On generalized median triangles
and tracing orbits
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ABSTRACT. We study generalization of median triangles on the plane with two complex param-
eters. By specialization of the parameters, we produce periodical motion of a triangle whose
vertices trace each other on a common closed orbit.
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1. Introduction

Given a triangle A = AABC on a plane, one forms its medial (or midpoint) triangle S(A) =
AA’'B'C" which, by definition, is a triangle obtained by joining the midpoints A’, B, C’ of the
sides BC,C A, AB respectively. The median triangle M(A) = AA"B"C" of A = AABC is a
triangle whose three sides are parallel to the three medians AA’, BB',CC’ of A. To position
M(A), it is convenient to impose extra condition that M(A) shares its centroi> with A as
well as with S(A). To fix labels of vertices of M(A), one can set, for example, AA" = W,
BB =B"C", cC" =" A"

Arithmetic interest on median triangles can be traced back to Euler who found a smallest
triangle made of three integer sides and three integer medians: there exists AABC with AB =
136, BC = 174, CA = 170, AA’ = 127, BB’ = 131 and CC’ = 158 (cf.[2]). In recent years,
geometrical constructions of nested triangles in more general senses call attentions of researchers
(e.g., [1],[9]). In particular, M.Hajja [4] studied a generalization of the above constructions S(A)
and M(A) by introducing a real parameter s € R to replace the midpoints of the sides by
more general (s : 1 — s)-division points. Recently in [8], the former construction for S(A) was
generalized so as to have two complex parameters A — S, ,(A) (p,q € C, pg # 1).

The primary aim of the first part of this paper is, following the line of [8], to extend the

procedure for M(A) to a collection of operations of the forms A — MZf‘q/ Y2(A) so that the sides
of Mgf{q/ Y2(A) are given by vectors joining vertices of A and of S, 4(A) in 18-fold ways of label
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correspondences (See Definition 2.5 below). After studying mutual relations of the 18-fold ways,
we will find that only three ways among them are essential. Then, applying the finite Fourier
transforms of triangles, we obtain operators S[n, 7] and M¥/¥%[n, /] which behave smoothly
with the parameter (,7’) running over the full space C? (the former was already closely studied
in [8]).

In the second part of the present paper, we will study ‘dancing’ of triangles S[n,7'](4) and
M2 1'](A) along with periodical parameters (n(t),7/(t)) € C? (t € R/Z). In particular, we
search conditions under which the three vertices of a triangle trace one after the other in motion
along a single common orbit. Basic examples including “choreographic three bodies dancing on
a figure eight” will also be illustrated.

The organization of this paper reads as follows. In §2, we formulate the generalized me-
dian operator MZf{q/ Y% on triangles with two complex parameters p,q (pg # 1) and with labels
w,X,y,z € Z/3Z (y # z), and illustrate their geometric features on triangles. In §3, we present
how the finite Fourier transformation of triangles improves defects of the original parameters
(p, q) so as to introduce M¥™/¥%[n, 1] with a new parameter system (n,7') € C2. In particular,
MEx/¥2 [ 1] turns out to be expressed as the generalized cevian operator S[ng,m1] studied in
[8] with suitable change of variables (n,7) — (no,m1) (Corollary 3.8). In §4, we provide a set
of symmetric identities among those operators M¥"*/¥2[n, 1] with variations of labels wx/yz and
of parameters (n,7n’), and conclude the prescribed primary goal of the first part of this paper.
A short section §5 is then inserted to introduce the space of triangle shapes (moduli space of
similarity classes) from the viewpoint of finite Fourier transformation and Hajja’s shape func-
tion. We also discuss relationship between Hajja’s median operator Hs and a binary Ceva
operator Cg of Griffiths, Bényi—éurgus type from our viewpoint in complex parameter s € C.
The final section §6 is devoted to studying tracing orbits of three bodies and present their pri-
mary characterization in the form S[n(t),n'(t)](Ap) with certain continuous periodic functions
n(t),n'(t) : R/Z — C. We illustrate some examples of area preserving triangle motions and of
figure eight orbits. The latter example will be generalized to 3-braiding motions on Lissajous
curves in a separate article [5].

2. Generalized median operators

2mi /6 2mi/3

Throughout this paper, we use the notations: i := /=1, p:=e ,wi=e

We consider any triangle lies on the complex plane C and identify it with the multiset of
vertices {ag, a1, as} on C. Tt is useful to say that a vector A = (ag, a1, az) € C3 is a triangle triple
representing the triangle {ag, a1,as}. A triangle triple A = (ag, a1, as) € C3 will sometimes be
written as A = (ax)xez/3z after the index set {0,1,2} for coordinates being naturally identified
with Z/3Z, the ring of integers modulo 3.

In (8], for p,q € C with pg # 1, we introduced an operation S, 4 on the triangle triples defined
by

ap = pqao+ Bpgai + Vpqa2;
(2.1) Sp.qlao, ar,a) = (ag, ay,a3) : § a) = Qp,g 01 + Bp,g a2 + Vp,q Q03
al Qpq a2 + Ppg G0 + Yp,q a1,
where,
- p(t—q) B,y — a1 -p) o — 1-p-q
1 —pq 1—pgq 1 —pq

When p, ¢ are real numbers, S, ,(A) can be obtained from intersection points of certain two
cevian triples of A as introduced in [7]. For convenience, we shall call S, , a generalized cevian
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operator on triangles also for complex parameters p, q. Since oy 4 + Bpg + Vp,g = 1, it is easy to
see that the centroids of A = (ag, a1, az2) and of A’ := S, ;(A) = (ay, a},a)) coincide and that

e
(2'2) Z aw-‘rka;—i-k =0
kEZ/3Z.

