Commutator relations between g-root vectors
of the positive part of U,(sly)

Let Z, ={n € Z|n >0}, so N=2Z,\ {0}. Let
(e a2\ _ [ 2 =2
o ()2 7).

Let K = C(g). Let [n] = ©=¢". Define a K-algebra U = U, = Ugsl, by
generators

(0.2) K, By, Fi (i€{0,1})

and relations

(0.3) KK '=K 'K, =1, K,K; = K;K;,
(0.4) KE;K; ' = ¢"E;, K,F;K;* = q " F},
(0.5) (B, Fj] = 5ini_—Ii_l’

q—q
(0.6) EE; — 3B} B;E; + 8| E,E; B} — E;E} (i # j),
(0.7) F2F; — [B|F?F;F; + [3|F.F;F? — FiF? (i # ).

Let U* (resp. U°, resp. U~) be the subalgebra (with 1) of U generated
by E; (resp. K, resp. F;) with i € {0,1}. Then, as a K-linear space,
U~Ur@U°QU™ (XZY + X®Z®Y). As a K-algebra (with 1), U" (resp.
U°, resp. U~) can also be defined with the above generators and the relations
(0.6) (resp. (0.3), resp. (0.7)). Define a K-algebra automorphism  of U by
QUE) =F;, QK;) = K; ' and Q(F;) = E;. Then Q(U*) = U~ and Q% = id.
Let Uyp = K(C U™) and for m, n € N, let U, , = KEg*, Uy,, = KE}" and
Unn=FEoU, 1, +EU, ,, 4. lfm <0orn<0,letU,, ={0} Let U, , =
QUZ,, ). Form, n e Z, let Upn = ®;5=_ Spang (U, UU,, ., ). Let
@ be a rank-two free Z-module with a basis {ag, a1}, so Q = Zag & Za;.
Define a bi-additive map (, ) : @ x Q@ — Z by (a;,®;) = a;5. For p =
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mag+nay € Q, let U, = Up, . For X, € U, and X, € U, with pand v € Q,
let [X,,X,] = X, X, — q(“”’)X,,XM. For X, € Uy, X, € U, and X, € U,
with A,  and v € @ and for 4, j € {0,1}, we have

(0.8)  [IXn, Xl Xo] = [X0, [X, X 00 + ¢ [[X0, X, ], X g

(0.9) [Xx, [[X/u X[l = X, Xu]]7 X]+ q*(%u) [Xw [, XV]]]q(“**"**)?

_ 11— K 2 KZ-1
(0.11) [E:, X0, F G = (B, [X By G + 65 (1, 00)) X
and
(0.12) LK E5, [X Bl = [5G E5, Xl B3l + Ol )} X

For i € {0,1}, define a K-algebra automorphism 7; : U — U as follows;
in the following, j € {0,1} \ {¢}.
[ T,(K) = K; %, Ti(K;) = KK,
(0.13) T(E) = —~FK;, Ti(E;) = % [[E;, B, El,
T,(F) = K 'E;, T,(F)) = lF;, Fi], F].-

Then we have

(7Y (E) =K T, 1(K) KZK;
(014) j—rl(E) = _Kz 1E7 ,Tz (E] = [2] [[Ew [[Ez;E ]H]v
TTHF) = —BK:, T, (F) = glFs [F, B

Note that if ¢ # 7,

(0.15)  Ti([E;, E5])
- rK. (B B]E,
= [~ FK: GrllE;, B Bl

1

= _EHEK“ [H[E], El]]v Ez]”]

- _[_;]([(ai’aj)] + [(u, o + o)) [ B, B3] (by (0.12))

= [E;, Ei].



Define a K-algebra automorphism 7 of U by 7(K;) = K;, 7(E;) = E; and
7(F;) = Fj (i # j). Then by (0.15), ToT([E1, Eo]) = [Ex, Eo]. Set E,, := Ey
and E,, = E5_,, := Ey. For n € N, set

(0.16) 1 5
Ensva, = m[Eg, E(n—1)5+011] = _(_1) "0 (TOT)_n(El)v
En(5 = qiz [[E(n71)5+o¢13 an]]v
E(n71)6+a0 = Lpf—a, = _[_]2-][E57 E(nfl)éfal] = _(_1)5n0(T07-)”(E0)‘
We have
(017) {Eméa Ené] = 07
(0.18)

Ens = q_z[[E(nfrfl)6+a17 Er6+a0]] = —(—1)5T0(T0T)T(En ) = (—1)&"71 nds
(0.19)

[Ers, Ensrar) = (@@ — 079 Y P Ee_iysEmemsrar + 2067 Egarysears
k=1

(0.20)
r—1

[Ers, Brs—on] = —(¢°—q77) Z 7" Eriys—ar Ee—rys — (2177 Euarys—ans
k=1

(021) HEn6+a17 E(n+r)5+a1]] = _[[E(n+r—l)5+a17 E(n+1)5+a1]]

and

(022) HE(n+’r')5—oc17 Ené—al]] - _[[E(n+l)(5—oc17 E(n+r—1)5—a1]]-

If X € Uy, we write n(X) = m+n; we agree that n(0) = n for any n € Z,.
We prove (0.17)-(0.21) by induction on 7(-).
(1) We first note
(0.23) [E2s, Eo,]
= —[FEqu,, Fas]
= _q_z[Eala [Es+a1, Eol
= _qiz[[[[Eala E5+a1]]7 EO]] - qiz[EtHala E5]q4
(by (0.9) since —(ay,0 + o) = —2
and (0 + a1, —ag + a1) = 4)
= —0— ¢ ?Es+a, Es5 + ¢°EsEs1a, (by (0.6))
q (2 Basrar + (@ — ¢ %) EsEsray
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and

(0.24) [E3, Ex]
= [2](EsEs+ay + Es+ay Es)
= —[2]2E25+a1 + 2[2]E5E5+a1.

