Hence n(χ2)
(q)
00 − 2(χ2)

(q) γ
γ must be zero for q ≥ 3, and we uniquely determine

n(χ2)
(q)
00 − 2(χ2)

(q) γ
γ , for q = 2, 1 to kill nE00 − 2E γ

γ modulo A2n+5. Another

linear combination of (χ2)
(q)
00 and (χ2)

(q) γ
γ is determined by considering another

combination of E00 and E γ
γ . For example, E00 itself will do. By equation (8.9d),



66 3. ASYMPTOTIC SOLUTIONS OF THE EINSTEIN EQUATION

we see that the following holds for q = N :

δE
(q)
00 = ρ2n+4

(
1

2
n(χ2)

(q)
00 + (n+ 1)(χ2)(q) α

α

)
+O(ρ2n+5).

Therefore, 1
2n(χ2)

(q)
00 + (n+ 1)(χ2)

(q) γ
γ should be zero for q = N . The same thing

is true for q = N − 1, . . . , 2. Then 1
2n(χ2)

(q)
00 + (n+ 1)(χ2)

(q) γ
γ for q = 1, 0 are set

so that E00 becomes A2n+5. Thus (χ2)
(q)
00 and (χ2)

(q) γ
γ are all determined except

one linear combination: n(χ2)
(0)
00 − 2(χ2)

(0) γ
γ . By (8.12a), E∞∞ is automatically

A2n+5.

It remains to consider E∞0 , E∞α , E0α , and Eαβ . It follows, by using (8.9e)

and (8.9h), that we can determine (χ2)
(q)
0α and (χ2)

(q)
αβ for all q so that E0α and

Eαβ are A2n+5. Then, by (8.12c), E∞α is A2n+5. We try to control E∞0 by

using (χ1)
(0)
0α and (χ0)

(0)
αβ , which are already subject to (8.17). What we need is the

following relation:

(n+ 2)(∇α(χ1)
(0)
0α +∇α(χ1)

(0)
0α )− (n+ 1)(Aαβ(χ0)

(0)
αβ +Aαβ(χ0)

(0)

αβ
)

= −F∞0 −
2

n+ 2
(∇αF0α +∇αF0α ) +

2

n+ 1
(AαβFαβ +AαβF

αβ
).

(8.18)

If this is satisfied, then we get E∞0 = A2n+5.

Under the condition (8.18), (8.17) reduces to the following equation on (χ0)
(0)
αβ :

Dαβ(χ0)
(0)
αβ −D

αβ(χ0)
(0)

αβ
= iu,

where u is given by (8.2). If we have a solution λαβ to (8.3), then we set (χ0)
(0)
αβ =

λαβ and suitably determine (χ1)
(0)
0α by (8.18).

We still have one undetermined real-valued function n(χ2)
(0)
00 −2(χ2)

(0) γ
γ , which

can be arbitrarily prescribed. Since there is another linear combination of (χ2)
(0)
00

and (χ2)
(0) γ
γ that is determined, this is still equivalent if we state as (8.4). �

Now we finish the proof of Theorem 8.1. The only point that we need extra

attention is where we determine the ρ4n+4-coefficient of gij .

Proof of Theorem 8.1. Let m ≥ 2n+5 and suppose that g is a normal-form

ACH metric with logarithmic singularity for which E = Am. We set

g′ij = gij +

N∑
q=0

ψ
(q)
ij (log ρ)q, ψ

(q)
ij = O(ρm).

and shall prove that ψ
(q)
ij modulo O(ρm+1) may be uniquely determined so that

E′ = Am+1 holds. Then the induction works and we obtain the theorem.

By (8.6), we can express δE = E′ − E as

δEIJ =

N∑
q=0

δE
(q)
IJ (log ρ)q +Am+1.
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Modulo O(ρm+1), (8.7) holds for q = N . It follows from (6.24) that if m 6= 4n+ 4

then ψ
(N)
ij is uniquely determined modulo O(ρm+1), and inductively, ψ

(q)
ij for 0 ≤

q ≤ N −1 are also determined modulo O(ρm+1) by the condition E′ij = Am+1. By

Lemma 6.6 modified to the case of metrics with logarithmic singularities, E′∞Is

are also Am+1.

If m = 4n + 4, instead of the pair of (8.6d) and (8.6f), we use that of (8.6a)

and (8.6d) to determine ψ
(q)
00 and ψ

(q) γ
γ modulo O(ρ4n+5). Then we can determine

ψ
(N)
ij , ψ

(N−1)
ij , . . . , ψ

(0)
ij inductively so that E′∞∞, E′00, E′0α, tf(E′αβ) and E′αβ

are all A4n+5. By Lemma 6.6, we obtain that E′
α
α , E′∞0, and E′∞α are also

A4n+5. �

8.5. Logarithmic-free solutions. Finally we discuss the construction of a

completely logarithmic-free solution when Oαβ = 0. We set

v := −F00 +
2

n
F α
α − 1

n
(∇αF∞α +∇αF∞α ) +

2

n(n+ 2)
i(∇αF0α −∇αF0α )

− 2

n(n+ 1)
(∇α∇βFαβ +∇α∇βF

αβ
+Nγαβ∇γFαβ +Nγαβ∇γFαβ

+ (∇γNγαβ)Fαβ + (∇γNγαβ)F
αβ

)

and define the differential operator D′ = (D′)αβ by

(D′)αβ := Dαβ + 2Nγαβ∇γ + 2

(
1 +

1

n

)
(∇γNγαβ).

Theorem 8.9. Suppose that Oαβ = 0. Let κ be a smooth function and λαβ a

smooth symmetric 2-tensor satisfying

(8.19)

Dαβλαβ −Dαβλ
αβ

= iu,

(D′)αβλαβ + (D′)αβλ
αβ

= v.