for any choice of w,x € Z/3Z This determines, for each (y,z) € (Z/3Z)? with y # z, a unique
triangle triple A” = (a{j, af, a%y) by the conditions:

(2.3) A" shares the centroid with A, A’, in other words, A, A’ and A” are concentroid;

(24)  auiryyy = agypagyy (k € Z/3Z).
Definition 2.5 ((p,q)-median triangle). Let p,q € C with pq # 1, and w,x,y,z € Z/3Z with
y # z. Given a trlangle triple A = (ag, a1, a2) with A" = S, ,(A) = (ay, a},ay), we define the
triangle triple
MEE(A) == A
where A" = (ag,a,ay) is determined by the condition (2.3)-(2.4). We shall call wa/yz a
generalized median operator on triangles.

wx/yz

Before focusing on specific examples, let us here illustrate actions of Mjg " in a generic
sample case: Let A = (ag,a1,a2) be a triangle (0,1, 7+8’) and let complex parameter (p,q)
4 2+44i

be set as (5, ). Then the generalized cevian operator S, 4 maps A to A’ = (ag,d},a)) =
(93 4 B2, 201 _ 46 1541 |, 908

3050 T 15257 305 — 305% 1525 T 1525"
sides parallel to the three vectors agaé, ala{, a2a2. Here arise six-fold ways to label the vertices

i). One can form a triangle A” = (af, a}, ay) formed by the

ag, af, ay depending on choices of pairs (y,z) with y,z € {0,1,2}, y # z so that apay = aja;.

Every such a choice yields the generalized median triangle MOO/ Y2(A). The following picture
(Figure 1) illustrates MOO/ Ol(A) one of those six choices, such that apay = aja]. We also note
that Moo O! = M2 M22/ 20 1y definition.

a a2
/
a2 "
li al
Qg

a

apg =0 \MIZM aop =0 1= a1
ay
. 00/01
A= (0,1, H8) and A = Su 2.4 (A) A and A" = M} /M( A)
57 3

FIGURE 1. Illustration of S, , and /\/100/01

There is another set of six-fold ways to form A” = (ag,a],a%) whose sides are taken to be

parallel to aoa{, alag, a2a6 in total. The following picture (Figure 2) shows one of those cases
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MOl/Ol(A) where a(j,a, a3 are labeled to satisfy apa) = agal. We also note that M()l/()l =
./\/112/12 M20/2O by definition.

a2 az
a’, a
Qo
a
al \

aozo\/ 1= Q1 ag =0 i=a,1

ay

7+8i / A and A = MO0 (A
A= (0,1, 10 ) and A" = 84 244i (A) an = 4 2Jg4z‘( )
573 ,

FIGURE 2. Illustration of S, ; and /\/101/01

It remains to take A” = (af),af,ay) formed by three sides parallel to aoaé, alaé, a2a1 Again
we have six-fold ways to label the vertices of A” subject to apay = aja, (y,z € {0,1,2},
y # z). The following picture (Figure 3) illustrates the case y = 0,z = 1 We also note that
M02/01 M10/12 M21/20 by definition.

a2

a2 "

ag =0 \\/ 1= G =9 1=

aj agy

1 o 02/01
A= (0, 1, 7—1‘_081) and A/ = Sg 2441 (A) A and A// - M4 2+4z (A)
57 3

5?
FIGURE 3. Illustration of S, , and M02/01

As shown in the above description, we generally have 18(= 3 x 6)-fold ways to define A” =

wa/ Y%(A) whose sides are composed of three disjoint bridges between the vertices of A and of
Sp, q(A) In §4, we will discuss precise relations among those 18-fold ways at the operator level.

In the next two examples, we focus on some specific cases which connect wa/ Y2(A) to its
historical origins.
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Example 2.6 (Prototype). Let AABC be a triangle represented by a triple A = (a,b,c) € C3.

Let us illustrate the classical case in Introduction in our terminology: As noted in [7, Example

1.2], the midpoint triangle S(A) = AA’B'C" is given by S, 1 (A). The median triangle M(A) =
P

—
AA"B"C" labeled by the condition AA' = A"B" BB’ = B"C", CC" = C" A" is then given by
MOO/Ol(A).

1
0,5

Example 2.7. In [4], M.Hajja discusses three types of triangles called the s-medial, the s-Routh,
and the s-median triangles with a real parameter s € R. The (p, ¢)-median triangle introduced
above generalizes Hajja’s s-median triangle. Start with a triangle AABC represented by a
positive triangle triple A = (a,b,c) satisfying Im(%=2) > 0. Form first A’ = (a,¥/,c) to be
So,1-s(A) (called the s-medial triangle of A), the triangle whose vertices are (s : 1 — s)-division
points of the edges of é} The s—mic)han triangle 0f_> A, written Hg(A) is, by definition, a triangle
{a”", V", "} such that aa’ = W , b = W ,and cc = LWb’ . Without loss of generality, we may
assume Hs(A) and A are concentroid, i.e. a+b+c¢ = da" + V" + ¢’ so that Hs(A) is uniquely

determined from A. In our above definition, we find Hs(A) to be /\/lg?l/_li(A).

3. Fourier parameters

The collection of operators §' := {S,, | (p,q) € C? pg # 1} is incomplete in the sense that
the composition Sp, 4, Sp,,q» May not always be of the form of an S, , € S’. The lesson found
in our previous work [8] to remedy this defect is to introduce the Fourier transforms W¥(A) for
triangles A = (a, b, ¢) by

oo~ (G)-35

and to replace the parameter (p,q) € C? (pg # 1) by a new parameter (n,7’) € C? defined by

— —1)(2g—1 — —1)(2g—1
(3.2) Il L =R o= P4 L =D o
1 —pgq 1 —pgq 1 —pgq 1 —pgq
Indeed, with these parameters, the operator S 4 is diagonalized as mapping A to A" in the form
(3-3) Po(A") = o(A),  P1(A") =n"-¢1(A), a(A) =1n-12(A).

