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1 Monodromy Evolving Deformations

Chakravarty and Ablowitz’s DH-V equation

ω′
1 = ω2ω3 − ω1(ω2 + ω3) + φ2,

ω′
2 = ω3ω1 − ω2(ω3 + ω1) + θ2,

ω′
2 = ω3ω1 − ω2(ω3 + ω1) − φθ,

φ′ = ω1(θ − φ) − ω3(θ + φ),

θ′ = −ω2(θ − φ) − ω3(θ + φ).

Monodromy Evolving Deformations

∂Y

∂x
=

µI − (C+x2 + 2Dx + C−)

P
Y,

2
∂Y

∂t
= [ν − (C+x + D)]Y − Q(x)

∂Y

∂x
.
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P = α+x4 + (β+ + β−)x2 + α−,

Q = α+x3 + β+x,

C± = (iω1 ± φ)σ1 ± (ω2 ± iθ)σ2,

D = −ω3σ3,

α± = (ω1 − ω2) ∓ (θ + φ), β± = (ω1 + ω2 − 2ω3) ± i(θ − φ).

µ : constant parameter

∂ν

∂x
=

(β− + 4ω3) − α+x2

P
µ.

σj: Pauli spin matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

DH-V: solved by the Schwarzian function S(x; 0, 0, a).
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2 Halphen’s system

Halphen’s first equation in [CR 92 (1881), 1101–1103]

X ′ + Y ′ = 2XY,

Y ′ + Z ′ = 2Y Z,

Z ′ + X ′ = 2ZX.

Halphen’s second equation in [CR 92 (1881), 1404–1406]

x′
1 = x2

1 + a(x1 − x2)
2 + b(x2 − x3)

2 + c(x3 − x1)
2,

x′
2 = x2

2 + a(x1 − x2)
2 + b(x2 − x3)

2 + c(x3 − x1)
2,

x′
3 = x2

3 + a(x1 − x2)
2 + b(x2 − x3)

2 + c(x3 − x1)
2.

The 1st is a special case of the 2nd:

a = b = c = −1

8
,

2X = x2 + x3, 2Y = x3 + x1, 2Z = x1 + x2.
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Chazy’s equation: For Halphen’s first, we set y = 2(X + Y + Z),

y′′′ = 2yy′′ − 3(y′)2.

Solution of Halphen’s 1st:

X = 2
∂

∂t
log

[
θ2

(
0,

at + b

ct + d

)
(ct + d)−1/2

]
Y = 2

∂

∂t
log

[
θ3

(
0,

at + b

ct + d

)
(ct + d)−1/2

]
,

Z = 2
∂

∂t
log

[
θ4

(
0,

at + b

ct + d

)
(ct + d)−1/2

]
.

θj(z, τ ): Jacobi’s theta function, ad − bc = 1.

Solution of Chazy:

y(t) = 4
∂

∂t
log

[
ϑ′

1

(
0,

at + b

ct + d

)
(ct + d)−3/2

]
.
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Solution of Halphen’s 2nd: Start from

d2y

dz2
=

(
a + b

z2
+

c + b

(z − 1)2
− 2b

z(z − 1)

)
y.

t: a ratio of two solutions

x1 =
d

dt
log y, x2 =

d

dt
log

y

z
, x3 =

d

dt
log

y

z − 1
.

=⇒ x1, x2 and x3 satisfy Halphen’s 2nd.

In case of a = b = c = −1
8 (Halphen’s 1st),

the starting linear equation is solved by F (1/2, 1/2, 1; z).

K =
π

2
F (1/2, 1/2, 1; k2) =

π

2
θ2

3(0, τ )
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3 Reduction of self-dual Yang-Mills equation

g-valued 1-form in x = (x1, x2, x3, x4) ∈ R4

A =

4∑
j=1

Aj(x)dxj

The curvature 2-form F =
∑

j<k Fjkdxj ∧ dxk:

Fjk = ∂jAk − ∂kAj − [Aj, Ak],

where ∂j = ∂/∂xj.

The self-dual Yang-Mills equation:

F12 = F34, F13 = F42, F14 = F23.
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Aj = Aj(x1), A1=0 =⇒ SDYM is the Nahm equation

∂tA2 = [A3, A4],

∂tA3 = [A4, A2],

∂tA4 = [A2, A3].

g = diff(S3): the ∞-dim Lie algebra of vector fields on S3

X1, X2, X3: divergence-free vector fields on S3

[Xj, Xk] =
∑

l

εjklXl,

εjkl: the standard anti-symmetric form ε123 = 1.