Then there is a normal-form ACH metric g, which is free of logarithmic terms,

satisfying EinIJ = O(ρ∞) and

(8.20)
1

(2n+ 4)!

(
∂2n+4
ρ g00

)∣∣
M

= κ,
1

(2n+ 2)!

(
∂2n+2
ρ gαβ

)∣∣
M

= λαβ .

The components gij are unique modulo O(ρ∞).

Again this theorem also holds in the formal sense. Since the principal parts of

Dαβ and (D′)αβ agree, the system (8.19) is formally solvable at any given point; in

fact, if one arbitrarily prescribes the components of λαβ except λ11, for example,

and writes λ11 = µ+ iν where µ and ν are real-valued, then (8.19) can be regarded

as a system of PDEs for µ and ν and the Cauchy–Kovalevskaya theorem can be

applied to this system. Thus we can show the second statement of Theorem 2.11.
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Proof. If Oαβ = 0, then a (potentially) singular normal-form ACH metric g

satisfying the conditions in the statement of Lemma 8.8 is of the form (8.14). By

the proof of Lemma 8.8, (χ0)
(q)
ij and (χ1)

(q)
ij for q ≥ 1 are zero if Oαβ = 0. The

remaining potential log-term coefficients appears in n(χ2)
(1)
00 − 2(χ2)

(1) γ
γ , so let us

look at the dependence of nE
(0)
00 −2E

(0) α
α on (χ0)

(0)
ij and (χ1)

(0)
ij . Using (8.9d) and

(8.9f), we obtain

ρ−2n−4(n δE
(0)
00 − 2 δE(0) α

α )

= − 1
2 (n+ 2)(n(χ2)

(1)
00 − 2(χ2)(1) α

α )

+ i(n+ 2)(∇α(χ1)
(0)
0α −∇α(χ1)

(0)
0α )− 1

2n(Φαβ(χ0)
(0)
αβ + Φαβ(χ0)

(0)

αβ
)

− (∇α∇β(χ0)
(0)
αβ +∇α∇β(χ0)

(0)

αβ
+Nγαβ∇γ(χ0)

(0)
αβ +Nγαβ∇γ(χ0)

(0)

αβ

+ (∇γNγαβ)(χ0)
(0)
αβ + (∇γNγαβ)(χ0)

(0)

αβ
) +O(ρ).

So we impose another equation to (χ0)
(0)
αβ and (χ1)

(0)
0α to kill n(χ2)

(1)
00 −2(χ2)

(1) γ
γ . If

the following is satisfied, then we do not have to introduce the logarithmic coefficient

n(χ2)
(1)
00 − 2(χ2)

(1) γ
γ :

i(n+ 2)(∇α(χ1)
(0)
0α −∇α(χ1)

(0)
0α )− 1

2n(Φαβ(χ0)
(0)
αβ + Φαβ(χ0)

(0)

αβ
)

− (∇α∇β(χ0)
(0)
αβ +∇α∇β(χ0)

(0)

αβ
+Nγαβ∇γ(χ0)

(0)
αβ +Nγαβ∇γ(χ0)

(0)

αβ

+ (∇γNγαβ)(χ0)
(0)
αβ + (∇γNγαβ)(χ0)

(0)

αβ
)

= −nF00 + 2F α
α .

Combined with (8.18), the equation above is equivalent to

(D′)αβ(χ0)
(0)
αβ + (D′)αβ(χ0)

(0)

αβ
= v.

So we set (χ0)
(0)
αβ = λαβ and determine (χ1)

(0)
0α by (8.18). Thus we obtain an ACH

metric g without logarithmic singularity that satisfies E = A2n+5 in a unique way.

No logarithmic terms occur in the remaining process of constructing a metric

for which E = A∞. �
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Type Value

δD∞∞∞ 0

δD∞∞0 0

δD∞∞α 0

δD∞00 − 1
8 (ρ∂ρ − 4)ψ00

δD∞0α − 1
8 (ρ∂ρ − 3)ψ0α

δD∞
αβ

− 1
8 (ρ∂ρ − 2)ψ

αβ

δD∞αβ − 1
8 (ρ∂ρ − 2)ψαβ

δD0
∞∞ 0

δD0
∞0

1
2ρ∂ρψ00

δD0
∞α

1
2 (ρ∂ρ − 1)ψ0α

δD0
00 0

δD0
0α − i

2ψ0α

δD0
αβ

1
2ρ(∇αψ0β

+∇
β
ψ0α)− 1

2ρ
2(A γ

α ψ
βγ

+A γ

β
ψαγ )

δD0
αβ

1
2ρ(∇αψ0β +∇βψ0α)− 1

2ρ(Nγ
αβ +Nγ

βα )ψ0γ − 1
2ρ

2∇0ψαβ

δDγ
∞∞ 0

δDγ
∞0

1
2 (ρ∂ρ + 1)ψ γ

0

δDγ
∞α

1
2ρ∂ρψ

γ
α − 1

2ρ
2 · ρ∂ρΦγσψασ − ρ2Φασψ

γσ

δDγ
∞α

1
2ρ∂ρψ

γ
α − 1

2ρ
2 · ρ∂ρΦγσψασ − ρ2Φσαψ

γσ

δDγ
00 0

δDγ
0α

i
2δ

γ
α ψ00 − i

2ψ
γ

α + 1
2ρ(∇αψ

γ
0 −∇γψ0α)− 1

2ρ
2(Aασψ

γσ −Aγσψασ) + i
2ρ

2(Φγσψασ + Φασψ
γσ)