It turns out that the collection §' := {S,, | (p,q) € C%,pg # 1} extends to a more complete
family

(3.4) S:={Sm, 7' | (n,n') € C*}

by identifying S,, = S[n,n'] for pg # 1 so that the composition law S[ni,n]]S[n2, 7] =
S[mmnz, nynb] provides a natural multiplicative monoid structure on S.

Now, regarding triangle triples as column vectors in C3, we easily see that the operations S, ,
and S[n, '] naturally determine linear transformations (3 by 3 matrices in M3(C)) acting on C3
on the left. Below, we shall identify those operators as their matrix representatives in M;3(C).
Let

1 00 010 1 1 1
l:=10 1 0|, J=[0 0 1], W:==[1 w ?
00 1 100 1 w? w
Note that the above Fourier transform (3.1) may be written in the matrix multiplication form:

\P((%)) =W (% ) The following proposition summarizes basic properties for S[n, 7] € S:

[
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Proposition 3.5 ([8]). Notations being as above, we have:
(i) S={al+ B+~ |a+B+v=1} C M3(C).
(ii) S[y,n'] =W - diag(1,7',n) - W™
=11 +n+)+ 10+ 9w+ nw)I+ 31+ nw? +7w)? (9,1 € C).

Let us turn to generalized median operators. We first extend Mgf{q/ Y% (pg # 1) to the new
parameters (1,7') € C2. Below, we understand the number w* and the matrix J* in the obvious
sense for each x € Z/3Z.

Definition 3.6 ((n,n)-median triangles). Let 7,7’ € C, and let w,x,y,z € Z/37Z with y # z.
Given a triangle triple A = (ag, a1, az) with A" = S[n, 7'|(A) = (af, a}, a}), we define the triangle
triple
wa/yz[n,n/](A) — A”,

where A" = (ag,a’, a4) is determined by the condition (2.3)-(2.4).

It is not difficult to see that M¥*/¥y2 [n,7] € S. In fact, we have the following explicit formula:
Proposition 3.7. Given n,n' € C and w,x,y,z € Z/37Z with y # z, we have

(2 = PYM=2{0, ) = Sl ') — I*.

Proof. Let A = (ap,a1,az2) be a triangle triple, and write A" = S[n,7'|(A) = (a,a}, ay) and
A" = M V2[5 /1(A) = (af, a!, a¥). The assertion essentially amounts to seeing the identity

(J2 =) (A") = J(A) — J¥(A).
Observe that the 1st component of J*(A’) — J¥(A) is GW

+ and that the 1st component of
J2(A") = JY(A") is aja,. They coincide with each other by definition. Similarly, one can see the
coincidence of their 2nd and 3rd components, as they are the 1st components of the above after
A replaced by JA, J?A. One can extend the identity also for degenerate triangle triples by easy

argument of continuity, and hence conclude the matrix identity as asserted. O

Although the factor (J* — J¥) in LHS of the above Proposition 3.7 is not an invertible matrix,
the concentroid condition (2.3) determines M¥**/¥2[5, 7] in S as seen in the following corollary.
In fact, the generalized median operator M¥*/¥2 [,7'] turns out to be reduced to a generalized
cevian operator S[ng, n1] after a simple change of parameters:

Corollary 3.8. Notations being as in Proposition 3.7, we have
M=, '] = S[no, m]

where

nw = —w"

= M= .
wE—wY w? — wY

Proof. Let N = %(l +J+ J2) (i.e., the matrix with all entries %) so that N(A) = (g,9,9) for
every triangle A = (a,b,c) with centroid g = 4(a + b+ c). Since M = M"™/¥2[, /] preserves
centroids of triangles, we have NM(A) = N(A) for all A, hence have the identity NM = N.
It follows then from Proposition 3.7 that (x) : (JZ — J¥ + N)M = J*S[n,n’] — J* + N. Since the
matrix (J# — J¥ 4+ N) € S is invertible, the identity (%) determines M which itself lies in S by
Proposition 3.5 (ii) and gives rise to

R | [ e R

after conjugation by W. This settles the asserted formula on (19, n1). O

n/wx _ ww
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4. Reduction of 18-fold ways of M¥*/y=

The upper label wx/yz for a generalzed median operator M**/¥2[n, 1/] is to be given from the
collection of (w,x,y,z) € (Z/3Z)* with y # z.

Since the condition (2.4) is stable under simultaneous shifts of labels in wx/yz, we have
the identity M"*/¥2[n /] = M#TLxF1/v+1241y /] which will be listed below in (4.2). As a
consequence, there are 18 different ways of labels up to the shifts in Z/3Z. However, there are
many other identities which co-relate generalized cevian and median operators as shown in the
following list (4.1)-(4.8).

