
Commutator relations between q-root vectors

of the positive part of Uq(ŝl2)

Let Z+ = {n ∈ Z|n ≥ 0}, so N = Z+ \ {0}. Let

(0.1) A =

µ
a11 a12

a21 a22

¶
=

µ
2 −2
−2 2

¶
.

Let K = C(q). Let [n] = qn−q−n
q−q−1 . Define a K-algebra U = Uq = Uqbsl2 by

generators

(0.2) K±1
i , Ei, Fi (i ∈ {0, 1})

and relations

(0.3) KiK
−1
i = K−1

i Ki = 1, KiKj = KjKi,

(0.4) KiEjK
−1
i = qaijEj, KiFjK

−1
i = q−aijFj,

(0.5) [Ei, Fj] = δij
Ki −K−1

i

q − q−1
,

(0.6) E3
iEj − [3]E2

iEjEi + [3]EiEjE
2
i − EjE3

i (i 6= j),

(0.7) F 3
i Fj − [3]F 2

i FjFi + [3]FiFjF
2
i − FjF 3

i (i 6= j).

Let U+ (resp. U0, resp. U−) be the subalgebra (with 1) of U generated
by Ei (resp. K

±1
i , resp. Fi) with i ∈ {0, 1}. Then, as a K-linear space,

U ' U+⊗U 0⊗U− (XZY ← X⊗Z⊗Y ). As a K-algebra (with 1), U+ (resp.
U0, resp. U−) can also be defined with the above generators and the relations
(0.6) (resp. (0.3), resp. (0.7)). Define a K-algebra automorphism Ω of U by
Ω(Ei) = Fi, Ω(Ki) = K

−1
i and Ω(Fi) = Ei. Then Ω(U

+) = U− and Ω2 = id.
Let U+

0,0 = K(⊂ U+) and for m, n ∈ N, let U+
m,0 = KEm0 , U+

0,n = KEn1 and
U+
m,n = E0U

+
m−1,n+E1U

+
m,n−1. If m < 0 or n < 0, let U+

m,n = {0}. Let U−m,n =
Ω(U+

−m,−n). For m, n ∈ Z, let Um,n = ⊕+∞
x,y=−∞SpanK(U

+
x,yU

0U−m−x,n−y). Let
Q be a rank-two free Z-module with a basis {α0,α1}, so Q = Zα0 ⊕ Zα1.
Define a bi-additive map ( , ) : Q × Q → Z by (αi,αj) = aij. For µ =
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mα0+nα1 ∈ Q, let Uµ = Um,n. For Xµ ∈ Uµ and Xν ∈ Uν with µ and ν ∈ Q,
let [[Xµ, Xν ]] = XµXν − q(µ,ν)XνXµ. For Xλ ∈ Uλ, Xµ ∈ Uµ and Xν ∈ Uν
with λ, µ and ν ∈ Q and for i, j ∈ {0, 1}, we have
(0.8) [[[[Xλ, Xµ]], Xν ]] = [[Xλ, [[Xµ, Xν ]]]] + q

−(µ,ν)[[[Xλ, Xν ]], Xµ]q(µ,ν−λ)

(0.9) [[Xλ, [[Xµ, Xν ]]]] = [[[[Xλ, Xµ]], Xν ]] + q
−(λ,µ)[Xµ, [[Xλ, Xν ]]]q(µ,−ν+λ),

(0.10) [[Ei, FjK
−1
j ]] = δij

1−K−2
i

q − q−1
, [[FjKj, Ei]] = δij

K2
i − 1

q − q−1
,

(0.11) [[[[Ei, Xµ]], FjK
−1
j ]] = [[Ei, [[Xµ, FjK

−1
j ]]]] + δij[(µ,αi)]Xµ

and

(0.12) [[KjFj, [[Xµ, Ei]]]] = [[[[KjFj, Xµ]], Ei]] + δij[(µ,αi)]Xµ.

For i ∈ {0, 1}, define a K-algebra automorphism Ti : U → U as follows;
in the following, j ∈ {0, 1} \ {i}.

(0.13)

⎧⎪⎨⎪⎩
Ti(Ki) = K

−1
i , Ti(Kj) = K

2
iKj,

Ti(Ei) = −FiKi, Ti(Ej) =
q−2

[2]
[[[[Ej, Ei]], Ei]],

Ti(Fi) = −K−1
i Ei, Ti(Fj) =

1
[2]
[[[[Fj, Fi]], Fi]].

Then we have

(0.14)

⎧⎪⎨⎪⎩
T−1
i (Ki) = K

−1
i , T

−1
i (Kj) = K

2
iKj,

T−1
i (Ei) = −K−1

i Fi, T
−1
i (Ej) =

q−2

[2]
[[Ei, [[Ei, Ej]]]],

T−1
i (Fi) = −EiKi, T

−1
i (Fj) =

1
[2]
[[Fi, [[Fi, Fj]]]].