δDγ
0α

i
2ψ

γ
α + 1

2ρ(∇αψ
γ

0 −∇γψ0α −N
γσ

α ψ0σ) + 1
2ρ

2∇0ψ
γ

α − i
2ρ

2(Φγσψασ + Φασψ
γσ)

δDγ
αβ

i
2δ

γ
α ψ0β + i

2δ
γ
β ψ0α − 1

2ρ∇
γψαβ − 1

2ρ(Nσ
αβ +Nσ

βα )ψ γ
σ

δDγ

αβ
i
2δ

γ
α ψ

0β
+ 1

2ρ(∇αψ
γ

β
−N γσ

β
ψασ)

δDγ

αβ
1
2ρ(∇αψ

γ

β
+∇

β
ψ γ
α −∇γψαβ )

Table 8.2. δDK
IJ modulo Am+3 for perturbation (8.8) (Lemma 8.6)
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Type Value

∇∞g00 (ρ∂ρ − 4)ψ00

∇∞g0α (ρ∂ρ − 3)ψ0α

∇∞gαβ (ρ∂ρ − 2)ψ
αβ

∇∞gαβ (ρ∂ρ − 2)ψαβ

Type Value

δ(∇0g00) 0

δ(∇0g0α) 0

δ(∇0gαβ ) 0

δ(∇0gαβ ) ρ2∇0ψαβ

Type Value

δ(∇γD00) 0

δ(∇γD0α) ρ∇γψ0α

δ(∇γD0α) ρ∇γψ0α

Type Value

δ(∇γDαβ) ρ∇γψαβ

δ(∇γDαβ
) 0

δ(∇γDαβ
) ρ∇γψαβ

Table 8.3. δ(∇KgIJ ) modulo Am+3 (Lemma 8.6)

Type Value

T 000 0

T 00α ρ2A γ
α ψ0γ

T 0αβ ih
αβ
ψ00

T 0αβ −ρN γ
αβ ψ0γ

Type Value

T γ00 0

T γ0α ρ2A σ
α ψγσ

T γ0α 0

Type Value

T γαβ −ρN σ
αβ ψγσ

T γαβ ih
αβ
ψ0γ

T γαβ 0

Table 8.4. TKIJ modulo A3 (Lemma 8.6)
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Type Value

δD∞∞∞ 0

δD∞∞0 0

δD∞∞α 0

δD∞00 − 1
2 (ρ∂ρ − 4)ψ00

δD∞0α − 1
2 (ρ∂ρ − 3)ψ0α

δD∞αβ − 1
2 (ρ∂ρ − 2)ψ

αβ

δD∞αβ − 1
2 (ρ∂ρ − 2)ψαβ

δD0∞∞ 0

δD0∞0
1
2 (ρ∂ρ − 4)ψ00

δD0∞α
1
2 (ρ∂ρ − 3)ψ0α

δD000 0

δD00α 0

δD
0αβ

i
2hαβψ00 + 1

2ρ(∇αψ0β
+∇

β
ψ0α)− 1

2ρ
2(A γ

α ψ
βγ

+A γ

β
ψαγ )

δD0αβ
1
2ρ(∇αψ0β +∇βψ0α −N

γ
αβ ψ0γ )− 1

2ρ
2∇0ψαβ

δDγ∞∞ 0

δDγ∞0
1
2 (ρ∂ρ − 3)ψ0γ

δDγ∞α
1
2 (ρ∂ρ − 2)ψαγ

δDγ∞α
1
2 (ρ∂ρ − 2)ψαγ

δDγ00 0

δDγ0α
i
2hαγψ00 + 1

2ρ(∇αψ0γ −∇γψ0α)− 1
2ρ

2(A σ
α ψγσ +Aγσψ

σ
α )

δDγ0α
1
2ρ(∇αψ0γ −∇γψ0α −N σ

αγ ψ0σ) + 1
2ρ

2∇0ψαγ

δDγαβ
i
2hαγψ0β + i

2hβγψ0α − 1
2ρ(∇γψαβ +N σ

αβ ψγσ)

δD
γαβ

i
2δαγψ0β

+ i
2δαγψ0β

+ 1
2ρ(∇αψβγ −N

σ
βγ

ψασ)

δD
γαβ

1
2ρ(∇αψβγ +∇

β
ψαγ −∇γψαβ )

Table 8.5. δDKIJ modulo Am+3 for perturbation (8.8) (Lemma 8.6)
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Type Value

D∞∞∞ −4

D∞∞0 0

D∞∞α 0

D∞00 2

D∞0α 0

D∞αβ h
αβ

D∞αβ 0

Type Value

D0∞∞ 0

D0∞0 −2

D0∞α 0

D000 0

D00α 0

D
0αβ

− i
2hαβ

D0αβ −ρ2Aαβ

Type Value

Dγ∞∞ 0

Dγ∞0 0

Dγ∞α −hαγ

Dγ∞α 0

Dγ00 0

Dγ0α
i
2hαγ

Dγ0α 0

Type Value

Dγαβ 0

D
γαβ

0

D
γαβ

ρN
γβα

Table 8.6. DKIJ modulo A3 (Lemma 8.6)



CHAPTER 4

CR Q-curvature

9. Dirichlet problems and volume expansion

9.1. Laplacian. Let g be a (2n+ 2)-dimensional C∞-smooth ACH metric on

a Θ-manifold (X, [Θ]). Then, as we saw in Proposition 4.11, for any choice of a

contact form θ, we can identify g with a normal-form ACH metric on M × [0,∞)

near the boundary. In this sense, by abusing the notation we write

g =
4dρ2 + hρ

ρ2
.

Here, hρ is a 1-parameter family of Riemannian metrics on M defined for ρ ∈ (0,∞).