(4.1) S, 0} = Shw, n'w™] - I =J- S[hw, 'w™]

(12) M) = MEE L

(4.3) M“X/yz[nm’] )= Mw+1,x+1/yz[n7n/]

(4.4) M2 [, ] - 92 = ML ]

(4.5) wa/yz[nm/] _ Mw,erl/yz[nw’n/w—l] _ Mw,x—l/yz[nw—l’n/w]

(4.6) % (Mwo/yz[mn/] _}_Mwl/yz[n’n/] i Mw2/yz[777n/]) _ %Jererz i gjw—y
(4.7) % (MWX/YZ[n,n’] + MWX/ZY[n,n’]) =811 = é(l +J+ 07

(4.8) MEE2E T o " ] = 15 MOV 4,1+ 0],

Proof of (4.1)-(4.8). Proposition 3.5 and Corollary 3.8 enable one to express S[n, 7] and M¥*/2[n, /]
in S as explicit 3 by 3 matrices for every (n,1’) € C? and for wx/yz. Then the proofs of these
identities, once discovered, can be easily verified (say, by using symbolic computer systems). [

Interpretation: Let A be a triangle triple and fix a pair of parameters (n,1) € C2. The
relation (4.7) tells that M¥™/v2[n, 7/](A) and M¥™/#¥ [, 7/](A) are point-symmetrical about the
centroid of A. This together with (4.2) implies that M*/¥¥*+1[n 1/](A) (w,x,y € Z/37) give all
possible triangle triples up to point symmetry. Consider, then, effects of (4.3) and (4.4) after
remarking that the action of J on triangle triples changes only labels of vertices. (Note also that
every matrix in S commutes with J.) From this we realize that the three median triangles

MO ) (A), MOV |(A), MO0, 0)(A)

provide all possibly different triangles from 18-fold triples M¥*/¥2[n, 7/](A) in (w,x,y,z) €
(Z/3Z)* with y # z (up to parallelism, point symmetry and label permutations). Note also
that the last three triangles are also dependent by a linear relation (4.6).

As illustrated in [8, Remark 3.6], the operations S, , have closer geometrical interpretation
on triangles with respect to the original parameters p,q € C (pg # 1). In the rest of this section,

we shall translate the above results for S[n, '], M¥*/¥2[n 1] into the context of S, M;’;f{q/ vz,
Noting that the transformation (3.2) is birational with

1+ 1t wn+w?y

S 2—wn—wly’ T 2—n—1

(cf. [8, Prop. 5.13]), we translate Corollary 3.8 in the form

(4.10) M = 8, 4

(4.9)
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with p1, g1 suitable rational functions in p, ¢ and vice versa. The following table shows some
samples chosen from 18 types of labels, where

A = (ol af ) = MEL(A) = Sy (A)

p.q

for A = (ag, a1, a2) and A" = (ap, a}, a)) = Sp¢(A):

TABLE 1. M;Tq/yz(ﬁ) =Sp (D)

T/
wx/yz | auva, = aya, [p1,q1] [p,q]
— [ 2pg+p—q—2 p-—2] [ @ —2 P1—q1 ]
00/01 | apag = aga ,— _ -
/ 0% o |4pg—p—2q—1" 1+p] a+1 2p1—1)(g1—1)
— (4pg—2p—q—1 1] - 2q1 — 1
01/01 | aodl = alal pg—2p-q-1 g+ { poa 20 ]
| 2pg—p+q—2" q—2] (P =2)(n = 1) 1 +1
02/01 | aodh = alial p+2¢—3 3pg—2p—gq {(mfl)@qﬁl) (p1—1) q1*2)}
12p+q—3 3pg—p—2q]

(
Cp =@ —1) (m—2) (1 — 1)
_(p—2)q-1) (2p—1)(q—1)] {3p1q1—p1—2q1 (2p1—1)(q1—1)}
pg+2p+q—4"4pg—p—2q—1 3pigr —2p1— @ (p1—1)(2q1 — 1)

2p—1 2pq+pqu2] {_p1+1 (plfl)(2q171)]
p+17pg+2p+q—4 p1 — 2’ pL—q

— =
00/12 | apap = afay [

e e
00/20 | apap = asag [

Example 4.11. In Example 2.7, we identified Hajja’s s-median operator Hs with Mg?l/_li for

s € R. The above formula (4.10) (cf. Table 1) translates it as

A 400/12 o
(412) HS — MO,I—S — 853-_53’25,5_3 .
The last expression for s = —3, % appears to be singular as SOO’% , S 2 00 respectively, but these

singularities can be removed in the language of (n,7n')-parameters: Indeed, by (3.2) we can
interpret Sp1-s = S[sw + (1 — s)w?, sw? + (1 — s)w], hence from Definition 3.6, we obtain

./\/18?1/_13, = MO/12[5 + (1 — 5)w?, sw? + (1 — s)w]. Corollary 3.8 then allows us to compute
(4.13) Hy = MOY2 (50 + (1 — 5)w?, sw? + (1 — s)u]
2 1 1
=S 2= = = L
[s + w, s + w?| —|—s(3 3 3

which makes senses on all s € C. Finally, formulas (4.1)-(4.5) transform #; into various expres-
sions of generalized medians. For example, for generic complex parameter s, one has:

(4.14) Ho= MG, = MOVSE = M0,

s—17s—1 27s—1 1—-s2 2

W.

Example 4.15 (Parameters for Mpf{q/yz = Spq)- Let wx/yz be a given label with w,x,y,z €
7/3Z, y # z. By Proposition 3.7, we find that M¥**/¥2[n, /] = S[n, '] has a unique solution in
the form

Syl = (F+ 1 -7 =al+ g+ ~J?
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summarized in the following table

Label [a , B, v ] | Label [, B, ~v] | Label [ , B, 7]
00/01 [4/7,2/7,1/7] |01/0L [1, 0, 0] |02/01 [1/2,1/2, 0]
00/10 [0, 0, 1] |o01/10 [1/7,2/7,4/7) |02/10 [ 0 ,1/2 1/2]
00/02 [4/7,1/7,2/7] | 0102 [1/2, 0 ,1/2] |02/02 [1, 0 , 0]
00/20 [0 , 1, 0] |01/20 [0 ,1/2,1/2] | 02/20 [1/7, 4/7 2/1]
00/12 [1/2, 0 ,1/2] | 01/12 [2/7,1/7,4/7] |02/12 [0 , O , 1]
00/21 [1/2,1/2, 0] |01/21 [0, 1, 0] |02/21 [2/7, 4/7 1/7]

Recall from Proposition 3.5 (ii) that the corresponding parameter (n,7n’) for each case is given
by

n=a+ Bw? +yw,
N = a+ Bw+ yw?.