Set By := —9=4—E2 + Eps. Then, by (0.23)-(0.24), we have

(0.25) B ] = 5 Eageon.

By (0.17) for (m,n) = (1,2) and (0.25), we have

~ 4
(0.26) [EZ& En6+a1] = %E(n“ﬂ)‘“al‘

(2) We prove (0.21) for € {1,2,3}. Note that if » = 1, it is equivalent
to

(027) [[En5+a17 E(n+1)5+011]] = 0.
If n =0, (0.27) follows from (0.6). By (0.26)-(0.27), we have

0 = <ﬁ<adﬂs>2—%@dﬁz»xwﬂaml,E<n+1>5+alﬂ>

= [Ep+1s+ars Em+2)s+ar]-

Applying adEj to (0.27), we have (0.21) for r = 2.
We calculate

1
0 = E[Ea, [Ens+or, Emaiysrar] + [Emak—1)6+a1, Ema1)s+aa ]
= [En+2o+ars Emriyorar] + [Ema)s+ars Epnrk+1)+as
HEm+iys+ars Emaysrar] + [Emrk—1)6+a1s Em+2)s+ail
- [[E(n+1)6+a17 E(n+k+l)6+a1]] + [[E(n+k)5+oc17 E(n+l)5+oc1]]
(by induction on k and (0.21) for r = 1 or 2)

Then we have proved (0.21) by induction on 7(-). Similarly we have (0.22).



We calculate

[Eass Egn+1ys)
= q_z[Ealv [[Em5+a17 an]]]
= q72<[[[[Ea17 Em5+011]]7 an]] + qiz[Ethal? [[Eam an]”q“) (by (0'9))
= q_z(_ME(mfl)tHal? E5+a1]]7 an]] + q_z[Em5+a1a [[Eom an]]]q“)
= —[Ben-vsvars Bos] = € [Enans; Bsvanlg-s + 0 [Emsvar, Eslgs

1 —

— E[E& <_[E(m72)6+a17 EZ(S] - q2 [Em67 Eal]q*“ + q Z[E(m71)6+a17 E5]q4)]
1

N E[E(S’ <_[E(m*2)5+a17 EZ&]

_q2((1 - q74)Em6Ea1 + q74[Em67 Eal])
+q72((1 = ¢ Es Em-1ys+01 + [Egn-1)5+015 Es]) )]

- <(q2 - q_z)EJEm5+a1 + [2]q_2E(m+1)5+oc1> - (QZ - q_z)Em5E5+a1
m—1

—q? ((q2 —¢%) Y P PEg psEasiysra + 74 E(m+1)a+a1)
k=1

_(qZ - q_z)EJEm5+a1 - q_2[2]E(m+1)5+a1

m
= —(#—q7? Z PP Ena1—iys Brorar — @ 7" Egnr1ys+ar-
k=1

Then, by induction on 7(-), we have (0.19).
Similarly we have (0.20).

[[Em6+a1 3 Eyéfal]]
1

- [[Ea:5+a17 _E[E& E(y—l)5—a1]]]
1

= —m ([[[Em5+a17 Eé]a E(y—l)é—oq]] + [Eéa [[Ex5+0417 E(y_1)5—a1]]>
2
q
- [[E(m+1)6+a1, E(yfl)‘;*al]] - E[Eﬁa E(x+y*1)5]
2

q
= qu(a:+y)5 —(y— 1)@[135, E(a:+y—1)5]



[Ezé, Eyé] = [q_z[[E(ftfl)6+a17 an]]a Eyé]
= q—z([[[E(mfl)éﬂna Eyé]a anl] + [[E(m71)6+a17 [an, E H])

y—1
= q° ([[ (= q7%))_ P Ey w95 B 1
k=1
—[2] q2(17y)E(a?—1+y)5+a17 Eool
y—1
HE@-novor: (= 07D P ErsranBeyrys + [2]q2(1_y)Eka+ao]]>
k=1
y—1
= ¢ (—(q2 —-q7?) Z "By @ E@iys
k=1
y—k—1
+¢(—(* —q7?) 7" Besrao By—k—e)s
e=1

— 12l Y E G tysra0) Ba—1+ky5+ar) — [2]q2(1_y)qu(z+y>5>

=

+q7? <(qz ¢y AYNPEGersEy_iys
1

<

ES
Il

y—k—1

k—
—I—quk5+aO q —q? Z qz(l_e)E(y—kfe)éEe(5+al
e=1

~[2]* I E e 1)6+a1))

217" (¢° Epayys — [2] [E(;, By 1)5]))

= (*—q Zqza [Ea+iys: By-rs] + 9@ [Bary-1ys, Bdl

= (*—q )[E(x+1)57 E-1s) + ¢ %[Ew+1ys; Ey—1y5] + P [Eery—1)5, Es)
= B+, Eg-1s) + @4V [E@ry-1)s, Fs)

2y _ 2y
q q

= ——— | E@+y-1)s, Es
Z [Ew+y-1)5, Es]
2y _ =2y
q q

= ——\Fy,FE.s
qu_q—Zaz[ Y ]

Hence we have [E,s, E,s] = 0, i.e., (0.17).