Let T be the Reeb vector field and h the Levi form for θ, both extended constantly in

the direction of [0,∞). We define the parabolic dilation Mρ : TM = H⊕RT → TM

by

MρT = ρ2T, MρY = ρY (Y ∈ H),

and set

(9.1) kρ = ρ−2M∗ρhρ.

Then, the ACH condition described in Proposition 4.12 can also be stated as follows:

kρ should extend to ρ = 0 and the restriction to the boundary, which we write k,

must be equal to θ2 + h. Recall that any boundary defining function ρ that can be

used for such a normalization is called a model boundary defining function. Note

that the following holds:

(9.2) (ρ4g)|TM = θ2.

If g is an even metric, then it means that ρ2hρ admits an asymptotic expansion

in the even powers of ρ with coefficients in the space of symmetric 2-tensors on M .

It is convenient to define C∞even(M × [0,∞)) to be the space of smooth functions on

M × [0,∞) with even expansions.

Since det kρ = ρ2 dethρ, the volume forms satisfy dVkρ = ρ dVhρ . If the metric

is even, then dethρ also has even expansion, and so does det kρ. Therefore dVkρ
has expansion of the form

(9.3) dVkρ ∼ dVk · (1 + v(2)ρ2 + v(4)ρ4 + · · · ),

where v(2), v(4), . . . are some smooth functions on M .
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As stated in [GS, Equation (5.1)], the Laplacian of a normal-form ACH metric

is given by the formula

(9.4) ∆g = −1

4
(ρ∂ρ)

2 +
n+ 1

2
ρ∂ρ + ρ2∆hρ −

1

8
ρ∂ρ(log|det kρ|)ρ∂ρ.

We want to express the Laplacian ∆hρ = (∇hρ)∗∇hρ of hρ in terms of (hρ)ij ,

(h−1
ρ )ij , the Nijenhuis tensor, the Tanaka–Webster connection ∇ the associated

pseudohermitian torsion and curvature tensors. Let {Zi } = {T,Zα, Zα } be a

local frame, where Z0 = T . We define the tensor K = Kρ by

(9.5) (∇hρ)iZj = ∇iZj +Kk
ijZk.

Then we obtain, for a function f ,

(9.6) ∆hρf = −(h−1
ρ )ij∇i∇jf − (h−1

ρ )ij(h−1
ρ )klKkij∇lf,

where the upper index of K is lowered using hρ.

Take any p ∈M . Then, by Lemma 3.4, one can take {Zα } so that the Tanaka–

Webster connection forms are zero at p. For such a frame, Kk
ij is nothing but the

Christoffel symbol Γkij of ∇hρ . Therefore

Kkij =
1

2
(Zi(hρ)jk + Zj(hρ)ik − Zk(hρ)ij),

and because of our choice of the frame,

(9.7) Kkij =
1

2
(∇i(hρ)jk +∇j(hρ)ik −∇k(hρ)ij).

Since all the terms in (9.7) are tensorial, this is a frame-independent formula.

Lemma 9.1. Let g be an even normal-form ACH metric. Then the tensor K

smoothly extends to ρ = 0. Moreover, the components of K with respect to the local

frame {Zi } = {T,Zα, Zα } are even, and Kkij = O(ρ2) if 0 6∈ { i, j, k }.

Proof. If hρ is even, then (9.7) shows that Kkij is even. Since the Tanaka–

Webster connection ∇ annihilates θ, the ρ−2-term of (hρ)00 does not contribute

to K. Similarly, there is no contribution from the ρ0-term of (hρ)αβ because ∇
annihilates the Levi form. Therefore we conclude as stated. �

Proposition 9.2. The Laplacian of an even normal-form ACH metric g is

(9.8) ∆g = −1

4
(ρ∂ρ)

2 +
n+ 1

2
ρ∂ρ −

1

8
ρ∂ρ(log|det kρ|)ρ∂ρ + ρ2∆b + ρ4Ψ,

where

∆b = −hαβ(∇α∇β +∇
β
∇α)

and Ψ is a differential operator of order at most two given by a polynomial of ∇0,

∇α, ∇α with coefficients in C∞even(M × [0,∞)) and with no zeroth-order term. In

particular, C∞even(M × [0,∞)) is closed under the action of ∆g.
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Proof. Since (h−1
ρ )ij = O(1), and if at least one of i, j is 0 then (h−1

ρ )ij =

O(ρ2), by Lemma 9.1 we conclude (h−1
ρ )ij(h−1

ρ )klKkij = O(ρ2) whatever l is. Hence

it follows from (9.6) that ∆hρ is of the form ∆b+ρ
2Ψ. By (9.4), we obtain (9.8). �

9.2. Dirichlet problems. In this subsection, we prove two theorems that are

given in Subsection 2.4 at once.

Proof of Theorems 2.13 and 2.14. We may assume that our metric g is an

even normal-form ACH metric for some choice of a contact form θ on (M,T 1,0M),

and ρ is the associated model boundary defining function. Let

∆g,s := ∆g − s(n+ 1− s),

where s ∈ R is arbitrary. We set

F ∼
∞∑
j=0

ρjfj , fj ∈ C∞(M),

and try to solve ∆g,s(ρ
2(n+1−s)F ) = O(ρ∞) by determining fjs. Proposition 9.2

implies

∆g,s(ρ
2(n+1−s)+jfj) ∼ ρ2(n+1−s)+j ·

(
−1

4
j(j − 4s+ 2n+ 2)fj + ρ2Dj,sfj

)
,

where Dj,s is an even formal power series in ρ with coefficients in second-order

linear differential operators on M . This is used to determine the expansion of F .