Next we search parameters (p,q) with pg # 1 satisfying MWX/ 7% = §,, from the above table.
They are classified into the following three kinds:

(1) Spq€ ) (=1{1,4,1%}), [01/01, 00/10, 02/02, 00/20, 02/12, 01/21];
(i) Spq =5 + ) (i # 4), [02/01, 02/10, 01/02, 01/20, 00/12, 00/21];
(ili) Spq=al+ B+~ ({a, 8,7} = {3, 2,2}), [00/01, 01/10, 00/02, 02/20, 01/12, 02/21].

The first two cases are uninteresting: (i) occurs when (p, (0,0), (1,%), (*,1) (where x # 1) so

q) =

that S, ; simply represents a permutation of vertex labels (cf. [8, (3. )]), (ii) occurs when Sp 4(A)
(
s

wx/yz A) consists of the half sides of A when
). However, (iii) yields geometrically

represents the midpoint triangle, while the sides of M, ¢
(p,q) = (0,3),(3,0). (Note: Spq = 3(I+J) never occur

nontrivial cases (as in Figure 4) when (p,q) = (3, 2),(3,3), (2 1),(};,%),(l D) (2,%). These

573 573 3’3
are operations for Routh’s triangles discussed in [8, Example 5.3].

375 375

?2/220(A) -8

1
33 37

(A)

2
3

FIGURE 4. Type (iii) for MEYY*(A) = S, 4(A) with A = A(0) = (0,1,0.7 + 0.54)
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5. Shape space and Bényi-éurgus lifts

One advantage of considering the (finite) Fourier transforms of triangle triples (3.1) is to
enable us to catch directly the shape function

_ ¥2(4)
V1(A)

for triangle triples A without triple collision, i.e., A & {(a,a,a) | a € C}. The shape function
was explicitly introduced by works of Hajja (e.g. [4]) and has been investigated by many authors
including Nicollier [9], Bényi-Curgus [1]. The idea of applying finite Fourier transformation to
study polygon geometry can be traced back to I.J.Schoenberg [10]. The value of shape function
1 (A) represents the modulus of shape (similarity class) of A as a triangle with vertices labelled
as vector components, whereas the triple power ¢3(A) represents the shape of A as an oriented
triangle with unlabelled vertices, which is also useful in some geometrical problem (cf. e.g., [7]).
For our later discussions in §6, it is useful to set up the moduli space of triangles (with no triple
collision) and their value spaces for v, 13

(5.1) Y(A) € CU {oo} = Py(C)

Construction 5.2. Write (C?)* := C* — {(a,a,a) | a € C} for the collection of triangle triples
with no triple collisions, and consider the Fourier transform ¥ = (1), ¢1,2) of (3.1) as a vector
valued function (C3)” — C3. Noticing that t9(A) concerns positioning of (the centroid of) A,
we may regard the projection to the last two components as the classifying map to the space of
translation classes of triangles (written C”(v))) in the form

pr (€ - C'w) = {(12) € Cl(wr,u2) # (0,0)}.

Here we mean by ‘triangle’ an ordered triple (a,b,c) € C3 of three vertices admitting double
collisions but no triple collisions. The shape function ¢(A) = ifgﬁg for A € (C3) factors through
the space C°(¢)) and terminates in P}b (C) = CU{oo} which is naturally regarded as the moduli

space of similarity classes of triangles (with labelled vertices). We call Pllp((C) the shape sphere.

Denote by P1,(C) the quotient orbifold of P}/J((C) by the multiplication action of the cyclic group
{1,w,w?}, where the subscript ‘33 indicates the two elliptic points of order 3 at 0, co. Note that
the set of complex points P1;(C) corresponds bijectively to {1/(A)? | A € (C?)°}.

The relation of the above four spaces are summarized as in the commutative diagram

(C3) — C*(yp) ———— PL(C)

(5.3) k

Note 5.4. The space P}Z)((C) is a complex analytic model of the shape sphere appearing in the
study of 3-body problem in celestial dynamics (see, e.g., [6]).

Since the operator S[n, 7] acts on A with componentwise multiplication by (1,7',7) to ¥(A)
(cf. (3.3)), it acts on the values of shape function ¥(A) = ¥9(A) /Y1 (A) as

(5.5) H(Sn () = (”) )
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In Example 2.7, we discussed Hajja’s operator Hs as a special case of generalized median
00/12

operator M7 . As shown in Example 4.11, it is written in Fourier parameters (1, n') as
1 0 0

(5.6) Hs :Mg?{_li =S[s+w,s+w =W [0 s+w?> 0 Wt
0 0 s+w

On the other hand, Bényi-Curgus [1] introduces an operator ‘Cs’ (called the binary Ceva operator
after a seminal article [3]) for a real parameter s closely related to Hs. Although their formulation
is given in slightly different language of side length triples, we may extend the equivalent notion
for complex parameter s € C as follows.

Definition 5.7 (binary Ceva operator). For complex s € C, define the operator Cs on triangle
triples by the following matrix expression:

1 0 0
(5.8) Cs=W |0 0 s+w|WL
0 s+ w? 0

In other words, Cs is defined so as to operate on the Fourier parameters of triangle triples by:

Yo(Cs(A)) = %o(A),  ¥1(Cs(A)) = (s +w)ta(A),  ¥2(Cs(A)) = (s +w’)n(A).

