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1 Monodromy Evolving Deformations

Chakravarty and Ablowitz’s DH-V equation

Wi = wowz — wi(ws + w3) + b,

wy = wiw] — wolws + wy) + 62,

Wy = wiw] — walwsg + wy) — b,
)

¢ = wi(l— ) —ws(l+9),
0 = —wa(f — ¢) —ws(0 + @)

Monodromy Evolving Deformations

oY  ul—(Cia*+2Dx+C.)
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P=oa,s"+ (B, +3.)2" +a_,
Q= a.x’+ Bz,

C1 = (iwy + @)oy + (wg £ i0) 0o,
D = —wsos3,

ar = (w —wy) F(0+¢),0: = (w1 +wr —2ws) £i(6 — o).
W : constant parameter

ov  (B- +4ws) — ayax?
or P H-

oj: Pauli spin matrices

(01 (0 —i (10
T=\V10) 27 \i o) T \o 1)

DH-V: solved by the Schwarzian function S(z;0,0,a).




2 Halphen’s system

Halphen’s first equation in [CR 92 (1881), 1101-1103]
X'+Y' = 2XY,
Y'+Z' = 2YZ,
7'+ X' = 27X.

Halphen’s second equation in [CR 92 (1881), 1404-1406]

)
r] = zi+a(zy — 29)* + b(z9 — 23)* + (23 — 11)7,
rh = x5+ a(z; — x19)° + b(z9 — 13)* + (a3 — 11)7,
vy = x5+ a(x] — 29)? + b(xe — 3)° + (T3 — 1)

The 1st is a special case of the 2nd:
1

a=b=c=—-,

8
2X =19+ 23,2Y =23+ 11,24 = 21 + T9.



Chazy’s equation: For Halphen’s first, we set y = 2(X +Y + Z),
" — ny” o S(y/)2

Solution of Halphen’s 1st:

B 8 CLt‘i‘b _1/2
=02 g (0.20) s

o 8 Clt‘|‘b 1/2
Y—Zatlog [93 (O, ct+d> (ct+d)” ]

_,0 ~1/2
ZQ@tlog[94(O’ct+d>(Ct+d) ]

0,(z,7): Jacobi’s theta function, ad — bc = 1.

Solution of Chazy:

0 at +b
—4—log |V’ —32]
y(t) 57 108 [191 (0, — d) (ct +d) ]




Solution of Halphen’s 2nd: Start from
d*y (a +b  c+b 2b )
_ 7 _ + y.

dz? 2 (z—12 z(z—1)

t: a ratio of two solutions

4 4 oY 4 og Y
1= —logy, wp=_log=, w5=—log——.

—> 11, T2 and x3 satisfy Halphen’s 2nd.

In case of a = b = ¢ = — (Halphen’s 1st),
the starting linear equation is solved by F'(1/2,1/2,1; z).

K= gF(l/Q, 1/2,1; k) = g&?(om)



3 Reduction of self-dual Yang-Mills equation

g-valued 1-form in x = (21, x2, r3,14) € R4

A= Aj(z)da;

Jj=1

The curvature 2-form F =) o Firdxj A day:
Fi, = 0;A, — OLA; — [Aj, Agl,

where 0; = 0/0x;.

The self-dual Yang-Mills equation:

Fio = Fyy, Fi3=Fjp, FIy=F;.



A; =Aj(x1), A1=0 = SDYM is the Nahm equation
0r Ay = [As, Ayl
0:As = [Ay, Aol
Ay = [Ag, Asl.

= 0iff(S?): the oco-dim Lie algebra of vector fields on S°
X 1, Xo, X5: divergence-free vector fields on S?

Xi| = Z € kX1,
z

g the standard anti-symmetric form e103 = 1.
O, € SO(3):
Z €kl OjpOrqO = Epgr,

I
X,;(Ow) = E €itpOip-



By the Euler angles (0, ¢, ),

d siny 0 0
X1 = cost 9+Sinea¢—cotesm¢ 90
. .0 cosy O 0
Xy = —S1n¢89+ Sin80¢_COteCOS¢8¢
0
X3 = —.
3 00

sin ¢ cos ) + cos ¢sinp cos —sin ¢siny + cos ¢ cos ) cos  — cos ¢sin b
sin v sin ¢ cos 1 sin 6 cos 6

coS ¢ cosY — sin¢psinyy cosf —cos@siny —singcosycosf  sin@psin b
O =



Choose the connection of the form

3
Ay =Y Oy Mp(t) X
jk=1
The 3x3 matrix valued function M = M (t) satisfies
the ninth-order Darboux- Halphen (DH-IX) system

dM
= (adj M)T + MM — (TeM) M. (1)
adj M = det M - M~

M™: the transpose of M

DH-IX = SU(2)-invariant hypercomplex four-manifold
- the Weyl curvature of a hypercomplex four-manifold is self-dual
- DH-IX = self-dual Weyl Bianchi IX space-times.
[Hitchin98]



Chakravarty-Ablowitz

+Clarkson+Takhtajan+Halburd+Herbst
[CAC90, CAT92]: M,(t) = wi(t)d i diagonal = Halphen’s 1st
- Bianchi IX, hyperKahler (AH metric):