First, if we set F0 = f0 = f , then

∆g,s(ρ
2(n+1−s)F0) = ρ2(n+1−s)(0 + ρ2D0,sf0) = O(ρ2(n+1−s)+2).

We inductively define fj , as far as j − 4s+ 2n+ 2 6= 0, by

1

4
j(j − 4s+ 2n+ 2)fj = (the ρ2(n+1−s)+j-coefficient of ∆g,s(ρ

2(n+1−s)Fj−1)),

and set Fj := Fj−1 +ρjfj . Indeed, only even powers of ρ can appear in Fj , and the

coefficients is written as follows using linear differential operators pl,s on M , where

[j/2] is a largest integer not greater than j/2:

(9.9) Fj = f + ρ2p1,sf + ρ4p2,sf + · · ·+ ρ2[j/2]p[j/2],sf.

If we furthermore set p0,s := 1, then pl,s is recursively given by

(9.10) pl,s := − 1

l(2s− n− 1− l)

l−1∑
ν=0

(the ρ2l−2ν−2-coefficient of D2ν,s)pν,s.

In view of this fact, we put

(9.11) c0,s := 1, cl,s := (−1)l
l∏
i=1

1

i(2s− n− 1− i)
,
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and inductively define Pl,s by P0,s := 1 and

Pl,s :=

l−1∑
ν=0

dl,s,ν(the ρ2l−2ν−2-coefficient of D2ν,s)Pν,s,(9.12a)

dl,s,ν :=
cν,s
cl−1,s

= (−1)l−ν−1
l−1∏

i=ν+1

i(2s− n− 1− i).(9.12b)

Then Pl,s is polynomial in s (note that this is not the case for pl,s). Since the

ρ0-coefficient for any Dj,s is ∆b plus some zeroth-order term, the principal part of

Pl,s is actually ∆l
b. Furthermore, comparing (9.10) and (9.12a), we obtain

pl,s = cl,sPl,s.

So we can rewrite (9.9) as

(9.13) Fj = f + ρ2c1,sP1,sf + ρ4c2,sP2,sf + · · ·+ ρ2[j/2]c[j/2],sP[j/2],sf.

When 2s− n− 1 is not a positive integer, this construction does not stop and

we get a formally unique solution to ∆g,s(ρ
2(n+1−s)F ) = O(ρ∞). Thus we have

shown Theorem 2.14.

If 2s − n − 1 = k ∈ Z+, i.e., s = (n + 1 + k)/2, then the construction goes

through until j reaches 4s− 2n− 2 = 2k. As a result, F2k−1 is determined so that

∆g,s(ρ
n+1−kF2k−1) = O(ρ(n+1−k)+2k) = O(ρn+1+k) is satisfied. Even if we move

on to the next step by setting F2k = F2k−1 + ρ2kf2k, in general it cannot solve

∆g,s(ρ
n+1−kF2k) = O(ρn+1+k+1). Here we need the first logarithmic term. Since

for gj ∈ C∞(M) we have

∆g,(n+1+k)/2(ρn+1+k+j log ρ · gj)

= ρn+1+k+j log ρ ·
(
−1

4
j(j + 2k)gj + ρ2D2k+j,(n+1+k)/2gj

)
+ ρn+1+k+j ·

(
−1

2
(j + k)gj −

1

8
ρ∂ρ(log|det kρ|)gj

)
,

we set

(9.14) g0 :=
2

k
ck−1,(n+1+k)/2Pk,(n+1+k)/2f = ckPk,(n+1+k)/2f.

Here reflected is the fact that the ρn+1+k-coefficient of ∆g,(n+1+k)/2(ρn+1−kF2k−1)

is equal to ck−1,(n+1+k)/2Pk,(n+1+k)/2f . We arbitrarily choose f2k ∈ C∞(M).

By setting F2k := F2k−1 + ρ2kf2k and G0 := g0, we obtain ∆g,s(ρ
n+1−kF2k +

ρn+1+kg0) = O(ρn+1+k). More precisely, we can write

∆g,s(ρ
n+1−kF2k + ρn+1+kG0) = ρn+1+k+1R0 + ρn+1+k+1 log ρ · S0,

where R0, S0 ∈ C∞even(M × [0,∞)). What we want to do in the sequel is defining

F2k+j and Gj , which are polynomials in ρ of degrees 2k + j and j, respectively, by
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adding higher-order terms to F2k and G0 so that

∆g,s(ρ
n+1−kF2k+j + ρn+1+kGj) = ρn+1+kRj + ρn+1+k log ρ · Sj

with some Rj , Sj ∈ C∞even(M × [0,∞)) such that Rj , Sj = O(ρj). This is uniquely

achieved by the following choice: we set F2k+j := F2k+j−1 + ρ2k+jf2k+j and Gj :=

Gj−1 + ρjgj , where

gj :=
4

j(j + 2k)
(the ρj−1-coefficient of Sj−1),

f2k+j :=
4

j(j + 2k)

(
(the ρj−1-coefficient of Rj−1)− 1

2
(j + k)gj

)
.

Thus we obtain F∞ and G∞ such that

∆g,s(ρ
n+1−kF∞ + ρn+1+kG∞) = O(ρ∞).

The ambiguity lives only in where we determine f2k, which is the ρ2k-coefficient of

F∞. Therefore the statement of Theorem 2.13 is true if we set Pk = Pk,(n+1+k)/2,

as is clear by (9.14). �

In the proof, it is also observed that the operator Pl,s is a polynomial with

respect to s. So we can construct the quantity Q as in Subsection 2.4.

