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ABSTRACT. We will study Airy-type equations of third order using technique of WKB analysis. Solutions
are expressed by Laplace transforms of products of hypergeometric functions. We will determine Stokes
multipliers around infinity and the connection formula from zero to infinity.
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0. INTRODUCTION

We will study turning point problems for third order equations using technique of WKB analysis.
In the case of second order equations, there are many results which go back to Liouville. It seems
that there are some difficulties to generalize to higher-order cases ([2, 3]). We treat one of the most
simple example in this paper.

In 1936, H.Scheffé studied the equations
dm

Y n
_— — =0 0.1
dzm =Y ’ ( )

which he called t-equation. He showed that the asymptotic forms of the t-equation play a key role in
the study of more general equations ([5]). The asymptotic behavior of the t-equation has been studied
by Turrittin ([7]). He calculated Stokes multipliers of the t-equation around infinity.

The Stokes sectors of the t-equation are divided by 2(n + m) lines

7h
n+m’

argz = =0,1,---,2(n+m) — 1.

But different solutions may have the same asymptotic expansions in some sectors. Hence we should
choose special solutions in order to determine the Stokes multipliers. Turrittin used Barnes-type
integral formula of solutions, and choose an enlarged sector to restore uniqueness.

Recently Silverstone and others studied the resonances of LoSurdo-Stark effects and the energy
eigenvalue of Ho™1. In [6], they consider Borel summablity of the Airy function Ai(z). The asymptotic
expansion of Ai(z)

> —k

1 2 = P(k+3)T(k+1 2
Ai(z) ~ iﬂféz*% exp (——z%> Z(_l)k (k+5)T(k+5) <—§z
is valid for |arg z| < 7 ([4]). If we take the Borel resummation of the expansion, we have

) L T rm e
1 1 2 = 1 t
Ai(z) = §7r_%z_Z exp (_§Z;> / et o Ry <6, g; 1; —23—> dt. (0.2)
0

3
Z2

ol

By looking at the branch points of the hypergeometric function, they show that the standard domain
of Borel summability is | arg z| < 2, narrower than the usual sector |arg z| < . Borel resummation
gives an integral expression of asymptotic expansions, and we can understand the valid sectors from
the branch points of the integrand.

On the other hand, the exact WKB method invented by A.Voros gives a powerful tool in the
study of semi-classical analysis of the one-dimensional Shrédinger equation ([8]). T.Aoki, T.Kawai
and Y.Takei developed the Voros theory, and give exact connection formula of second order equations
with regular singularity. In [1], they reduce general equations to the Airy equation near a simple
turning point and give the connection formula near turning point. They also study the case of third
order equations ([2]). In their theory the connection problem of the Airy equation is essential and this
problem is just the same as the case of Silverstone.
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We will study the connection problem of the Airy-type equation (0.1) when m = 3. The exact
WKB analysis of Voros is also useful in this case. In section 1 we review exact WKB analysis. We
must modify Voros’s theory for the third order equations. In section 2 we discuss WKB solutions
of Airy-type equation. The Borel transformations of WKB solutions to this type of equation can be
represented by generalized hypergeometric functions 3 F. We will give an explicit connection formula
of Borel-transform of WKB solutions. In section 3, using the connection formula of 3F5, we study
connection problem of generalized Airy equation around infinity. In section 4, we study connection
problem from infinity to zero. In both cases, the connection formula of hypergeometric functions o F;
plays a key role.

The most important result (Theorem 4.3) is integral expression of Laplace type, which is a gener-
alization of (0.2). Barnes-type integral expression used in [7] is useful in order to study connection
formula from zero to infinity. But Laplace-type expression is more usuful to study global structure of
differential equations. We will deduce Laplace-type integrals by WKB analysis.

1. CoMPLEX WKB ANALYSIS

We first review complex WKB analysis. We follow the notation in [1, 8], although they discuss
second order equations.