It is not difficult to see that either of Hs, Cs preserve ((C3) C C? if and only if s # p, p~!
Assuming this condition, let us write H, C, for the operators on Cb(w) induced respectively

from H,,Cs. These are also expressed as matrices acting on ( 7/}1) € Cb(w) in the form

(5'9) 7:[3 = (SEUJ s+0w2 )’ és - (SE“’ S—iwa ) '
s+w

to denote the multiplier factor for Hs on the shape
function. Note that the condition s ;é p, p~ ! is equivalent to & € C*. The following numerical
identities easily derived from definitions relate the shapes of A, H(A), Cs(A), Hi—s(A) and of
Ci—s(A):

(5‘10) ¢<HS(A)) =&s- w(A)v ¢(CS(A)) = gsilw(A)ila 6;1 =&1-s (S # pvpil)‘

We are then led to Proposition 5.11 below which translates selected geometrical relations found
by Bényi-Curgus [1] into our language of operations Hg, Cs. We recall that two triangles A =
(a,b,c) and A" = (a/,V/, ) are called directly similar (resp. reversely similar) in [1, p.378] if
(', V', ) is similar to (a,b,c) (resp. (a,c,b)) as oriented triangles without labeling of vertices.

Below we use the quantity & :=

We will write A & A/ (resp. A X A’) for the direct similarity (resp. reverse similarity) which is
equivalent to ¥(A)? = (A")3 (resp. ¥(A)? = (A")73).

Proposition 5.11. Notations being as above, the following formulas and statements hold for
s,r,u€ C\ {p,p1}.

( ) 7’25 07'25 - _él—s Oés.

(i) Cs0Cs = (s> —s+1)id.

(iii) For each A € (C3)°, we have Cs ( ) N Hs(A).

(iv) For each A 6 ((C3) ,Cs0Cr(A ) ~ Cyu(A) if and only if (6,6,)% - p(A)8 = €3,

(v) Cs 0 Cr(A) R Cu(A) for all A € (C?)° if and only if (££,)° = €.

(vi) If AR A/, then Cs(A) R Ci_s(A).
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Proof. (i), (ii) follow from matrix computations by (5.9), and (iii) follows from (5.10) at once.
The values of shape function at Cs o C.(A) and at C,(A) are respectively &1, - 9(A) and
&-1(A)~L. This proves (iv). Next, by a remark preceding the proposition, Cs o C.(A) is
reversely similar to C,(A) iff (£7164(A))3 = (6,14 (A)~1) 73, from which the assertion (v)
follows by cancelling out the common factor 1/(A)3. Finally, the assumption of (vi) is equiv-
alent to 1¥(A)31(A’)3 = 1. On the other hand, the entry quotients of the identities Cs(A) =

(Grm ) and ¢ y(a) = (S E))) vield $(Cy(A)) - w(Cr-s(A)) = h(A) Hh(A) .

Thus, we conclude 1(Cs(A))31(C1_s(A))? = 1, that is, Cs(A) < C1_4(A’) as desired. O

Note 5.12. The assertions (i), (ii), (iv), (v) and (vi) of Proposition 5.11 correspond respectively
to a property at line —5 in p.379, Proposition 9.2, Corollary 9.8, Theorem 9.9 and Proposition
9.1 of [1]. The assertion (iii) is originally a source defining property for the binary Ceva operator
[1, p.379]. A binary operation * defined by the identity £;{y = &s4s gives a commutative group
structure on {s € P}(C) | s # p,p '} which is equivalent to an operation [J on R U {oo}
introduced in [1] and to the additive operation [+] on PY(C) — {p,p~!} studied in [8] after
suitable variable changes.

Note 5.13. Proposition 5.11 (i), (ii) can be rephrased at the level of operators on (C®)* respec-
tively as:

(i) Hs o Hs = S[—1,—1] 0 C1_5 0 Cs;

(i) Cs0Cs = S[s? — s+ 1,82 — s+ 1].

Note 5.14. The above usage of ‘reverse similarity’ differs from the one employed in [7] where it

meant A & A7 (mirror image of A’) that is sometimes called anti-similarity.

6. Tracing orbits of triangles

Since our operators S[n, n] are realized as linear actions on C? that fix (1,1, 1) by Proposition
3.5 (i), they commute with every complex affine transformation of triangles, in other words,
S[n,n'] commutes with any mapping of the form (a, b, ¢) — (f(a), f(b), f(c)) where f : z — Az+v
(A, v € C). This is not always the case for real affine transformations. We first begin with the
following simple lemma.

Lemma 6.1. Let (n,1') € C2. The operation S[n,n'] commutes with the real affine transforma-
tions of triangles if and only if 7 =1, i.e., n and ' are complex conjugate to each other.

Proof. Recall that any real affine transformation of the complex plane C can be written as
Papw(2) = Az + pzZ + v with A, u,v € C. Given a triangle triple A = (a,b,c) and f = f) ..,
write f(A) := (f(a), f(b), f(c)) for the image of A by f. Then, one computes

Sln, '] (fm,y (g)) = fruw (S[n,n/] (2)) + (5[17,77’] - 5[17,77’]> (g)
The commutativity of S[n, 7’| and f) ,,, holds if and only if 4 = 0 (i.e., f) . is complex affine)
or Sin,n'] =11+ n+n)+ 31 +nw+nw)d + $(1 + nw? + n'w)J? is in M3(R). The latter
condition is easily seen to be equivalent to 77 = 7'. O

In [8], we called S[n, 7] € S an area-preserving operator if the associated parameters 7,7’ € C
satisfy |n| = || = 1. The set of area-preserving operators forms a compact multiplicative torus
in GL3(C). Since S[n,n']F = S[nk,n’k] (k € Z), iteration of area-preserving operators can be
interpolated by one-parameter family of the form

{S [627rimt 7 e27rmt] }tER .
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We are particularly interested in the case where three vertices move along a single closed orbit
cyclically replacing positions of each other after ¢ — t 4+ w/3 so that the total motion is left
invariant after ¢ — t+w. Note that, in this situation, we may assume @w = 1 and m, n are coprime
integers without loss of generality. Taking this into accounts, we are led to start with a more
general setup: Recall from 5.2 that (C3)” denotes the collection of triangle triples with no triple
collisions. Suppose we are given A € (C3)” and two continuous functions 7,7’ : R — (R/Z —)C
(with period 1). We shall consider the periodic maps R — R/Z — (C?)” in the form

A(t) = S[n(t), 1 (D)(A) or M™F=[(t), 7/ (£)](A).