W3 o  W3Wi o W2 o
0-1 + 0-2 _|_ 03
w1 w9 w3

g = wiwowsdt? +

[CA96]: special off-diagonal case

w1 6 0
M = Qb %) 0
0 0 w3

—> DH-V (monodromy evolving)
- special self-dual Bianchi IX,

woo1 + 0)? o1 +wi ) o2
gth2+(212 )+(¢121) +_Z;
A A w;

A = wiwo — gb@




[ACH99]:

generic case= self-dual Bianchi IX= Halphen 2nd

M = M, + M, =(symmetric part)+(anti-symmetric part)
Assumption: eigenvalues of M are distinct

M, = PdP™', M, = PaP},

d = dlag (wla w2, WS)-

a2 = —Q21 = 73,023 = —A32 = T1,031 = —A13 = T2.
DH-IX —
r 2
W] = wowsg — wi(we +w3) + 77,
/ 2
Wy = wawi — wolwsg +wiy) + 77,
/ 2
Wy = wiwi — wolwg +wy) +7°.

2 = a%(wl—wg)(wg—w1)+0z%(w2—w3) (wl—w2)+a§(w3—w1) (wy—w3).



The ACH system is equivalent to Halphen’s 2nd

2(,411 = —T9 — I3, 2(4)2 = —T3 — I, 2&]3 = —T1 — T,

8a = aj+as—a3—1, 8b=—ajtaz+ai—1, 8c=aj—azt+az—1.

The ACH system:
solved by the Schwarzian function S(z; a1, as, as).



4 Monodromy evolving equation

dY = A,
°@r 1%
dx kz:;a:—a:j ’

Local expansions

Y(z) ~Yj(@)(@ — )™, Yj(z)=O0((z —2))"),
Y (2) ~Yoo(x)z e, Yolz) =1+ O(1/x),

Monodromy preserving deformations:

¥ (a)=

Ox; T — T,

Y.

Compatibility condition = the Schlesinger equation

0A A, A; :
X LT — I




Monodromy Evolving Deformations L; evolve as

OL;
8xk

fir = fir(t) is a scalar function.

f]k[ (j,k:1,2,...,n).

Then L., evolve as

(the sum of eigenvalues of all local exponents should be zero.)

Theorem
If the local exponents L; evolve as above, Y satisfies the de-
formation equation

oY A
— = +Zf]/{;10g ) Y.

T T —1
oxy, N




Proof. Since

d _ d N L, _
FY @Y ~ T @Y @)
~ Yj(a)L;Y;(a;) ™ —+O((z ~ ;)"
j
for y =1,2,...,n, we have
Aj = Y(ay) LYy ()™
Around r = oo,
oY dY. &
— vy — ()Y ()t = 21
Oxy, oxy, (#)¥er() ;f]k o8t
- 1
~ — Z firlogx + O(E)’
j=1
Y.
since Vo ~ O(2) by Yoo (0) = 1



Around z = z;,

o', 0 1, r | :
aka 92 (2)Yj(z) " + firlog(x —x5), (5 #k),
(‘9ka 2 ()Y (z) Yk(l‘)x — kak(x) + frrlog(z — xy)
A
~ — i + fkk 10g(.flf — $k> + (O(x - xk)o)
T — Tk

By the residue theorem,
oy
8xk N

The deformation equation contains a logarithmic term

Ay -
+ e log(x —x;) | Y.
A3 s )

v = Z firlog(x — x;),

J=1

the monodromy data is not preserved.
(Chakravarty-Ablowitz’s term v is also a log term)



5 Halphen’s 2nd as MED

Let x1, x9, x3 be functions of ¢.
P(x) = (x — z1)(x — x9)(x — x3)
Q(x) = 2 + a(x) — 9)* + b(x9 — 3)* + (3 — 11)*.

Halphen’s 2nd:
o =Qx;)  j=1,23



Halphen’s 2nd as MED
The compatibility condition gives the Halphen’s 2nd:

oY ] ’

o =\ P Z pa—

oY ’ oY
i V+ch$j ()%

j=1

w, ¢;'s: constants (¢ + ca + c3 = 0)
S: a traceless constant matrix

Ov  x+T1+ T+ 23
or P H-




- The local exponent matrix L; at x = x; evolve as

dLj 22+ xp + 2
— M (2>
dt Hm;éj (xj o .Cl?m>

where {j, k,1} = {1,2,3} as a set.

- The singular points z; deform as

dz;

= Q) 3)

which is nothing but Halphen’s second equation.



- Put Y = fZ for a scalar f = f(x,t).

of _n
o ot of
o vf— Q(fﬁ)%
- The integrability condition for f:
oP oP 0
—+Q——P—Q— (x + 21+ 29+ 23)P = 0.

ot Ox Ox
- Z gives the sixth Painlevé equation (Riccati)

8Z 5 CjS

ga 7
ox ; T —x;
07 < YA
Eri chijZ — Q(x)%

j=1




6 Review and future problems

Halphen is a special solution of MED), like the Riccati solutions in the
Painlevé equation.

MPD MED

Painlevé | Our New system

Riccati Halphen

- How is other special solutions of MED?
- How can we characterize MPD in MED?
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