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1. INTRODUCTION

In this paper we study a special class of monodromy evolving deformations
(MED). Chakravarty and Ablowitz [4] showed that a fifth-order equation which
arises in complex Bianchi IX cosmological models can be represented by MED. We
show that Halphen-type quadratic equations are obtained as MED.

In [4], Chakravarty and Ablowitz show that a fifth order equation

W = wows — wi(wa + w3) + ¢,
wh = waw — wa(ws + wi) + 62
(1) wy = waw —wa(ws +wi) — @b,
¢ = wi(0—0)—ws0+9),
0 = —wy(f— ) —ws3(0+ ).

can be represented by monodromy evolving deformations. The system (1) comes
from the self-dual Bianchi IX system and is solved by the Schwarzian functions
S(2;0,0,a) (three angles of the Schwarzian triangle are 0,0 and ar). Since generic
Schwarzian functions have natural boundary or moving branch points, (1) cannot be
obtained as monodromy preserving deformations, because monodromy preserving
deformations has the Painlevé property.

The system (1) can be represented as the compatibility conditions for

oY  ul—(Cya*+2Dx+C_)
@) o P Y
oY oY
(3) 250 = [v—(Cyz+ DY — Q(JC)%~

Here
P=ayr' + By +8)2 +a-, Q=aya’ + by,
Cy = (iw1 £ ¢)or £ (wg £i0)o2, D = —wsos,
for ar = (w1 —w2) F (0 + ¢),0+ = (w1 + ws — 2w3) £i(0 — ¢). w is a constant

parameter and

n o _ (Bt dus) —as?
or P

Here the standard Pauli spin matrices o;’s are

0 1 0 —i 1 0
a1={10) 27\ o) = \o -1 )
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Since v is not a rational function on xm, (3) does not give a monodromy preserving
deformation of (2).
Halphen studied two types of quadratic equations. His first equation in [7]

X' +Y = 2XY
(5) Y'+2Z2 = 2YZ,
Z+X = 27X,

is very famous and is appeared in many mathematical fields. It is a reduction from
the Bianchi IX cosmological models or the self-dual Yang-Mills equation [5] [6] and
gives a special self-dual Einstein metric [2]. If we set y = 2(X +Y + Z), y satisfies
Chazy’s equation

(6) " =2yy" = 3(y)%
Chazy’s equation appeared in his classification of the third order Painlevé type
equation [3], but (6) does not have the Painlevé property because generic solutions
has natural boundary.

Halphen’s second equation [8]

oy = 2t alrg — 29)? +b(xe — 13)% + (w3 — 21)?,
(7) vy = x3+a(zy —x2)? +b(xe — 23)* + (w3 — 11)?,
ay = x4 a(z; —x2)? +b(re — x3)% + (w3 — 1),

is less familiar but it is a more general system than (5). Here we use a different
form the original Halphen’s equation (See [12]). In case a = b = ¢ = —%, (7) is
equivalent to (5) by the transform 2X = xo + 23,2 = 23 + 21,27 = x1 + x2.

Halphen’s first equation (5) can be solved by theta constants [7] [11]. His second
equation (7) can be solved by the Gauss hypergeometric function [12]. When a =
b=c=—%, (7)is solved by F(1/2,1/2,1; ) which is related to 63(0,7).

Halphen’s second equation is also appeared as a reduction of the self-dual Yang-
Mills equation or the Einstein self-dual equation [1]. Since Halphen’s equation
or Chazy’s equation do not have the Painlevé property, they do not obtained as
monodromy preserving deformations. In [14], we showed that any Halphen’s second
equation are obtained as MED.

More generally, a quadratic equation

dx; L .
(8) dtz — Z c;kxjmk (z = 1,2,”.7”)
k=1

is studied in many fields. One of the most famous example is the Lotka-Volterra
equation. Here c;; is a complex constant and c;i = cx;. In 1960’s Markus studies
stability around the origin of a quadratic equation [10]. He use a non-associative
algebra V = @_;Ca; associated with (8):

n

_ i

aj - ap = E g
i=1

Markus gave a classification of quadratic systems when n = 2 by means of the
non-associative algebra. The author was taught Markus’ work by John McKay.

