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P1) y′′ = 6y2 + t,

P2) y′′ = 2y3 + ty + α,

P4) y′′ =
1

2y
y′

2
+

3

2
y3 + 4ty2 + 2(t2 − α)y +

β

y
,

P3) y′′ =
1

y
y′

2 − y′

t
+

αy2 + β

t
+ γy3 +

δ

y
,

P5) y′′ =

(
1

2y
+

1

y − 1

)
y′

2 − 1

t
y′ +

(y − 1)2

t2

(
αy +

β

y

)
+γ

y

t
+ δ

y(y + 1)

y − 1
,

P6) y′′ =
1

2

(
1

y
+

1

y − 1
+

1

y − t

)
y′

2 −
(

1

t
+

1

t − 1
+

1

y − t

)
y′

+
y(y − 1)(y − t)

t2(t − 1)2

[
α + β

t

y2
+ γ

t − 1

(y − 1)2
+ δ

t(t − 1)

(y − t)2

]
.

2



1. Why will we study the Painlevé?
Two motivations of the Painlevé equation:

· The Painlevé property (without moving singularities)

· Monodromy preserving deformations

Miwa-Malgrange Theorem

MPD =⇒ PP

· (For non-PP, we need Monodromy Evolving deformations)

· What is a meaning of the Painlevé property?

PP =⇒ MPD ??

· Are the Painlevé equations are integrable?

· What is a meaning of integrability?

· (How about discrete case?)
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What is a meaning of differential equations?

What is a meaning of solving differential equations?

It is impossible to answer at least now....

Classical Integrable system

solve by Rational, Exponential, Abelian functions

2n-dim, symplectic, genus n Jacobian fibration

Study of Integrable system

Find a procedure to reduce known functions

Find a criterion of Integrable system (P-test,...)

What is a meaning of known functions?

known functions = Umemura’s classical functions

= diff-Galois group is algebraic group

= Abelian + Linear equation
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But generic Painlevé functions are transcendental.

What is a meaning of SOLVING the Painlevé equations?

transcendental = unknown, new

solve = reduce to known functions

· Classification of all classical sol. of the Painleve eq.

algebraic sol. classified except PVI

Riccati sol’s are all classified. (−→hypergeometric)

· How about other solutions ?

=⇒ The Painlevé Property

=⇒ Monodromy Problem
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2. Solve the Painlevé eq. by PP
P2 has a simple pole:

y =
1

t − c
+

∞∑
n=0

an(t − c)n

a0 = 0, a1 = −c

6
, a2 = −1 + α

4
, a3 = h,

a4 =
c(1 + 3α)

72
, a5 =

27 − 2c3 + 108α + 81α2 − 216ch)

3024

y is tangent at t = ∞.

We need blow-up to study the pole solutions.

=⇒ By finite times of blow-up, we get Initial Values Space

Initial Values space = Complete Painlevé test
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Classify all rational surfaces with a good condition

=⇒ Sakai’s classification (9 points blow-up of CP2)

All continuous Painlevé + q-Painlevé + elliptic Painlevé

Fuchs-Poincaré Theorem

The 1st order eq. f (t, y, y′) = 0 has PP

=⇒ f(t, y, z) = 0: a genus 0,1 curve for generic t as a f’n of y, z

⇓

Problem

If 2nd order eq. f(t, y, y′, y′′) = 0 has PP,

what is the surface f (t, y, z, w) = 0?

Partial Answer by Sakai’s next talk “ODE on RES”
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3. Solve the Painlevé eq. by Monodromy

dY

dz
=

(
A0

z − a0
+

A1

z − a1
+ · · · + An

z − an

)
Y

Aj: m × m matrices, M∞Mn · · ·M1M0 = 1

a0 a1

a2

0 1

2
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The Riemann-Hilbert correspondence

RH : connection {Aj} −→ monodromy {Mj}

The map RH is highly transcendental, it is difficult to calculate the

map exactly. We will study a ‘special value’ of RH.

Riemann-Hilbert Problem and Isomonodromy Problem

Schlesinger and Garnier tried

to solve RH Problem by MPD.

[Example]

· When singularities x = aj are symmetric

· By confluence of a singularity x = aj → ak, LEq becomes simple.

Principal.

If we research isomonodromic family of connections, we can under-

stand the connection or monodromy data more.
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3.1 Symmetric solution of P4

∂Y

∂x
= A(x, t)Y,

∂Y

∂t
= B(x, t)Y, (MJ, 1981)

A(x, t) =

(
1 0
0 −1

)
x +

(
t u

2(z−θ0−θ∞)
u −t

)
+

(
−z + θ0 −uy

2
2z(z−2θ0)

uy z − θ0

)
1

x
,

B(x, t) =

(
1 0
0 −1

)
x +

(
0 u

2(z−θ0−θ∞)
u 0

)
.