Ojk ∈ SO(3): ∑
j,k,l

εjklOjpOkqOlr = εpqr,

Xj(Olk) =
∑

p

εjkpOlp.
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By the Euler angles (θ, φ, ψ),

X1 = cos ψ
∂

∂θ
+

sin ψ

sin θ

∂

∂φ
− cot θ sin ψ

∂

∂ψ
,

X2 = − sin ψ
∂

∂θ
+

cos ψ

sin θ

∂

∂φ
− cot θ cos ψ

∂

∂ψ
,

X3 =
∂

∂ψ
.

O =

(
cos φ cos ψ − sin φ sin ψ cos θ − cos φ sin ψ − sin φ cos ψ cos θ sin φ sin θ
sin φ cos ψ + cos φ sin ψ cos θ − sin φ sin ψ + cos φ cos ψ cos θ − cos φ sin θ

sin ψ sin θ cos ψ sin θ cos θ

)
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Choose the connection of the form

Al =

3∑
j,k=1

OljMjk(t)Xk.

The 3×3 matrix valued function M = M(t) satisfies

the ninth-order Darboux- Halphen (DH-IX) system

dM

dt
= (adj M)T + MTM − (TrM)M. (1)

adj M := det M · M−1,

MT : the transpose of M

DH-IX = SU(2)-invariant hypercomplex four-manifold

· the Weyl curvature of a hypercomplex four-manifold is self-dual

· DH-IX = self-dual Weyl Bianchi IX space-times.

[Hitchin98]
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Chakravarty-Ablowitz

+Clarkson+Takhtajan+Halburd+Herbst

[CAC90, CAT92]: Mjk(t) = ωk(t)δjk: diagonal =⇒ Halphen’s 1st

· Bianchi IX, hyperKähler (AH metric):

g = ω1ω2ω3dt2 +
ω2ω3

ω1
σ2

1 +
ω3ω1

ω2
σ2

2 +
ω1ω2

ω3
σ2

3

[CA96]: special off-diagonal case

M =

ω1 θ 0

φ ω2 0

0 0 ω3

 .

=⇒ DH-V (monodromy evolving)

· special self-dual Bianchi IX,

g ∼ dt2 +
(ω2σ1 + θ)2

∆2
+

(φσ1 + ω1)
2

∆2
+

σ2
3

ω2
3

∆ = ω1ω2 − φθ
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[ACH99]:

generic case= self-dual Bianchi IX= Halphen 2nd

M = Ms + Ma =(symmetric part)+(anti-symmetric part)

Assumption: eigenvalues of Ms are distinct

Ms = PdP−1, Ma = PaP−1,

d = diag (ω1, ω2, ω3).

a12 = −a21 = τ3, a23 = −a32 = τ1, a31 = −a13 = τ2.

DH-IX =⇒

ω′
1 = ω2ω3 − ω1(ω2 + ω3) + τ 2,

ω′
2 = ω3ω1 − ω2(ω3 + ω1) + τ 2,

ω′
2 = ω3ω1 − ω2(ω3 + ω1) + τ 2.

τ 2 = α2
1(ω1−ω2)(ω3−ω1)+α2

2(ω2−ω3)(ω1−ω2)+α2
3(ω3−ω1)(ω2−ω3).
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The ACH system is equivalent to Halphen’s 2nd

2ω1 = −x2 − x3, 2ω2 = −x3 − x1, 2ω3 = −x1 − x2,

8a = α2
1+α2

2−α2
3−1, 8b = −α2

1+α2
2+α2

3−1, 8c = α2
1−α2

2+α2
3−1.

The ACH system:

solved by the Schwarzian function S(x; α1, α2, α3).
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4 Monodromy evolving equation

dY

dx
=

n∑
k=1

Ak

x − xj
Y,

Local expansions

Y (x) ∼Yj(x)(x − xj)
Lj , Yj(x) = O((x − xj)

0),

Y (x) ∼Y∞(x)x−L∞, Y∞(x) = I + O(1/x),

Monodromy preserving deformations:

∂

∂xj
Y (x) = − Aj

x − xj
Y.