Note that if i 6= j,
Ti([[Ei, Ej]])(0.15)

= [[− FiKi,
q−2

[2]
[[[[Ej, Ei]], Ei]]]]

= − 1
[2]
[[FiKi, [[[[Ej, Ei]], Ei]]]]

= − 1
[2]
([(αi,αj)] + [(αi,αi + αj)])[[Ej, Ei]] (by (0.12))

= [[Ej, Ei]].
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Define a K-algebra automorphism τ of U by τ(Ki) = Kj, τ(Ei) = Ej and
τ(Fi) = Fj (i 6= j). Then by (0.15), T0τ([[E1, E0]]) = [[E1, E0]]. Set Eα1 := E1

and Eα0 = Eδ−α1 := E0. For n ∈ N, set
(0.16)⎧⎨⎩

Enδ+α1 := 1
[2]
[Eδ, E(n−1)δ+α1] = −(−1)δn0(T0τ)

−n(E1),

Enδ := q−2[[E(n−1)δ+α1 , Eα0 ]],
E(n−1)δ+α0 = Enδ−α1 := − 1

[2]
[Eδ, E(n−1)δ−α1] = −(−1)δn0(T0τ)

n(E0).

We have

(0.17) [Emδ, Enδ] = 0,

(0.18)
Enδ = q

−2[[E(n−r−1)δ+α1 , Erδ+α0 ]]⇐⇒ −(−1)δr0(T0τ)
r(Enδ) = (−1)δrn−1Enδ,

(0.19)

[Erδ, Enδ+α1 ] = (q
2 − q−2)

r−1X
k=1

q2(1−k)E(r−k)δE(n+k)δ+α1 + [2]q
2(1−r)E(n+r)δ+α1 ,

(0.20)

[Erδ, Enδ−α1] = −(q2−q−2)

r−1X
k=1

q2(1−k)E(n+k)δ−α1E(r−k)δ− [2]q2(1−r)E(n+r)δ−α1 ,

(0.21) [[Enδ+α1, E(n+r)δ+α1]] = −[[E(n+r−1)δ+α1 , E(n+1)δ+α1 ]]

and

(0.22) [[E(n+r)δ−α1, Enδ−α1]] = −[[E(n+1)δ−α1, E(n+r−1)δ−α1 ]].

If X ∈ Um,n, we write η(X) = m+n; we agree that η(0) = n for any n ∈ Z+.
We prove (0.17)-(0.21) by induction on η(·).
(1) We first note

[E2δ, Eα1 ](0.23)

= −[Eα1, E2δ]

= −q−2[Eα1 , [[Eδ+α1, E0]]]

= −q−2[[[[Eα1 , Eδ+α1]], E0]]− q−2[Eδ+α1 , Eδ]q4

(by (0.9) since −(α1, δ + α1) = −2
and (δ + α1,−α0 + α1) = 4)

= −0− q−2Eδ+α1Eδ + q
2EδEδ+α1(by (0.6))

= q−2[2]E2δ+α1 + (q
2 − q−2)EδEδ+α1
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and

[E2
δ , E1](0.24)

= [2](EδEδ+α1 + Eδ+α1Eδ)

= −[2]2E2δ+α1 + 2[2]EδEδ+α1.

Set eE2δ := − q−q−1

2
E2
δ + E2δ. Then, by (0.23)-(0.24), we have

(0.25) [ eE2δ, E1] =
[4]

2
E2δ+α1.

By (0.17) for (m,n) = (1, 2) and (0.25), we have

(0.26) [ eE2δ, Enδ+α1] =
[4]

2
E(n+2)δ+α1.

(2) We prove (0.21) for r ∈ {1, 2, 3}. Note that if r = 1, it is equivalent
to

(0.27) [[Enδ+α1, E(n+1)δ+α1]] = 0.

If n = 0, (0.27) follows from (0.6). By (0.26)-(0.27), we have

0 = (
1

2[2]2
(adEδ)

2 − 2

[4]
(ad eE2δ))([[Enδ+α1, E(n+1)δ+α1]])

= [[E(n+1)δ+α1, E(n+2)δ+α1]].

Applying adEδ to (0.27), we have (0.21) for r = 2.
We calculate

0 =
1

[2]
[Eδ, [[Enδ+α1 , E(n+k)δ+α1]] + [[E(n+k−1)δ+α1, E(n+1)δ+α1]]]

= [[E(n+2)δ+α1, E(n+k)δ+α1 ]] + [[E(n+1)δ+α1 , E(n+k+1)δ+α1 ]]

+[[E(n+k)δ+α1 , E(n+1)δ+α1]] + [[E(n+k−1)δ+α1, E(n+2)δ+α1]]

= [[E(n+1)δ+α1, E(n+k+1)δ+α1]] + [[E(n+k)δ+α1 , E(n+1)δ+α1 ]]

(by induction on k and (0.21) for r = 1 or 2)

Then we have proved (0.21) by induction on η(·). Similarly we have (0.22).