Note that generally A(0) may not be the same as the initial A and that A(¢) may degenerate
at some ¢ even if A is given as a non-degenerate triangle. The family {A(¢)}; will be called
collision-free if, for every t € R, A(t) is a (degenerate or non-degenerate) triangle with three
distinct vertices. We sometimes regard the time parameter ¢ € R also as ¢ € R/Z when no
confusion could occur.

Definition 6.2. Notations being as above, we say the family {A(#) };cr/z to have a single tracing
orbit in ascending (resp. descending) order, if JA(t) = A(t + %) (resp. = A(t — %))

If {A(t) }+ has a single tracing orbit in ascending order, and A(t) is written as (ag(t), a1(t), az(t)),
then, ag(t) = aa(t + 3) = a1(t + 2) = ap(t + 1) for all t € R. We may interpret a collision-free
family with this property as a motion of three particles ag, a1, a2 moving along a single closed
orbit so that they trace each other chronologically with ag — a1 — as — ag.

Proposition 6.3. Let A € (C3)’ and 0,7 : R/Z — C be continuous functions with period 1.
(i) {S[n(t),n' (®)](A)}+ has a single tracing orbit in ascending (resp. descending) order if

and only if
we+3) =n@w ™, (+3) =r (e (teR)
(e ate = =nw Wt =0 ()
holds.

(ii) Let wx/yz be a label for generalized median operators. Then, {M™/Y2[n(t), n'(t)](A)}
has a single tracing orbit in ascending (resp. descending) order if and only if 7(t) :=

n(t) — W, i (t) == ' (t) — W' satisfy

_ 1 _ 1 . 1 3
A+ 3) =A™, {t+2) = 70w (k).
1 1
(resp- e - ) =) - ) =00 (weR).)
Proof. (i) follows immediately from (4.1). To prove (ii), we make use of Corollary 3.8 to express
ME=32[n(t), 7/ (£)](A) as S[no(t),n1(t)]. Then, apply (i) for the latter form. O

Let us look more closely at the tracing orbit in relation with the shape sphere P}p((C) intro-
duced in Definition 5.2. Write Conf3(C) (called the configuration space) for the collection of
collision-free triples in (C3)°, i.e.,

Conf3(C) := {(a,b,c) € C* |a #b# ¢ #a} C (C3).

Then, it is easy to see that the shape function ¢ = % maps Conf3(C) onto the open locus

P}b(C) —{1,w,w?} of the shape sphere P}/)((C). Given a collision-free single tracing orbit {A(¢)},
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C Conf3(C) either in ascending or descending order, the image {¢(A(t))}o<¢<1 move on a closed
curve on PL((C) — {1,w,w?}. More precisely, during the process starting/ending at the point
Yo = P(A(0)) = ¥(A(1)), it passes two distinguished points (A(3)) = wiy, Y(A(2)) =
w2 (resp. @/}(A(%)) = w?iy, w(A(%)) = wp) if {A(t)}+ moves in ascending order (resp. in
descending order). Thus, in view of the diagram (5.3), the image of {¢(A(t))3}0<t<% forms a
closed curve on P1;(C) — {1}. It is worth noting that the (existence and) classification of the
tracing orbits {A(t)}; sharing a same closed curve on P3;(C) — {1} is available as below, where
we employ the convention 1/0 = oc.

Proposition 6.4. Lete € {£1} andlety: R — Pi(@)—{l,ijz} be a non-constant continuous
map such that v(0) € {0, 00} and v(t + ) = w*y(t) for all t € R. Set &(t) :=~(t)/~(0).
(i) There exists a collision-free single tracing orbit {A(t)}; with (A(t)) = v(t) in ascending
(resp. descending) order when e =1 (resp. € = —1), if and only if £(t) can be written
t
in the form &(t) = nZEti with n, : R — C satisfying ny(t + §) = wn,(t) (r=1,2).
m ) }
(ii) In particular, if v(t) # oo (Vt) then (i) is the case with na(t) = e2™=LE(t), my (t) = €2,
(iii) Suppose (i) is the case. Then, every possible tracing orbit {A(t)}; sharing the same
closed curve y(t) as ¥(A(t)) is obtained as

1 0 0 ag
Aty =W [0 m(t)u(t) 0 W=t b
0 0 n2(t)u(t) co

1

where p : R — C* is a continuous function with period 3, and Ag = (ao,bo, co) is a

triangle triple with ¥(Ag) = ~v(0).
V,Y((OO))“L_MI is contained in C —{0, 1, p*'}
so that Ag := (0,1, \g) € Conf3(C) forms a (non-equilateral) triangle triple with 1»(Ag) = ~(0).

(i) The ‘if’-part is already shown in Proposition 6.3, so we here show the ‘only if’ part.
Suppose a collision-free single tracing orbit {A(¢)}; exists and consider the behavior of ¢, (A(t))
(r =1,2). Since y(0) = ¥(A(0)) = ¥2(A(0))/¢1(A(0)) & {0,000} by assumption, we can define
for each r € {1,2} a function 1, : R — C by n,(¢) := ¥(A(t))/¢r(A(0)). This shows that
U(A(t)) = WLA(#) is of the form diag(1,n1(t),n2(¢))¥(A(0)). Then the prescribed property
A(t+ &) = JA(t) (Definition 6.2) implies the required properties for n.(t + %) (r =1,2).