For Halphen’s first and second equation, the associated non-associative algebra
has a unit. Conversely, a quadratic equation with rank three can be solved by
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(confluent) hypergeometric functions, if and only if the associated non-associative
algebra has a unit. Such quadratic systems are completely classified in [13].

The aim of this paper is to represent the Halphen-type system as monodromy
evolving deformations. Since Halphen-type equation do not have the Painlevé prop-
erty, it is never represented by monodromy preserving deformations.

In [5] [6], they obtained the Lax pair of Halphen’s first equation and Chazy’s
equation, which are special cases of Halphen’s second equation. And our Lax pair
is different from their results even when Halphen’s first equation since ours are
monodromy evolving deformations but [5] [6] gave the Lax pair as a reduction of
the self-dual Yang-Mills equation.

Both [4] and the author treat special cases of monodromy evolving deforma-
tions. We do not have general theory of monodromy evolving deformation. But
it is important to study monodromy evolving deformations to consider nonlinear
equations which does have the Painlevé property, such as Chazy’s equation and
Halphen’s equations.

2. REDUCTION OF THE SELF-DUAL YANG-MILLS EQUATION

We take a g-valued 1-form

4
A= ZAj(x)dmj,
j=1
where g is a Lie algebra and = (x1,22,23,74) € R* The curvature 2-form

F= Zj<k Firdzx; A dxy, is given by

Fijk = 0 Ay, — O Ay — [Ay, Al
where 0;j = 0/0x;. The SDYM equation is
(9) F12 = F34’ F13 = F417 F14 — F23.

If the A;’s are functions only of ¢ = z; and we take a special gauge such that
A1=0, then (9) is the Nahm equations

0:As = [As, A4
(10) O As = [Ag, Ag],
0iAs = [Ag, As.

We take Dif f(S?), the infinite-dimensional Lie algebra of vector fields on S* as
the Lie algebra g above. Let X1, X, and X3 are divergence-free vector fields on S°
and satisfy commutation relations

(X, Xi] = Zﬁjleh
]

where €, is the standard anti-symmetric form with €123 = 1. Let O, € SO(3) be
a matrix such that

Z 5jklojp0qulr = Opqra

Jikst

X;(0n) = jxpOup-
p
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Then we choose the connection of the form

3
A= Z O M (1) X
J=1

Then the 3x3 matrix valued function M = M (t) satisfies the ninth-order Darboux-
Halphen (DH-IX) system [6]

au
dt

Here we set adj M := det M - M~', and M7 is the transpose of M. The DH-IX
system (11) was also derived by Hitchin [9] where it represents an SU (2)-invariant
hypercomplex four-manifold. Since the Weyl curvature of a hypercomplex four-
manifold is self-dual, (11) gives a class of self-dual Weyl Bianchi IX space-times.

In [6], Chakravarty, Ablowitz, and Takhtajan show that the Halphen’s first equa-
tion (5) is a special case of the DH-IX system when M;;(t) = wi(t).

In [4], Chakravarty and Ablowitz show that (1) is a special case of the DH-IX
system when

(11) = (adj M)T + MTM — (TrM)M.

w1 0 0
M = ¢ %) 0
0 0 ws

And they show that (1) is described by monodromy evolving deformations as (2-3).