9.3. Volume expansion. Let g be an even ACH metric on a compact Θ-

manifold (X, [Θ]). From the expression g = (4dρ2 + hρ)/ρ
2, we obtain

dVg = 2ρ−2n−2dVhρdρ = 2ρ−2n−3dVkρdρ.

Therefore, (9.3) implies, for some arbitrarily fixed ε0, that the volume of the subset

{ ε ≤ ρ ≤ ε0 } ⊂ X has the following asymptotic behavior when ε→ 0:

(9.15) Volg({ ε ≤ ρ ≤ ε0 }) = c0ε
−2n−2 +c2ε

−2n+ · · ·+c2nε−2 +L log(1/ε)+O(1).

The purpose of this subsection is proving the proposition below, which shows that

the logarithmic coefficient L is related to Q.

Proposition 9.3. Let g be an even normal-form ACH metric for (M,T 1,0M, θ),

where M is compact. Then the coefficient L in (9.15) is given by

(9.16) L =
(−1)n+1

n!2(n+ 1)!
Q,

where Q is the integral of Q with respect to the volume form θ ∧ (dθ)n:

Q :=

∫
M

Qθ ∧ (dθ)n = n!

∫
M

QdVk.

We prove this fact by rewriting the definition of Q as follows. This is the CR

version of the discussion given in [FG2].
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Lemma 9.4. Let g be an even ACH metric on (X, [Θ]) and T 1,0M the in-

duced nondegenerate partially integrable CR structure. If θ is any contact form on

(M,T 1,0M) and ρ ∈ Fθ, then there exists U ∈ C∞(X) of the form

(9.17) U = 2 log ρ+A+Bρ2n+2 log ρ, A,B ∈ C∞even(X), A|M = 0

such that

(9.18) ∆gU = n+ 1 mod O(ρ2n+4 log ρ).

Moreover, A and B are unique modulo O(ρ2n+2) and O(ρ2), respectively, and

(9.19) B|M = −cn+1Q,

where cn+1 is the constant defined by (2.12).

Proof. We may assume that g is an even normal-form ACH metric. By Propo-

sition 9.2, ∆g(2 log ρ) is smooth up to the boundary and ∆g(2 log ρ)|M = n + 1.

Moreover, if f ∈ C∞even(X), then again by Proposition 9.2,

(9.20) ∆g(ρ
2lf) = −l(l − n− 1)ρ2lf +O(ρ2l+2)

and

∆g(ρ
2l log ρ · f) = −2l − n− 1

2
ρ2lf +O(ρ2l+2)

− log ρ · (l(l − n− 1)ρ2lf +O(ρ2l+2)),
(9.21)

where the terms denoted by O(ρ2l+2) are all smooth and even. By using (9.20)

inductively, we can show that there is a unique finite expansion

U1 = 2 log ρ+

n∑
l=1

ρ2lf(l), f(l) ∈ C∞(M)

such that ∆gU1 is equal to n + 1 modulo O(ρ2n+2). The next thing to do is to

introduce a (ρ2n+2 log ρ)-term so that ∆g applied to it kills the ρ2n+2-coefficient of

∆gU1 − n − 1. This is possible in view of (9.21) because 2l − n − 1 is nonzero for

l = n+ 1. Thus we obtain

U2 = 2 log ρ+

n∑
l=1

ρ2lf(l) + ρ2n+2 log ρ · g(0), f(l), g(0) ∈ C∞(M)

with ∆gU2 = n+ 1 +O(ρ2n+4 log ρ).

To prove (9.19), let u be a solution of (2.14) to the Dirichlet datum f ≡ 1.

Recall the asymptotic expansion of u is given by (2.15). The differential operator

Pl,s is polynomial in s, and its zeroth-order term can be factored by n+ 1− s. We

decompose as Pl,s1 = 1
2 (n + 1 − s)Ql,s. So the expansion of u has the following

expression:

(9.22) u ∼ ρ2(n+1−s)(1 + ĉ1,sρ
2Q1,s + ĉ2,sρ

4Q2,s + · · · ),
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where we have written ĉl,s = 1
2 (n+1−s)cl,s. By (9.11), ĉl,s has no pole at s = n+1,

and hence ĉ1,n+1, · · · , ĉn,n+1 are zero. Note that

(9.23) ĉn+1,n+1 =
1

4
cn+1.

Now we differentiate the equation ∆g,su = 0 by s, and put s = n + 1 into the

result. Then we get

(9.24) ∆g

(
∂u

∂s

∣∣∣∣
s=n+1

)
+ (n+ 1)u|s=n+1 = 0.

Here, (9.22) implies

∂u

∂s

∣∣∣∣
s=n+1

∼ −2 log ρ ·

1 +

∞∑
j=0

ĉn+1+j,n+1ρ
2(n+1+j)Qn+1+j,n+1


+ (non-logarithmic terms),

(9.25)

and hence if we choose U ′ so that −U ′ expands as the right-hand side of (9.25),

then by (9.24),

∆gU
′ = (n+ 1)u|s=n+1

= n+ 1 + (n+ 1)(ĉn+1,s|s=n+1)ρ2n+2(Qn+1,s|s=n+1) +O(ρ2n+4)

= n+ 1− n+ 1

4
cn+1ρ

2n+2Q+O(ρ2n+4).

For this we have computed as follows:

ĉn+1,s|s=n+1 =

( 1
2 (n+ 1− s) · (−1)n+1

(n+ 1)!(2s− n− 2)(2s− n− 3) · · · (2s− 2n− 2)

)∣∣∣∣
s=n+1

= − (−1)n+1

4n!(n+ 1)!
= −1

4
cn+1.

Therefore, if we put U := U ′ − 1
2cn+1Qρ

2n+2 log ρ, then this solves ∆gU = n+ 1 +

O(ρ2n+4 log ρ). Thus we have constructed the solution to (9.18) in another way.