α = 2θ∞ − 1, β = −8θ2
0.

x=0

 x=
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The Stokes matrices around ∞:

G1 =

(
1 0

a 1

)
, G2 =

(
1 b

0 1

)
, G3 =

(
1 0

c 1

)
, G4 =

(
1 d

0 1

)
Relation between the parameters p = ab, q = bc, r = cd.

(∗) q(1 + q)e2iπθ∞ + [pr + (1 + p)(1 + r)q]e−2iπθ∞ = 2q cos 2πθ0.

Take a new variables y, w = z/y. a polynomial connection:

A(x, t) =

(
1 0
0 −1

)
x +

(
t u

2(yw−θ0−θ∞)
u −t

)
+

(
−yw + θ0 −uy/2
2w(yw−2θ0)

u yw − θ0

)
1

x

dy

dt
= −4yw + y2 + 2ty + 4θ0

dw

dt
= 2w2 − 2yw − 2tw + (θ0 + θ∞)
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[Theorem] (Kaneko) Set t = 0, y = w = 0

A(x, t) =

(
1 0

0 −1

)
x +

(
0 u

2(−θ0 − θ∞)/u 0

)
+

(
θ0 0

0 −θ0

)
1

x

Y (x) =

(
Lk,m(x) Lk,−m(x)

2k−2m−1
u(2m+1) Lk+1

2 ,m+1
2
(x) 2(2m+1)

u Lk+1
2 ,−m−1

2
(x)

)
,

Lk,m(x) = xθ0e−
x2
2 1F1(m − k +

1

2
, 2m + 1; x2)

k =
2θ∞ − 1

4
, m =

2θ0 − 1

4
=⇒ We can determine monodromy, Stokes.

Remark. Similar symmetric solutions exist for P1, P2 (Kitaev).
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Theorem 1. Set b1 = cos 2πθ0, b2 = cos 2πθ∞.

1. If (b2
1 − 1)(b0 − b1) = 0, (*) has a singularity (A1 or A2).

2. RH is a simultaneous resolution.

3. (b2
1 − 1)(b0 − b1) is an analytic invariant of W (A

(1)
2 ).

Theorem 2.

Parameter Stokes data Solution

θ0 = 1/6, θ∞ = 1/2 a = b = c = d = −
√
−1 y = −2t/3

θ0 = θ∞ b = d = 0 (node) Weber

θ0 = θ∞ = 0 a = c = b = d = 0 (A2) Hermite

any Z2 symmetry y(0) = w(0) = 0

Kaneko
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3.2 Analytic solutions around t = 0 of P6
For a generic solution of P6, t = 0 is

an essential singularity and a branch point.

Theorem 3. (Kaneko, Bruno)

For generic parameters, P6 has four meromorphic solutions at t = 0.

I) : y(t) =
α4

α4 − α0
t +

α0α4
[
−1 − α2

1 + α2
3 + (α4 − α0)

2
]

2 [1 − (α4 − α0)2] (α4 − α0)2 t2 + O(t3),

II) : y(t) =
α4

α4 + α0
t +

−α0α4
[
1 + α2

1 − α2
3 − (α4 + α0)

2
]

2 [1 − (α4 + α0)2] (α4 + α0)2 t2 + O(t3),

III) : y(t) =
α1 + α3

α1
+

−α3
[
1 + α2

4 − α2
0 − (α1 + α3)

2
]

2α1 [1 − (α1 + α3)2]
t + O(t2),

IV) : y(t) =
α1 − α3

α1
+

α3
[
1 + α2

4 − α2
0 − (α1 − α3)

2
]

2α1 [1 − (α1 − α3)2]
t + O(t2).

α =
α1

2

2
, β = −α4

2

2
, γ =

α3
2

2
, δ = −α0

2 − 1

2
.

Remark. t = 0 is the Briot-Bouquet type sing. of P6.
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For meromorphic solutions we take two limits of

dY

dx
=

(
A1

x
+

A2

x − t
+

A3

x − 1

)
Y,

1) t → 0:
A1

x
+

A2

x − t
=

A1 + A2

x
+

tA2

x(x − t)

If lim
t→0

tA2 = 0, no irregular singularity.

2) We set x = zt and t → 0.

dY

dz
=

(
A1

z
+

A2

z − 1
+

A3

z − 1/t

)
Y,

If lim
t→0

tA3 = finite, no irregular singularity.
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We get two limits, which reduce to Hypergeometric (Jimbo 1982).

P6

HG+HG

0 t 1 8

For generic solution, both limits are Euler-Gauss hypergeometric.

Theorem 4. (Kaneko) For four meromorphic solutions of P6,

one of two limits above becomes a reduced equation (monodromy

data is diagonal). Converse is true.

For the solution (I) (II), the first limit is HG and [M0,Mt] = 0.

For (III) (IV), the second limit is HG and [M1,M∞] = 0.
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Remark.

Similar results hold for P5, P3.

· P5 has three meromorphic solutions at t = 0.

· P3(D
(1)
6 ) has two meromorphic solutions at t = 0.