We are concerned with an equation of the following form:

d3

(d—qg - 2*Q(@)¥(g,2) = 0 (1.1)

where Q(g) is an analytic function and z is a complex large parameter. We take a formal solution of
the following type:

Y(g,x) = % exp(/q S(q',x)dq’), (1.2)

where
S(q,z) = S_1(q)z + So(q) + So(g)z ™" +--- . (1.3)

As a formal power series in 271, S(q,z) satisfies following nonlinear equation:

2

——5(g,x) + S(g,2)° — 2°Q(g) = 0. (1.4)

d

dq

Each term S;(g) in (1.3) is uniquely determined if we fix the branch of S_1 = {/Q(g). From (1.4)
S;(g) is calculated by the following recursive equation:

d? d
3S_1(q)25m+2+d—(123m+3 Z Sld—qu

i+j=m
+35 Y S8+ Y 88 =0.
i+j=m+1,4,5>0 i+j+k=m,i,5,k>0

Let
Sy = Z Sa;2%7, 51y = Z Sy 105, §g) = Z Sy 0772,
J j J
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By (1.4) we have

d d &
30 (Sw)Swy) + 35 3,5 + gz5w + 357y Sy + 3571 S(2) + 35%)S(0) = 0,

d d d?
3d—q (S(Q)S(O)) + 35(1)d—q5(1) + d—qu(Q) + 35(20)5(2) + 35(21)5(0) + 35(22)5(1) =0.
Taking the difference of the equations above,

2 2

d d , d , d d
Se) gz S = Sy g ey +35¢) g S =350y 5 S + 350 g, (S1)S)
d
=38 5, (S50) — 350 () - s%y) =0

Hence p J
3 Q3 el _ el
S0 (5(2> Sy T g% —Sw g 5(2>>

1 5 d 5 d d? d?
+t3 <3S<2>d—q5<2> ~350) g, % ~ S gz S gaSe | =0
Therefore we obtain
1d 3 3 d d
S0 =37, (S(z) — S S g 5w - S(l)d—q5(2>> :
Therefore WKB solutions may be written in the following form:
VT

Yla,w) = 2/g3 3 d d
\/5(2) — Sty S aSw — Swagde

eXp/(Su) + S2))dq’.

Although the series (1.3) is divergent, Voros shows that the Borel transform with respect to the
parameter z is a ramified analytic function. We will fix the definition of the Borel transform (see [1,

8]):
Definition. Let f(x) be a formal series
flo) ="y fjam77e,
J=0
where a is any complex number. Then its Borel transform fg(&) is defined by the series

fj I+a
J; F(j+a+1)(£+§0)J '

At least formally, we can represent f(z) as an integral of fg(£):

f@) = [ e ae)ds (15)
—o
If ¢(q,z) is a WKB solution of (1.1), it follows from (1.5) that g (£, ¢) satisfies the Balian-Bloch
equation

dS d3

d—qg,zbs({,q) - Q(Q)d—fgws(&@ =0 (1.6)
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2. WKB SOLUTIONS OF AIRY-TYPE EQUATION
In [1], it is shown that the Borel transformed WKB solutions of Airy equation are represented by

Gauss hypergeometric functions. The connection formula is calculated using Kummer’s relation for
hypergeometric functions. In this section we study following Airy-type equation:

d? 3
The WKB solution of (2.1) is as follows:
vla.a) = —=esp [ Sla,d)ad (22)
q,x) = \/E exp z,q q, .
where
S(g,z) = S_1(g)x + So(q) + So(@)z™" +--- . (2.3)

Let v (q,z),vM (g, z) and ¥(~Y(q,z) be the WKB solutions corresponding to the initial term
S_1=¢%,¢%wand ¢Fw™!, respectively, where w = e3™. We take a branch of ¢/ so that Rg™/® > 0
if ¢ > 0. We can verify by the induction that the S(g) has the form

Sk(q) _ skq—l—(n+3)§,
where sy, is a complex number. For example, if S_;(q) = w/q™/?,

_ n(6 +n)w?j n+e
q 17 Sl(Q) = _(2—7)-](] 3—67
187 4+ 9n? + n®)w? _2nie

572((])2—( 31 ) q 30,

Therefore 17 (g, z) is following:

3wl nis o _a kL
gl e kZN)Tk(‘J)m 2, (2.4)