Since − 1
2cn+1Q is the (ρ2n+2 log ρ)-coefficient of U ′ by (9.23) and (9.25), we obtain

B|M = −cn+1Q. �

Proof of Proposition 9.3. We use Green’s formula. The outward unit nor-

mal vector field along { ρ = ε } is − 1
2ε∂ρ, and so for any U ∈ C2(X)∫

ε≤ρ≤ε0
∆gU dVg =

∫
ρ=ε

1

2
ε∂ρU · ε−2n−1dVhε +O(1)

=
1

2
ε−2n

∫
ρ=ε

∂ρU dVhε +O(1)

=
1

2
ε−2n−1

∫
ρ=ε

∂ρU dVkε +O(1).
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Now let U be a solution for (9.18). Then since ∆gU = n+ 1 +O(ρ2n+4 log ρ), the

equality above reads

(n+ 1) Volg({ ε ≤ ρ ≤ ε0 }) =
1

2
ε−2n−1

∫
ρ=ε

∂ρU dVkε +O(1).

Comparing the coefficients of log(1/ε) we can see

(n+ 1)L = −(n+ 1)

∫
M

(B|M )dVk =
(−1)n+1

n!3

∫
M

Qθ ∧ (dθ)n.

Thus we obtain (9.16). �

10. CR Q-curvature of partially integrable CR manifolds

10.1. Invariance. Let (M,T 1,0M) be a nondegenerate partially integrable

CR manifold and θ a contact form. We will apply the results of the previous section

to ACH metrics with infinity (M,T 1,0M) that are approximately Einstein to get

CR-invariant objects. To carry out this idea, the dependence of the Laplacian on

the ambiguity of g may be problematic. So we first discuss this point. Suppose g is

an even ACH metric described in Theorem 2.3. If we moreover assume that this is

normalized, then the approximate Einstein condition implies that the components

of kρ is determined modulo the orders that are shown below:

(kρ)00 mod O(ρ2n+2), (kρ)0α mod O(ρ2n+3),

(kρ)αβ mod O(ρ2n+2), (kρ)αβ mod O(ρ2n+2);
(10.1)

moreover, the trace trk kρ is determined modulo O(ρ2n+4). If we express in terms

of hρ, the followings are determined as well as trh hρ modulo O(ρ2n+2):

(hρ)00 mod O(ρ2n), (hρ)0α mod O(ρ2n+2),

(hρ)αβ mod O(ρ2n+2), (hρ)αβ mod O(ρ2n+2).
(10.2)

Lemma 10.1. Let g be an even ACH metric inducing (M,T 1,0M) satisfy-

ing the conditions in Theorem 2.3. If f ∈ C∞(X), then ∆gf is determined

only by (M,T 1,0M) modulo O(ρ2n+4). Moreover, ∆g(log ρ) is determined only

by (M,T 1,0M) modulo O(ρ2n+4 log ρ).

Proof. We may work in the normal form relative to θ. Then, by (9.7) and

(10.2), Kkij is uniquely determined modulo O(ρ2n+2) if the indices i, j, k are all

different from 0, and modulo O(ρ2n) otherwise. So (h−1
ρ )ij(h−1

ρ )klKkij∇lf is deter-

mined modulo O(ρ2n+2). On the other hand, since the components of the cofactor

matrix of (hρ)ij is determined modulo O(ρ2n), the inverse (h−1
ρ )ij is determined

modulo O(ρ2n+2). Hence (9.6) implies that ∆hρf is determined up to the error

of O(ρ2n+2). Furthermore, (10.1) and the trace condition implies that |det kρ| is

determined modulo O(ρ2n+4), and hence so is ρ∂ρ(log|det kρ|). Therefore, by (9.4),

∆gf is determined modulo O(ρ2n+4). The second statement is shown similarly. �
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Proof of Theorem 2.16. Recall the problem in Theorem 2.13. Lemma 10.1

shows that, if k ≤ n+1, then the correspondence of F |∂X = f and G|M is invariant

as far as we impose (2.1) and (2.3). Therefore, the operators Pk, k ≤ n + 1, are

defined only by (M,T 1,0M).

Likewise, the operators Pl,s that appear in relation with Theorem 2.14 are

invariantly defined by (M,T 1,0M, θ) if l ≤ n+ 1, so Q is also well-defined. �

Proposition 10.2. Let T 1,0M be the integrable CR structure induced by some

embedding M ↪→ Cn+1, and θ the associated invariant contact form. Then the CR

Q-curvature vanishes for (M,T 1,0M, θ).

Proof. Let ϕ be a Fefferman approximate solution to (5.6). Then, by Propo-

sition 5.5, the Bergman-type metric g with a Kähler potential 4 log(1/ϕ) is an

even smooth approximate ACH-Einstein metric that induces T 1,0M . If we take

ρ = (ϕ/2)1/2, then ρ ∈ Fθ as we saw in Proposition 5.2. Since ∆g = −2gij∂i∂j , we

obtain ∆g(logϕ) = n+ 1. Therefore,

∆g(2 log ρ) = 2 logϕ = n+ 1.

This shows that 2 log ρ is a solution to (9.18). Hence Q = 0 by Lemma 9.4. �

10.2. First variation of total CR Q-curvature. We finally prove the first

variational formula of the total CR Q-curvature. This is based on Proposition

(9.3), which implies the equality between the total Q-curvature and the logarithmic

coefficient of the volume expansion of an even smooth approximate ACH-Einstein

metric. We assume that the metric is normalized for some choice of a contact form

θ, and moreover, that it is taken so that the tensor E satisfies (6.26).