· P3(D
(1)
7 ) has one meromorphic solution at t = 0.

· P3(D
(1)
8 ) has no meromorphic solutions at t = 0.

P3(D
(1)
6 ): δ ̸= 0, γ ̸= 0

P3(D
(1)
7 ): δ = 0, γ ̸= 0 (or δ ̸= 0, γ = 0)

P3(D
(1)
8 ): δ = 0, γ = 0
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P5

HG+CHG

0 1 8

P3

CHG+CHG

0 8

Observation

1) #{meromorphic sol’s at the origin}=#{parameters α, β...}
2) All meromorphic solutions are equivalent to the Bäcklund transf.

3) For P5, one is HG+diagonal, two are diagonal+CHG.

4) For P3(D
(1)
6 ), one is CHG+diagonal, another is diagonal+CHG.

5) For P3(D
(1)
7 ), the limit is CHGL+diagonal.

The confluent HG limit equation (CHGL) 0F1(c; x):

xu′′ +
c

x
u′ − u = 0
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3.3 Umemura’s classical solutions
Umemura’s classical functions = solutions of LE + Abelian

LE = Picard-Vessiot Theory

· As solutions of Painlevé, LE becomes the Riccati solutions (HG).

· As solutions of Painlevé, abelian functions (elliptic) does not appear

except asymptotics.

· Picard’s solution does not classical in Umemura’s sense.

y = ℘(aω1(t) + bω2(t); ω1(t), ω2(t))

depends both on z and τ .
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The Riccati solution of P6

A(x, t) =
A1

x
+

A2

x − 1
+

A3

x − t
, Aj =

(
aj bj

0 dj

)
.

A∞ = −(A0 + A1 + A2): diagonal ⇔ b1 + b2 + b3 = 0.

Schlesinger equation:

dA1

dt
=

[A3, A1]

t
,

dA2

dt
=

[A3, A2]

t − 1
.

becomes
db1

dt
=

1

t
(e3b1 − e1b3) ,

db2

dt
=

1

t − 1
(e3b2 − e2b3) ,

ej = aj − dj

can be solved directly!

b1 satisfies the Euler-Gauss Hypergeometric

t(t − 1)
d2

dt2
b1 − [(e1 + e2 + 2e3)t − e0 − e2 + 1]

d

dt
+ e3(e1 + e2 + e3)b1 = 0
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3.4 R. Fuchs Problem
R. Fuchs’ three Math. Ann. papers

1) [1906] P6 is isomonodromic deformations

2) [1911] a Forgotten paper, the same title as [1906]

determined Linear Monodromy of Picard’s solution

proposed When LEq is a pull-back of HG?

3) [1914] Crashed by Garnier paper

studied asymptotic behavior at t = 0 of P6

The third paper is wrong, but still contains a good idea. (Kaneko’s

recent paper)
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R. Fuchs’ problem:

When can we reduce the linearized equation of a Painleve y

d2u

dx2
= P (x; t, y)u

to an equation without the deformation parameter t

d2v

dξ2
= q(ξ)v

by an algebraic transformation

ξ = R(x; t), u =
√

dx/dξ v?

The answer = algebraic solutions?

For P1-P5, yes (O-Okumura).

rational sol’s of P2-P5 = pull-back of CHG(L)

For P6, Kitaev(-Vidunas), Boalch,... (except Picard)
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4 Monodromy solvable solutions
For some Painlevé solutions,

we can determine the monodromy data (Stokes).

1) Umemura’s classical solutions

Riccati: Monodromy is upper triangular.

Algebraic: pull-back of Hypergeometric (R. Fuchs 1911).

2) Symmetric solutions: P1, P2, P4

3) Picard’s solution of P6 (R. Fuchs 1911)

4) Analytic around t = 0: P3, P5, P6.

5) Boutroux solutions: P1, P2. or Tronquée solution...

One meaning of Solving the Painlevé equations is to determine

the linear monodromy of the Painlevé function.
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Appendix. Picard’s solution of P6

Picard’s solution of P6(0,0,0,1/2)

y = ℘(aω1 + bω2; ω1, ω2) +
t + 1

3

ωj =

∫
γj

dx√
x(x − 1)(x − t)

.

For Picard’s solution, the monodromy matrices:

Mj =

(
−1 + ajbj −b2

j

a2
j −1 − ajbj

)
j = 0, 1, t,∞

a0b1 − a1b0 = 2 cos(a − b)π, a0b∞ − a∞b0 = 2 sin aπ

a0bt − atb0 = 2 cos bπ, a1b∞ − a∞b1 = −2 sin(2a − b)π

a1bt − atb1 = −2 cos aπ, atb∞ − a∞bt = −2 sin bπ

R. Fuchs (1911) Math. Ann. 70, 525–549.
[Kitaev-Korotkin (1998), Mazzocco (2001)]
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[1] R. Fuchs, Über lineare homogene Differentialgleichungen zweiter Ordnung mit drei im
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