9 (g,) = exp(

and T (g) has also the form
Ti(g) = trg~ "%,

where t;, is a complex number. Especially t; = 1. We denote the Borel transform of U )(q,x) by
g)(f ,q). By definition, we have

n+3)k/3 37 s

) g (
) _ % t;jq N
5&a)=q > €+ g )
g% L(k+32) n+3
3—7 ik _n+3 3w’ kot l
=q'T (€ )
kZZOI‘(k—k%) n+3
3-n 2 tk- _ n+3 30.1‘7 kol
ﬁkzo(%)k n+3
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r
where (a), = %
Let ¢ denote §q*nT+3. Then d)g)(& ¢) has the form
; 3—n :
86 a) = T hO(2).

) 3w’
hU)(t) has a singularity at t — —n—j_?). It follows from (1.6) that y = h(O(t), AV (¢), (=1 (t) satisfy
the equation

d3y 9(3+n) d*y
3.3 9 2
(n+3)°t° +27)—= 7 I t )
3+ n)(81 + 78n + 13n?) d -3+n)3+n)9+n
CERLES )yl | GO, 20

The three regular singular points in (2.6) correspond to the choice of S_;. The exponents at each
singularity are 0, 3> 1. Although the distance of the exponents may be an integer, any local solution
does not have a logarithmic term. The exponent of h{)(t) is 1 at the corresponding singular point.
We consider analytic continuation of h/)(¢) to another singular point.

2 3 3
The equation (2.6) is invariant by the gﬂ'—rotation around the origin. Let s denote —%ﬁ
Then we obtain
d3y 7 5. d%y
o= D25 = 3305
2 159+ 114n + 1902  d -3 9
_(__ + n+ 19n 8)_31 ( +’I”L)( +’I’L) -0 (27)
9 12(3 +n)? ds 216(3 +n)?

1
We set p = S The local solutions of (2.7) at origin are followings:

) (s) = 3F2(%_g7%+g7%;%7§78)7
81)()_833172(% 27%4'%,%;;7%78),
Pls) =stam(G -5 2+ 2,22 %)
We set L sl poa
u1(s) = 2F1(E—§,E+§;§;s),
uz(s):3%2F1(%—§,%+§;§;3).

Using Clausen’s formula
1 1
sFo(2a,a + b,2b;2a + 2b,a + b+ X s) = [pFi(a,b;a+ b+ 3 $))2,

1 1 1 1
sla(5a—b+ 5, —atb+ 5;—a—b+g,a+b+ 3:9)
1

1 1 3
=2F(a,bja+b+ 535)2171(5 g b;—a—b+ 5?«9),
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we have

We set

Then the products

M(s) = uz(s)uals),

@ (s) = ua(s)*

are independent solutions of (2.7) at s = 1. Since ¢§1)(s) has a singularity of the type (1 — s)1/2,
. 3
h(])(t) is equal to 51) (— <%) > up to constant multiplication. We notice the following lemma.

Lemma. Consider the functions

u(t) = <1+ (%) ) , wy(t) = (t+3pwj)%. (= —-1,0,1)

We take the following cut lines in t-plane:

“ R 1,0,1
t 4 . = —
{ U+ 3p S +} (] » Uy )
We take a branch of u(t) and p;(t) as follows.
i .
lim pla+ig) > 0,
y w
Elﬁ)lu(a* 3 +ig) > 0,

J
or a > 0. Then we can take functions A;(t) (j = —1,0,1), which are holomorphic at t = _Y such
f J J P 3
that

p(t) = p () A4;(0),

J J
and A; <_§_p) = % for j=-1,0,1.

The lemma is easily verified by direct calculations.
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) J
By (2.5), h¥)(t) has a singularity at ¢ = __;i such that
p

%(t +3pw?) (140 (t+3u7p)) .

RO (1) =

Therefore it follows from the lemma above that
P (1) AN
RO (1) = 2w, [ = S 2.
(1) = 2077, 24 ( () >, (28)

We will calculate the discontinuity of h(¥(t) at t = —3pw, —3pw L.

near t = —3pw’.
In the s-space we should

consider the analytic continuation around the origin. We denote gz;g] ) (s) (resp., g?)gj ) (s)) as the analytic
continuation of ¢§J ) (s) once counter-clockwise (resp., clockwise) around the origin.