We decompose the matrix M = My + M,, where M, is the symmetric part of
M and M, is the anti-symmetric part of M. We assume that the eigenvalues of
the symmetric part Mg of M are distinct. Then M, can be diagonalized using a
complex orthogonal matrix P and we can write

M, = PdP~', M, = PaP™ !,

where d = diag (w1, ws,ws3). The matrix element of a skew-symmetric matrix a are
denoted as a1 = —a21 = 73,023 = —a32 = 71,031 = —a13 = T2. In [1}, AblOWitZ,
Chakravarty and Halburd show that equation (11) can be reduced to the third-order
system

W) = wows — wi(wy +ws) 4+ 72,
(12) Wy = waw — walws +wi)+ 72,
Wy = wiw; —wa(ws+wy)+ 72,

where

72 = 2wy — w) (w3 — w1) + A (we — w3) (w1 — wa) + a3 (wz — wi)(wWe — w3).
The system (12) is equivalent to Halphen’s second equation (7) by
20 = —x9 — 13, 2wy =—T3—2T1, 2Ww3=—T]— Ty,
and
8a=al+a2—ai—1, 8bh=-al+a2+ai-1, 8c=al—a3+a2—1.

The system (12) can be solved by the Schwarzian function S(z; oy, ae, as).
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3. HALPHEN’S EQUATION

In this section we review Halphen’s equation. Halphen’s first equation (5) can
be solved by theta constants. See [11].

X = 2glog {92 <0 at + b) (ct + d)l/ﬂ

ot Tct+d
o 8 CLt"‘b _1/2
Y_Zatlog {93 (O, ct+d) (ct+d) ,
- 8 at+b _1/2

Here 0;(z,7) is Jacobi’s theta function and ad — bec = 1. When j = 2,3,4, 6,(z,7)
is an even function as z. Since generic solutions of (5) have natural boundary, (5)
does not have the Painlevé property.

If we set y = 2(X +Y + Z), y satisfies Chazy’s equation (6), which is solved by

0 at+b
t) =4 log |9) [0, ——— ) (ct +d)~3/?
yi0) = tptog o1 (0,250 ) (e 272,
where ad — bc = 1.
Halphen’s first equation and Chazy’s equation are special cases of Halphen’s

second equation (7), which is solved by hypergeometric functions. For details, see
[12]. We take a Fuchsian equation

Py (at+bd c+b 2b
dz2  \ 22 (z—=1)2 z(z—-1) Y
Let t be a ratio of two solutions of the above equation. We set
d. .y d y
LT 08 2T 8 T 08 T

Then 1, 29 and x3 satisfy (7).
Chazy’s equation (6) can be solved by the hypergeometric equation

d? 1 7 d 1
L L

dz? 2 6 Jdx 144
and is a special case of Halphen’s second equation (7) when
31 23 41
288’ TassT T Tasy

For (7), the associated algebra has the following multiplication table:
a1-a; = a1+ (c+a)(ay + as + as), a1 - as = —ala; + as + as),
as -ag = as + (a+b)(ay + as + as),as - a3 = —b(ay + as + as),
az-az =az+ (b+c)(ay + as + az),as - a1 = —c(a; + as + a3).

And this algebra has a unit a; + as + as.

In [13], we showed that if and only if a non-associative and commutative algebra
of rank three, the corresponding quadratic nonlinear equation can be solved by
(confluent) hypergeometric functions (there exists some exceptional cases, which
can be solved by elementary functions). And if the quadratic equation can be
solved by hypergeometric functions, it is (7). A relation between Halphen-type
equations and non-associative algebras was suggested by John McKay.
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4. MONODROMY EVOLVING EQUATIONS

In general the solution of

dy - A
Fria Dt

can be developed as
Y(2) ~Yj(@) (@ —x)™,  Yiz) = O((x - 2;)%),
Y (2) ~Yao (z)xlee, Yoo(z) =14 O(1/x),
around the singular points x = x1, 9, ..., T, and co. Here I is the unit matrix.
When the monodromy is preserved, Y satisfies the deformation equation
0 Aj

ZV(z)=—

Y.
Oz, T —

And the compatibility condition gives the Schlesinger equation

A Ak, A;
Wiy (e = el 5y
Ox; Ty — T
We will study monodromy evolving deformations when L; will evolve according
to
oL,

13 22— o T
(13 o = fit

for any j,k = 1,2,...,n. Here fji = fjr(t) is a scalar function. The local exponent
L, evolve as

Olee __ > fad,
j=1

6mk
because the sum of eigenvalues of all local exponents is invariant.