Compatibility condition = the Schlesinger equation

∂Ak

∂xj
=

[Ak, Aj]

xk − xj
, j ̸= k.
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Monodromy Evolving Deformations Lj evolve as

∂Lj

∂xk
= fjkI, (j, k = 1, 2, ..., n).

fjk = fjk(t) is a scalar function.

Then L∞ evolve as
∂L∞

∂xk
= −

n∑
j=1

fjkI,

(the sum of eigenvalues of all local exponents should be zero.)

Theorem

If the local exponents Lj evolve as above, Y satisfies the de-

formation equation

∂Y

∂xk
=

− Ak

x − xk
+

n∑
j=1

fjk log(x − xj)

Y.
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Proof. Since

d

dx
Y (x)Y (x)−1 ∼ d

dx
Yj(x)Yj(x)−1 +

Lj

x − xj
Yj(x)Yj(x)−1

∼ Yj(aj)LjYj(xj)
−1 1

x − aj
+ O((x − xj)

0)

for j = 1, 2, ..., n, we have

Aj = Yj(xj)LjYj(xj)
−1.

Around x = ∞,

∂Y

∂xk
Y −1 ∼ ∂Y∞

∂xk
(x)Y∞(x)−1 −

n∑
j=1

fjk log x,

∼ −
n∑

j=1

fjk log x + O(
1

x
),

since
∂Y∞

∂xk
∼ O( 1

x) by Y∞(0) = I.

16



Around x = xj,

∂Y

∂xk
Y −1 ∼ ∂Yj

∂xk
(x)Yj(x)−1 + fjk log(x − xj), (j ̸= k),

∂Y

∂xk
Y −1 ∼ ∂Yk

∂xk
(x)Yk(x)−1 − Yk(x)

Lk

x − xk
Yk(x)−1 + fkk log(x − xk)

∼ − Ak

x − xk
+ fkk log(x − xk) + (O(x − xk)

0).

By the residue theorem,

∂Y

∂xk
=

(
− Ak

x − xk
+

n∑
j=1

fjk log(x − xj)

)
Y.

The deformation equation contains a logarithmic term

νk =
n∑

j=1

fjk log(x − xj),

the monodromy data is not preserved.
(Chakravarty-Ablowitz’s term ν is also a log term)
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5 Halphen’s 2nd as MED

Let x1, x2, x3 be functions of t.

P (x) := (x − x1)(x − x2)(x − x3)

Q(x) := x2 + a(x1 − x2)
2 + b(x2 − x3)

2 + c(x3 − x1)
2.

Halphen’s 2nd:

x′
j = Q(xj) j = 1, 2, 3.
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Halphen’s 2nd as MED

The compatibility condition gives the Halphen’s 2nd:

∂Y

∂x
=

µ

P
+

3∑
j=1

cjS

x − xj

Y,

∂Y

∂t
=

ν +

3∑
j=1

cjxjS

 Y − Q(x)
∂Y

∂x
.

µ, cj’s: constants (c1 + c2 + c3 = 0)

S: a traceless constant matrix

∂ν

∂x
= −x + x1 + x2 + x3

P
µ.
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· The local exponent matrix Lj at x = xj evolve as

dLj

dt
=

2xj + xk + xl∏
m ̸=j(xj − xm)

µ, (2)

where {j, k, l} = {1, 2, 3} as a set.

· The singular points xj deform as

dxj

dt
= Q(xj). (3)

which is nothing but Halphen’s second equation.
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· Put Y = fZ for a scalar f = f(x, t).

∂f

∂x
=

µ

P
f,

∂f

∂t
= νf − Q(x)

∂f

∂x
.

· The integrability condition for f :

∂P

∂t
+ Q

∂P

∂x
− P

∂Q

∂x
− (x + x1 + x2 + x3)P = 0.

· Z gives the sixth Painlevé equation (Riccati)

∂Z

∂x
=

3∑
j=1

cjS

x − xj
Z,

∂Z

∂t
=

3∑
j=1

cjxjSZ − Q(x)
∂Z

∂x
.
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6 Review and future problems

Halphen is a special solution of MED, like the Riccati solutions in the

Painlevé equation.
MPD MED

Painlevé Our New system

Riccati Halphen

· How is other special solutions of MED?

· How can we characterize MPD in MED?
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