Proposition 2.1. We have

. 1

gl)(s) = (2 cos? pr — 5) wqﬁgl)(s) + (holomorphic at s = 1),
z 1

gl)(s) = (2 cos? pr — 5) w2¢§1)(8) + (holomorphic at s =1),

near s — 1.

Proof. By Gauss’ connection formula

T(c)T(c—a—1D)

2F1(a,b;¢;5) = mzﬂ(aab;a +b—c+1;1-35)
F<C)F(a +b— C) c—a—b . .
+ T (T (b) (1-29) oF i (c—a,c—bjc—a—b+1;1-—s),
we have
u1(s) = Aus(s) — Buy(s),
1s (2.9)
s ua(s) = Cus(s) — Duy(s),
where
VG ey
(G BE-5 TG DG 1 )
Val() 2y7L(3)
R E v e N ) E NN
272/ 2T 12 T3z T3
Therefore o o
5 (s) A2 ~2AB B2 ©)(5)
oV(s) | = | AC —(AD+BC) BD #V(s) |- (2.10)
(2) Cc? —2CD D? (2)
() $i7(s)
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We denote Q~S§7)(s) (resp., ~§j )(9)) as the analytic continuation of qﬁéj )(s) once counter-clockwise
(resp., clockwise) around the origin. Then we have

35 (s) = Wi (s),

- 2.11
& (s) = g (5). o
By direct calculation, we have
1 2 1 2
AD = =+ ——coswp, BC=—=4 ——cosnp.
373 3733 0
Hence the inverse transformation of (2.9) is given by
3 3
ug(s) = §Du1(s) - §Buz(s),
3 3
ug(s) = 5011,1(5) — —Aus(s)
Therefore o o
o)\ (D -2BD P oy (s)
o'(s) | =7 | CD —(4D+BC) AB o (s) (2.12)
(2) C? —2AC A? 2
1(s) o (8)

(2.12) is valid if we change all of <;S,(Cj) into J)fcj) or qzbgcj). Combined with (2.10), (2.11) and (2.12), we
obtain the proposition 2.1. [J

From now on, we will study the analytic continuation from s = oo to s = 1. We set

— (—g)"TtE R _z e
U5($) ( 5) 2 1(12 27 12 25 p;s )7
ey B p (L PSP
ug(s) = (—s) 2 1(12+2312+27 +p;s)

The products

1 1
PO (s) = (—s)7 5P 3F2(5 PP % —pil—p,1—2p;s 1),
n 115 ~
U (s) = (—s)7F 3F2(5,§,6;1~p,1+p;5 Y,
@) dp ply, L0 -1
boc (8) = (—s) @ 3F2(6+p,§+p,6+p;1+p,1+2p;s )-
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Proposition 2.2. The analytic continuation of qbgz)(s) along a path in the lower-half plane is

0 P Cseim) [T+ (k=5)p) .
T r(i+st-1p)

+ (holomorphic at s =1)

near s = 1.

Proof. When we take a path in the lower-half plane, the connection formula is the following:

(_S)_O’QFl(a,a—‘rl—C;a+1_b;s—1)
Tlc+l—a—bla+b—cllat+1-b)
ira, [ b b— 11
Fr1—0)T(c—bT(a+b+1—c¢) e 2 Fi(a,b;a + c+1; s)
Ta+b-ol(a+1-b)

_ iw(b—c) _ o\e—a—b _ I 1
O CESE) e (1-19) sFi(c—a,e—be—a—b+1;1—s).
Therefore
us(s) = Eug(s) + Fua(s), (2.13)
ug(s) = Gua(s) + Hua(s), '
where
E=—on-&+) _ VTUZD) - p in(-gey)  2VATUZP)
T(z-5T(5-%) I(-5)T(5-%)
G = —6”‘-(7%7%) 11ﬁ£(1 +§) 70 H= 67;7‘-(7{57%) 12\/%7)1-‘(1 +5p) Y
T(p+8)T(5+%) T(5+8)T(5+%)

At first we consider ¢((>g)(s). By (2.13) we have
us(s)? = 2GHu3(s)us(s) + (holomorphic at s = 1).