Theorem 1. If the local exponents L; evolve as (13), Y satisfies the deformation
equation

aYy Ay, -
—= - i 1 —z) | Y.
Oxy, T — T +j;fﬂk og(z — z;)
Proof. Since
LY@Y@) "~ @) @)Y )
dz dz ™’ / r—x; "’ !
_ 1
~ Yj(a;)L;Y;(z;)7? — +O((z — z;)?)
J
for j =1,2,...,n, we have
(14) Aj = Y(x;) LYy ()7
Therefore near x = x;, we have the following expansions:
aYy aY. -
vl o 2 ()Y (z) T = i, log z,
Oxy, Ozy, (z)¥eo () jz_:lf]k 8T

~ 1

Jj=1
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since %,%‘f ~ (%) by Yoo (0) = 1.

L D

8ka P (2)Yj(2)"" + firlog(z —x5), (j # k),

W M , )

8ka Dz (z)Yk(z) Yk(l")m_xkyk(l“) + frx log(z — %)
Ay

~ —

P frrlog(z — xx) + (Oa — x1,)°).

We use (14) to show the last line. Therefore

o _ (4

= o1 —z:) | Y.
oxy, T xk+;fjk og( - 2;)

Since the deformation equation contains a logarithmic term
n
v = Y fiklog(x — x;),
j=1

the monodromy data is not preserved. vy satisfies
dvy _ zn: fi
dr  “~x—x;’
Jj=1

which is essentially equivalent to (4) in the work of Chakravarty and Ablowitz. It
seems difficult to study monodromy evolving deformations when f;;’s is not scalar
functions.

5. HALPHEN’S SECOND EQUATION AND MED

We show that Halphen’s second equation is represented by monodromy evolving
deformations. We set
Q(x) = 2% + a(zy — x2)? + b(ze — 23)* + (w3 — 11)°.
Halphen’s second equation is
= Q(z;) j=1,2,3.
We set
P(x) = (x — z1)(x — x2)(x — 3)

and consider the following 2 x 2 linear system.

W [ < ¢S
(15) il R Dl R
Jj=1
oY > oY
(16) o= u+;cjxjs Y — Q)5

Here 1+ and c;’s are constants with ¢; +c2 +c3 = 0, and S is any traceless constant
matrix. We assume

@_ T+ T + 12 + T3
or P H
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Theorem 2. The compatibility condition of (15) and (16) gives the Halphen’s
second equation.

We can prove the theorem above directly. Therefore (15) and (16) are a Lax pair
of Halphen’s second equation.

The local monodromy of Y;(z) around = = x; is adjoint to e?™Ls. This deforma-
tion does not preserve monodromy data. The local exponent L; at x = x; evolve
as

dL; 2% + X1 + 24
(17) —L = z sy

where {j, k,1} = {1,2,3} as a set. The singular points z; also deform as

(18) L5 - Q)

which is nothing but Halphen’s second equation.
We can eliminate the variables p and v in (15) and (16) by the rescaling Y = fZ
for a scalar function f = f(x,t) [4]. f satisfies the linear equations

of u
% - Pfa
of af
ot vf— Q(x)%.
The integrability condition for f is
oP oP 0
Qg Py @ mn P =0
And Z satisfies
0z c;S
— = Z
Ox Z T —x;
j=1 7
0z < YA
5 = j;cjijZ - Q(x)%

The integrability condition for Z is the sixth Painlevé equation. In our case, we
take the Riccati solution of the sixth Painlevé equation, which reduce to the hyper-
geometric equation, since the residue matrix of (Cx + D)/P at the infinity is zero.
But this hypergeometric equation is different from the hypergeometric functions
which solve (7).

The Halphen’s equation is described as MED, but it stands on a similar position
as the Riccati solution of the Painlevé equations. Studies of generic solutions of
MED or other special solutions of MED, such as algebraic solutions or elliptic
solutions are future problems.
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