(ii) This is immediate after (i).

(iii) Fix a collision-free tracing orbit { A(¢)}; with parameter functions 7;(¢),72(t) as in (i), and
pick any other such a family {A’(¢)}; with another set of parameter functions 7] (¢), 75(¢). Then,

() E(t) = 51 for all t € R. Note here that &(t) = 0 (resp. = o0) if and only if mn] # 0,

Proof. The assumption on ~y(0) tells that the value Ay := —

m(t) n ()
n2 = nh = 0 (resp. manh # 0, m =n} = 0). So the continuity of the map & of R into the Riemann
sphere C U {oo} enables us to define a continuous function p : R — C* by u(t) := %(: %)

when £(t) € C*, u(t) == % when £(t) = 0 and p(t) := % when £(t) = oo. The periodic property
u(t+ %) = p(t) is a consequence of n,(t + §) = wn,(t) and nl.(t + 3) = W, () (r = 1,2).
The vector expression in (iii) follows from the procedure described in the above proof of (i)
with A = (a9, bo,co) = Weliag(L,7,(0), 7(0)) W~ A'(0), that is, ¥(Ao) = £(0) - H(A(0)) =
£(0)v(0) = v(0). This completes the proof. O

Now, let us turn back to the area-preserving parameters n(t) = €™ p/(t) = 2™ with
coprime integers m,n € Z and examine some typical cases.
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Example 6.5. Let A be a triangle triple and m, n coprime integers. By Proposition 6.3 (i), the
family

{A(t) — 8[627rimt7 62mm}(A)}t€R
has a single tracing orbit if m+n =0 (mod 3). The vertices move in ascending (resp. descend-
ing) order if m =2 (mod 3) (resp. m =1 (mod 3)).

Example 6.6 (Steiner ellipse). The special case m = —1,n = 1 of Example 6.5 is
A(t) — S[e—2m't’ €2mt](A).

In this case, starting from A(0) = A, the vertices of a triangle move on an ellipse with sides
tangent to an interior ellipse (Figure 5). For an easy proof for the case A is non-degenerate, one
can apply Lemma 6.1 to deform A to the equilateral triangle (1,w,w?) in real affine geometry. If
A = (0,1, u+vv/—1), then the circumscribed ellipse has the following equation in XY-coordinates
of C.

V2 <X—1_§u>2—l—(v—2uv) <X—1+“) (Y—§)+(1—u+u2) (Y—%f:ﬂ.

3

FIGURE 5. {S[e™2m#k/17 ¢2mk/1T](A)}>7 for A = A(0) = (0,1,0.7 + 0.5)

Example 6.7. The following three collections of figures (Figure 6, 7, 8) illustrate the family
S[e?™it 2™t (A) for n = 2 (mod 3), S[e?™™ e2™#](A) for m = 2 (mod 3) and some other
types from Example 6.5 respectively. We start from A = A(0) = (0,1,0.7 + 0.5¢).

FIGURE 6. {S[e*™ el™ (A)}er and {S[e?™ e 8™ (A) }ier

Example 6.8 (Median orbits). By Proposition 6.3 (ii), the median triangle family

{ MO (), )(A) |

teR
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FIGURE 8. {S[e!™ 4™ (A)}ier and {S[e™ 10 4™ (A) }ier

along with n(t) = ¥ + W* 7/ (t) = ™™ + w™ (m+n = 0 (mod 3), x € Z/3Z) has a
single tracing orbit. The following figure (Figure 9) starts from A = (0,1,0.7 4+ 0.5i), A(0) =
(2 + i, % + £i,2). According to (4.8), the orbit is independent of the choice of x € Z/3Z. We
also observe that it is similar to the orbit {S[e=10™ 4™i](A)}, cr illustrated in the previous

example.

e

FIGURE 9. A and {MO/01[e=10mit 1 px edmit 4, =%](A)},cp

It is not necessary for us to persist in area-preserving parameters in Proposition 6.3.

Simple linear sums of e2™™* with m = +1 (mod 3) (& depends on 7,7’ individually) already
provide us with a number of remarkable examples. In this paper, we content ourselves with
showing the following few cases among them.
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Example 6.9 (Figure eight cevian orbit). Let A = (0,4, —i) be a degenerate triangle, and set
n(t) = —2e 4 =47t/ (t) = 272 4 4™ Then, the vertices of A(t) = S[n(t), 7' (t)](A)
moves on a single figure eight curve X? = 13—6X 4 1 Y? in XY-coordinates of C: The first vertex
of A(t) moves along 3+/3 cos(t) +i2+/3sin(2t) (t € R) and the other two vertices chase it on the
same orbit (Figure 10).

v

\J/
%

FIGURE 10. {S[-2e*™ 4 ¢74 2e72™ 4 T (A)}, o

One direction of generalizing this example is to consider A(t) whose vertices move on what is
called a Lissajous curve. In a separate article [5], we will discuss in details “Lissajous 3-braids”
arising from this sort of triangle’s motions.

Example 6.10 (Figure eight median orbit). We provide another example for Proposition 6.3
(ii). Starting from A = (0,4, 3+1), the median triangle family {MOVOLn(t), 7 (£)](A) }er along
with n(t) = =22 4 e~ 1 /(1) = 2727 4 47 1 ()2 gives a figure eight orbit (Figure
11).

§ 8

FIGURE 11. A and {MOV/OI[—2e27it 4 e=4mit 4, ge=2mit | gdmit 4 w2](A)}teR

— —
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