Recall the multiplication formula of Gauss and Legendre:

I'(z)T <z + %) = 2172 /71 (22). (2.14)

We have

Therefore we have
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Recall the multiplication formula of the third degree:

()T <z + %) T (z + %) - 23@1"(32:). (2.15)

O )

We use (2.14) again and get

We have

r(%—p)ra—p)—fpﬁr(l—m).

Hence we obtain
in(~34p) T (L =) T (1 - 2p)

1
2EF = — —— 2.16
e (=) 219
In the same way,
ug(s)? = 2GHus(s)uy(s) + (holomorphic at s = 1).
And we get
3 I'(1 re-2
0GH — — 20 (-3 L “’1) (1=2p) (2.17)
VT T (3 +3p)
We will consider qﬁg)(s). By (2.13) we have
us(s)ue(s) = (EH + FG)us(s)us(s) + (holomorphic at s = 1).
Since
11 1
(4ol ) s
12 2 12 2 sin (5—1—7)
7 p) ( 5 p) 7
F<___ N t3) = g ey
12 2 12 2/ sin (32 +27)
we have
2 2.
EH+FG=——¢3"T(1-p)I'(1+p)
77
. T  pwN\ . (5% pm . 117 pm\ . (70 pr
<Sm(12+ 2) sm<12+ 5 > +sm< B + ) >Sm<12 + 5 ))
2 2 ™
= _Ze TPl — p)r(1 il
—e #(L —p)I'(1 +p)cos 5
1 _
= —;e*%”r(l —p)I'(1 + p). (2.18)

By (2.16), (2.17) and (2.18) we obtain the proposition. O
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3. CONNECTION FORMULA AROUND INFINITY
In this section we will calculate the Stokes multipliers around infinity. At first we will see Stokes

regions on (2.1), due to Voros ([8]). The Borel transform ¢g(¢,¢) of the WKB solution has three
branch points

() = — g3
& (9) n+ 3W q )
for j = —1,0,1. The Stokes line is the curve in g-space defined by the equation
3¢ (q) = Sk(q) (3.1)
for j # k. By (3.1), we have
(2h + 1)m
Ly : = h=0,1,2,---,2 5
h . argq 2(n+3) ( ’ ’ , 21+ )

This definition is different from the notation used in introduction.

We set (2h—1) (2h+1)
-1 + )7
Sh.{q’ 2(n+3) <argg < 2(n+3) }’

and calculate the Stokes multipliers from S to S1. We will denote 1/1,9 ) (g, x) is the Laplace transform
of ¥ (€,q) when g € St.

On Lg we have

Séo(q) = Séi(a), Réo(q) < Ré1(q).

Therefore the Laplace transform

0 (q,0) = /E 79 (¢, g)de

is changed when ¢ moves across the Stokes line Lo, while /() (¢, z) and (1) (g, z) are not changed.

In [8], Voros showed that the connection formula across the Stokes line is

(g, 2) = ¢ (0, 2) + 200" (¢, 2).
Here the complex number A is defined by
(6, 9) = A (€, 9) + (holomorphic at £ = £1(q)),
near £ = & (q).

Proposition 3.1. The connection formula from Sy to S1 is the followings:

n
§O)(q’$) = (()O)(q’m) +w? <4COSQ n+3 B 1) (()1)(‘]’ x)’

v (g, 2) = v (g, 2),
o (g, 2) = w5 (g, 2).
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Proof. We should know the behavior of 1/)](5?) (&,q) at £ = &(q). By proposition 2.1 the behavior of

-2 (-(3))

— 3
T 3p t=—3pw
¢ 3
s 3p

= (2(:05 T — —> RO (#)

at t = —3pw is

t=—3pw

t=—3pw

1
Therefore A = w? (2 cos® mp — 5) a

We will calculate the Stokes multiplier when ¢ goes across L. On L; we have

S€2(q) = Sé1(q), RE2(q) < Réw(q).