4



We calculate

[Eα1 , E(m+1)δ]

= q−2[Eα1 , [[Emδ+α1 , Eα0 ]]]

= q−2([[[[Eα1 , Emδ+α1 ]], Eα0 ]] + q
−2[Emδ+α1 , [[Eα1 , Eα0 ]]]q4) (by (0.9))

= q−2(−[[[[E(m−1)δ+α1 , Eδ+α1]], Eα0]] + q
−2[Emδ+α1 , [[Eα1 , Eα0 ]]]q4)

= −[E(m−1)δ+α1 , E2δ]− q2[E(m+1)δ, Eδ+α1]q−4 + q−2[Emδ+α1, Eδ]q4

=
1

[2]
[Eδ,

³
−[E(m−2)δ+α1, E2δ]− q2[Emδ, Eα1 ]q−4 + q−2[E(m−1)δ+α1 , Eδ]q4

´
]

=
1

[2]
[Eδ,

³
−[E(m−2)δ+α1, E2δ]

−q2((1− q−4)EmδEα1 + q
−4[Emδ, Eα1])

+q−2((1− q4)EδE(m−1)δ+α1 + [E(m−1)δ+α1, Eδ])
´
]

=
³
(q2 − q−2)EδEmδ+α1 + [2]q

−2E(m+1)δ+α1

´
− (q2 − q−2)EmδEδ+α1

−q−2
³
(q2 − q−2)

m−1X
k=1

q2(1−k)E(m−k)δE(1+k)δ+α1 + q
2(1−m)E(m+1)δ+α1

´
−(q2 − q−2)EδEmδ+α1 − q−2[2]E(m+1)δ+α1

= −(q2 − q−2)

mX
k=1

q2(1−k)E(m+1−k)δEkδ+α1 − q−2mE(m+1)δ+α1 .

Then, by induction on η(·), we have (0.19).
Similarly we have (0.20).

[[Exδ+α1, Eyδ−α1 ]]

= [[Exδ+α1 ,−
1

[2]
[Eδ, E(y−1)δ−α1]]]

= − 1
[2]

³
[[[Exδ+α1 , Eδ], E(y−1)δ−α1]] + [Eδ, [[Exδ+α1, E(y−1)δ−α1 ]]

´
= [[E(x+1)δ+α1, E(y−1)δ−α1 ]]−

q2

[2]
[Eδ, E(x+y−1)δ]

= q2E(x+y)δ − (y − 1)
q2

[2]
[Eδ, E(x+y−1)δ]
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[Exδ, Eyδ] = [q
−2[[E(x−1)δ+α1, Eα0 ]], Eyδ]

= q−2
³
[[[E(x−1)δ+α1, Eyδ], Eα0 ]] + [[E(x−1)δ+α1 , [Eα0 , Eyδ]]]

´
= q−2

³
[[− (q2 − q−2)

y−1X
k=1

q2(1−k)E(y−k)δE(x−1+k)δ+α1

−[2]q2(1−y)E(x−1+y)δ+α1, Eα0]]

+[[E(x−1)δ+α1 , (q
2 − q−2)

y−1X
k=1

q2(1−k)Ekδ+α0E(y−k)δ + [2]q
2(1−y)Ekδ+α0]]

´
= q−2

³
−(q2 − q−2)

y−1X
k=1

q2(1−k)(E(y−k)δq
2E(x+k)δ

+q2(−(q2 − q−2)

y−k−1X
e=1

q2(1−e)Eeδ+α0E(y−k−e)δ

−[2]q2(1−(y−k))E(y−k)δ+α0)E(x−1+k)δ+α1)− [2]q2(1−y)q2E(x+y)δ

´
+q−2

³
(q2 − q−2)

y−1X
k=1

q2(1−k)(q2E(x+k)δE(y−k)δ

+q2Ekδ+α0(−(q2 − q−2)

y−k−1X
e=1

q2(1−e)E(y−k−e)δEeδ+α1

−[2]q2(1−y+k)E(y−k+x−1)δ+α1))

+[2]q2(1−y)(q2E(x+y)δ − y
q2

[2]
[Eδ, E(x+y−1)δ])

´
= (q2 − q−2)

y−1X
k=1

q2(1−k)[E(x+k)δ, E(y−k)δ] + yq
2(1−y)[E(x+y−1)δ, Eδ]

= (q2 − q−2)[E(x+1)δ, E(y−1)δ] + q
−2[E(x+1)δ, E(y−1)δ] + q

2(1−y)[E(x+y−1)δ, Eδ]

= q2[E(x+1)δ, E(y−1)δ] + q
2(1−y)[E(x+y−1)δ, Eδ]

=
q2y − q−2y

q2 − q−2
[E(x+y−1)δ, Eδ]

=
q2y − q−2y

q2x − q−2x
[Eyδ, Exδ]

Hence we have [Exδ, Eyδ] = 0, i.e., (0.17).
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