The key to the proof is introducing the first logarithmic term to our metric. Let

ρ−2(4dρ2 +hsm
ρ ) be our metric (“sm” is for “smooth”), and Oαβ the CR obstruction

tensor that is trivialized by θ. We consider the new ACH metric g on M × [0,∞)

given by

(10.3) g :=
4dρ2 + hsm

ρ + 4(n+ 1)−1O · ρ2n+2 log ρ

ρ2
.

Then the component of the tensor E with respect to the frame {T,Zα, Zα } satisfies

the following:

E∞∞ = O(ρ2n+2), E∞0 = O(ρ2n+1), E∞α = O(ρ2n+1),(10.4a)

E00 = O(ρ2n), E0α = O(ρ2n),(10.4b)

E
αβ

= O(ρ2n+2), Eαβ = O(ρ2n+2 log ρ).(10.4c)

Note that if we are given a smooth family of partially integrable CR structures

(T 1,0M)t, then we can take a family gt of metrics as above so that the coefficients

of each components of gt smoothly depend on the parameter t. This is clear from

the construction of g.
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Proof of Theorem 2.18. Let T̂ 1,0
t be a smooth 1-parameter family of par-

tially integrable CR structures that is tangent to ψαβ ∈ E(αβ) (1, 1). We choose a

smooth 1-parameter family of normal-form ACH metrics gt such that each gt is of

the form (10.3) with infinity (M, T̂ 1,0
t ). If we compute with a frame {T,Zα, Zα },

where {Zα } is a frame of the original partially integrable CR structure T̂ 1,0
0 =

T 1,0M , then the derivative of the metric hρ, which we write h•ρ, satisfies

(h•ρ)00 = O(1), (h•ρ)0α = O(1),

(h•ρ)αβ = O(ρ2), (h•ρ)αβ = −2ψαβ +O(ρ2),

and hence,

g•00 = O(ρ−2), g•0α = O(ρ−2),

g•
αβ

= O(1), g•αβ = ρ−2ψαβ +O(1),

where ψαβ is trivialized by θ.

By (10.4), there is a uniform estimate on the scalar curvature Rt:

Rt = −(n+ 1)(n+ 2) +O(ρ2n+4).

From this we see that ∫
ε≤ρ≤ε0

R•dVg = O(1) as ε→ 0.

On the other hand, the well-known formula of the first variation of the scalar

curvature implies

R•g = g• IJ
IJ, − g• I J

I ,J − RicIJ g•IJ

= g• IJ
IJ, − g• I J

I ,J +
1

2
(n+ 2)gIJg•IJ +O(ρ2n+4 log ρ).

(10.5)

Since dVg = O(ρ−2n−3) and dV •g = 1
2g
IJg•IJdVg, (10.5) integrates to

(10.6)

∫
ε≤ρ≤ε0

(g• IJ
IJ, − g• I J

I ,J )dVg + (n+ 2)

∫
ε≤ρ≤ε0

dV •g = O(1).

Let ν (= − 1
2ε∂ρ) be the unit outward normal vector for g along { ρ = ε }. Then

(n+ 2) Volg({ ε ≤ ρ ≤ ε0 })•

= −
∫
ρ=ε

(g• I
IJ, − g•

I
I ,J)νJdσ +O(1)

=

∫
M

(g• I
IJ, − g•

I
I ,J) · 1

2
εδ J
∞ · ε−2n−2dVkε +O(1)

=
1

2
ε−2n−1

∫
M

(g• I
I∞, − g•

I
I ,∞)dVkε +O(1).

(10.7)
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We compare the log(1/ε)-terms of the both sides of (10.7). That of the left-hand

side is obviously (n+ 2)L•. As for the right-hand side, we use

g• I
I∞, − g•

I
I ,∞

= −1

2
(h−1
ρ )ij(h−1

ρ )kl(h′ρ)jl(h
•
ρ)ik + ρ−1(h−1

ρ )ij(h•ρ)ij − ((h−1
ρ )ij(h•ρ)ij)

′,

where the primes denotes differentiations in ρ. Since (dethρ)
• is equal to dethρ

times (h−1
ρ )ij(h•ρ)ij , we conclude that (h−1

ρ )ij(h•ρ)ij contains no (ρ2n+2 log ρ)-term,

which implies that the potential contribution to the log(1/ε)-term in the right-hand

side of (10.7) may come only from − 1
2 (h−1

ρ )ij(h−1
ρ )kl(h′ρ)jl(h

•
ρ)ik.

The logarithmic term that appears in the expansion of (h′ρ)jl is 8O·ρ2n+1 log ρ,

and hence, modulo smooth terms,

− 1

2
(h−1
ρ )ij(h−1

ρ )kl(h′ρ)jl(h
•
ρ)ik

≡ −4ρ2n+1 log ρ · (h−1
ρ )αβ(h−1

ρ )γσOβσ(h•ρ)αγ + (the complex conjugate)

+O(ρ2n+3 log ρ)

≡ −4ρ2n+1 log ρ · (Oαβ(h•ρ)αβ +Oαβ(h•ρ)αβ) +O(ρ2n+3 log ρ).

Moreover, (h•ρ)αβ = −2ψαβ +O(ρ2). Therefore the log(1/ε)-coefficient of the right-

hand side of (10.7) is

−4

∫
M

(Oαβψαβ +Oαβψ
αβ

)dVk.

We conclude that

L• = − 4

n+ 2

∫
M

(Oαβψαβ +Oαβψ
αβ

)dVk

= − 4

(n+ 2) · n!

∫
M

(Oαβψαβ +Oαβψ
αβ

)θ ∧ (dθ)n.

By combining this with Proposition 9.3, we obtain (2.22). �
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