Therefore £ (g, ) and €M) (g, z) are not changed and
i (@2) =01 (g, 2) + 28 (. 2).
Here the complex number A’ is defined by
£(6.0) = A" (€, ) + (holomorphic at ¢ = &(q)),
near § = £1(q).
Proposition 3.2. The connection formula from Sy to Sy is the followings:

g, 2) = v (g, ),
g, z) = vV (g, 2),

(D ) — D teo? 1) o®
000 =6 V) o (108 ST 1) o ao)

Proof. The proof is the same as the proof of proposition 3.1 except that we take ¢3§1> instead of
7(1) O
i-

Since

Y9 (27 g, ) = (PRt (g ),

the other case is deduced from proposition 3.1 and 3.2.
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Theorem 3.3. When g goes across Ly, we have the connection formulae between zp,(ﬁbj)(q,:c) and
7/};(121((], )

Vo (4 7) = U5 (g, 7) + & Mpgy) g, @),

6h+2(q’ T) = 1/6h+1(q’ ) + wAw((i}z)+1(q’1:)7
6h+3(q7 ) = 6h+2(q’ z) + W2A¢6h+2<qa ),
6h+4(Qa T) = 6h+3(qv ) + WA1/J<)h+3(q7$)7
o (@,0) = Yoia (0, 0) + AP (g, 2),
Veno(0:7) = B (0, 7) + wABS, (g, 2),

where A = 4 cos?

— 1. In the other case Stokes multipliers are trivial:

v (@.2) = v (g,2).

4. CONNECTION FORMULA FROM ZERO TO INFINITY

(2.1) has solutions

> 3m

- p 3m (n+3)m .
yil(g,z) = 27 g* Mg . (k=0,1,2) (4.1)
m=0 Hi:o L1+ (k—s)p+m)

near ¢ = 0. (4.1) converge for |g| < co. In this section we study connection formula between yx (g, z)
and ¥) (g, z). This connection formula gives asymptotic expansions of (¢, ), when g is in the large.

The independent solutions of (2.6) near ¢ = oo are given by the following:

()

o0 3m
1 _ (14 (1— 15— 3p

— (3p) 3 P3k—Dpmi(—F+A-K)p) (4 3(k=1)p (k) { _°P 7
(3p)3 ¢ (=) S (=

m=0

for £ =0,1,2, Here

B (g+*k-1p), G+ &=1p) (G+*&-1p)

" (L+kp)y, (1 + (k= Dp),, (1 + (k= 2)p),,,

In (4.2), we take a sector

2
—37 < arg(—t) < 0,

which corresponds to the sector
—m < arg(—s) < 7,
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o —t ?
S=e 3p .

The Borel transform ¢¥5(£, ¢) is a sum of the following functions near £ = oco:

by the transform

9O, q) = ' o (67 ). (4.3)

We will take Laplace transform of (4.3). Let C be a curve which starts from +oo, turns around &o(q),
&1(q), £-1(g) counter-clockwise and returns to +oco. And Let C; (j = 0,1,2) be a curve which starts
from o0, turns around &;(g) counter-clockwise and returns to +co. Consider the Laplace integral

(k) _ —at (k) de.
Yoo ﬂc/ce Yoo (&, q)dE

Then we have

1
y& =z Y A§-k)/ e~ ) (€, q)dg,

j=-1 Gy

where Ag-k) is the discontinuity of w&’? at £ = &;(q). Since wg)(g ,q) has a singularity of square root
type at £ = £,(q), we have

1 o] .
W —o 328l [ i e,
j=—1 £j(q)
1
= Y 2aWy) (g, ). (4.4)

j=—1
In the following, we set
rp = (3p)FH3—Lpemi(—§+1-kp) - (p — (1 9)
Proposition 4.1. We have

2
() (g, ) — 2mem (3 H049) (33 +30-Dpg  —sp LLazg T AT (R~ 5)p)

Proof. We can develop 1/}&12) (&) near £ = —oo as follows:

Since




16 Y. OHYAMA

we have

(lc) +3(k—1)p e (3P)3mc1g§) +3m 2
= 2mir.at ZF( T 3(k—DLp+3n)

By (2.15) we get

1 - Momo D (5 (k= ptmt §) TEoT (L (k= 5)p)
m [CooT(i+(k—Dp+3) [IPooTA+(k—s)p+m)
P(3+3k—-1p+3m) [T+ (k—s)p)

39T (5 +3(k = 1)p) [TengT(L+(k—s)p+m)

Therefore we obtain that

vy (q,z)

2mir o ks v
o, [T+ (= 5p)
1“(§+3(k—1)p) — SOF(1+(k‘—3)p+m)
_ o= T L = ) o
T (1+3(k—-1)p)

— oremi(3+(1-k)p) 3(k— 1)p£§—3pH oL (1+(k—s)p)
2 | (3p)3 r( +3(k— 1)p)

q,)

yr(g, ).

O

Theorem 4.2. y,(g,z) has an asymptotic expansion in Sy in the form

pPa-kp—1

1
un(a, @) = = a7 ety (g, ),

j=—1

Proof. We will consider the behavior of o) (t) at t = —3pw’ for j = —1,0,1. We assume that o) (t)
has the form
d® (¢ + 3p)% (1 + O(t + 3p)) + (holomorphic at t = —3p)

near t = —3p. Since

o) = e (DR 60 ),
gé)(t) has the form
emi(3+2(k-1)p) gk) (wt+ 3p)%(1 + Ot + 3pw™)) + (holomorphic at t = —3pw™?)
—emi(5+2(k=1)p) g(k) (t+ 3pw"1)% (14 O(t + 3pw™")) + (holomorphic at t = —3pw™")

near t = —3pw 1.
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In the same way gzﬁgé)(t) has the form
e”i(_%_Z(k_l)p)d(k)(t + 3pw)% (14 O(t + 3pw)) + (holomorphic at t = —3pw)

near t = —3pw. Therefore we should know only the discontinuity at t = —3p.

2
We will take a path from infinity to ¢ = —3p in the sector —gﬂ' < arg(—t) < 0, In s-space, this

path goes from infinity to s = 1 in the lower space. By proposition 2.2 ¢§’§> (t) has the form

33(k—1)p sin(~2+(1-k)p) H oL (L + (k~s)p) (1)(_ <i>3)

NG ( +3(k—1p) ! 3p (4.5)
+ (holomorphic at ¢t = —3p).
y (2.8) the singular part of (4.5) is
m33(k“1) e. ( 2+(1 k)p) H F (1 + (k )p) h(o) (t)
2,/p r ( +3(k— 1)p)
Therefore .
a3(k—1
A((]k) — _3 ( ) e. ( 2+(1 k)p) H F (1 + (k )p) (46)
2Vp (2 +3(k — 1)p)

n (4.4). By proposition 4.1, we obtain the proposition 4.2. O
We considered zx is a large parameter, and ¢ is a finite number. From now on, we take a variable
_ .3p
z=x"Pq, (4.7)

and consider z in the large. By (4.7), the equation (2.1) is

3

Tt = 2" =0. (4.8)

The local solution (4.1) is

3m

~ Kk p Z(n+3)m.
m=0 Hi:O F (]’ + (k - S)p + m)

And the WKB solution (2.4} is

P (2) = 237275 exp(3pw’ % Ztkzdv
k>0

We set o . )
YU (2) = 3 exp(3pw’ 25) Z tpz3e.
k>0
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The Laplace transform of z/)g)(f ,q) is
zq' % / KO (€q™ % )de
()

:x%—szl—é/ e™hD (ng™ 3 )dn. (49)
&5(2)

v (2.8) the Laplace integral (4.9)
3

3pgw—1\/5 1- ep —n¢(1) _ n dn.
Jor " )

Theorem 4.3. In the sector |argz| <

Therefore we have

T
3m 3y we have an asymptotic erpansion
( T 3) ymp P

3.3
/ e <_M> I o 39 (),
_|_3 (Z) ¢1 33qn+3 n ’l/’ ( )

By theorem 4.2 we have asymptotic expansion of solutions of (4.8).

Theorem 4.4. In the sector |argz| < we have an asymptotic expansion

2(n+3)’

3(k— 1)_"_1 1

~ -~ (nJrl) s+n e~ Imi5 2(75_,_31) 7,(3)
o)~ Tt 3 (355040 (2),

j=-1
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