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Abstract

In this paper, we give a finite number of defining relations for the elliptic Lie
algebras and superalgebras with rank> 2.

Introduction

In 1985, K. Saito [S] introduced the notion of the extended affine root systems; we also
call them the SEARS’s (see also [A]). Let R be an SEARS. Let V := RR and V° :=
{v € V|sa(v) = vfor all @ € R}, where s, denotes the reflection with respect to an «. Let
m :=V° and [ := dim V — m. We say that the m is the nullity of the R and say that the [
is the rank of the R. The R is reduced if RN R = {a, —a} for all « € R. We notice that
if m = 0, the R is a finite root system, and that if m = 1, the R is an affine root system.
If m = 2, the R is called an elliptic root system (or ERS for short); see also Subsec. 1.3.
(The notation V is used only in Introduction.)

In 1997, B. Allison, S. Azam, S. Berman, Y. Gao and A. Pianzola [AABGP] introduced
and studied root systems defined by different axioms from those of the SEARS’s. In 2002,
S. Azam [A] showed that there exists a natural one-to-one correspondence between their
root systems and the SEARS’s.

Let R be an ERS. Let 7 : ¥V — V/V° be a natural projective map. The R is called
simply-laced if | > 2 and 7(R) is a simply-laced finite root system. In 2000, K. Saito
and D. Yoshii [SY] studied the Lie algebra gr with a simply-laced ERS R, and gave a
Serre-type theorem for gg; in other words, they gave a finite number of defining relations
of gr satisfied by Chevalley generators.

In this paper, for all the (not only reduced but also non-reduced) ERS’s R with [ > 2,
we give a Serre-type theorem for a Lie algebra or superalgebra gg having the property
that the system formed by its real roots is isomorphic to the R (see Theorems 2.1 and 6.1).
In the process of giving the Serre-type theorem, we also give a proof of the classification
theorem for the above R’s (see Theorems 1.2 and 2.2). The proof of the classification
theorem seems to be easier than that in [S] for the reduced marked ERS’s (see below and



see Theorem 1.1); one of the reason is that we use the gg in the proof. The gg is not a
Lie algebra but a Lie superalgebra if and only if the R is not reduced. (In the text, gg
shall be denoted as gp.)

Let R be an ERS. If there exists a one dimensional subspace Gg of VY such that
Gr NZR # {0} and 7(R) is a reduced affine root system, where 7 : V — V/Gy is the
natural projection, then we call the R the reduced marked ERS. (More precisely, in the
text, we call the pair (R®g C, Gg ®g C) the reduced marked ERS (see Subsec. 1.3).) If R
is an reduced marked ERS with [ > 2, then the Serre-type theorem for the gi has already
been given by the author [Ya2] in 2004.

We also give universality theorems of the gr with [ > 2. (see Theorems 5.1 and 5.2).
By one of them, we see that if the R satisfies the condition that there exists a basis {J, a}
of V% such that (¢ +V°)NR = a+Zd + Za for all a € R, then the g is isomorphic to the
universal central extension of the Lie (super)algebra gf, ® C[t!, t£1], where gF, is a finite
dimensional simple Lie (super)algebra whose root system is isomorphic to the 7(R), i,e.,
the gg is the toroidal Lie (super)algebra (see [MEY]). We also treat quantum tori elliptic
Lie algebras (see Subsec. 5.2).

1 Preliminary

1.1 Pre-elliptic base system

Let [ be a fixed positive integer. Through out this paper, we assume [ > 2. Let £ be an [+
4-dimensional C-vector space. Let J : £ x £ — C be a non-degenerate symmetric bilinear
form. Let £ :={z € &|J(x,x) # 0}. If x € €%, we call x a non-isotropic element, let
xV = J(fo) and define s, € GL(E) by s.(y) =y — J(z¥,y)z. Let {ao,...,as, As, a, Ao}
be a basis of £ such that the (I 4+ 1) x (I + 1)-matrix A := (J(a, @;))o<i < is an affine
type generalized Cartan matrix [K1], [K2], and such that J(As, o) = di0, J(As, As) =0,
J(a,a;) =0, J(a,As) =0, J(a,a) =0, J(Ay, ;) =0, J(Ag,a) = 1 and J(A4, Ay) = 0.
The Ais called AV (1>2), BY (1>3),cV 1>2),D" (1>4),E" (1=6,7.8), F"
(1=4), G (1=2), A (1>2), A}, (1>3), D, (1>2),EY (1=4)or D (I =2).

(See [K2, Tables 1-4] and [K1, §4.8 TABLE Aff 1,2,3].) Since we have assumed [ > 2, A is
neither Agl) nor AéQ). Let IT := {ao, ... ,aq}. Let W be the subgroup of GL(&) generated
by so (a € II), i.e., W is the affine Weyl group.

For a subset S of I1, let Wg be the subgroup of W generated by s, (a € S). Let I(w)
be the length of w € W with respect to s, (a € II).

Lemma 1.1. Let o, § € Il and w € W be such that w(a) = B and l[(w) > 0. Then there
exists a y € I\ {a} and a w' € Wia .y such that w'(«) € {a, 7} and l(w') +{(w(w')™") =
l(w).



This can be proved by a well-known argument (see [J, Proof of Proposition 8.20]).

A function f : II — C is called W-invariant if f(a) = f(5) for every (o, ) € II x II
with 8 = w(«) for some w € W. By Lemma 1.1, we see the following,.

Lemma 1.2. Keep the notation as above. A function f : 11 — C is W-invariant if and

only if f(a) = f(B) for every (a, B) € 11 x IT with J(a", ) = J(a, ") = —

Let k£ : II — N be a W-invariant function such that G.C.D.{k(«a)|a € II} = 1. Let
g : II — 2% be a W-invariant function, where 2% is the power set of Z, i.e., the set of
the subsets of Z. If g(a) = () for every «, g is also denoted by 0. We call a quintuple
D =D&, 1, a,k,g) of such &, 11, a, k and g a pre-elliptic base system (PEBS for short).
For z € £ and a subset B of C, let Bx := {bz € £|b € B}; moreover, for a subset X of
£, let BX :=) _y Bx. (If Bis an empty set (), then BX = ().) For subsets S and T of
E et S+ T ={a+yellreSyeTh T ={z},letx+S:=T+S. (IfS=0,

S+T=40.)
Let D be a PEBS. Let
(1.1) R(k,g9):= | J w(U ((a + Zk(a)a) U (2a + g(a)k:(a)a))).
Then
(1.2) R(k,g) C ((Z+H + Za) U (Z_I1 + Za)) \ Za,

where Z, = {n € Z| £ n > 0}.

Lemma 1.3. Keep the notation as above. Let S be a subset of II. Let A € (ZS)NE*.
Then there exists a w € Wy such that

(UZa) <ZS\ (Z4SUZ_ S))

a€eS

Proof. By the definition of II, there exists a kK € C\ {0} such that xJ(a;, ;) € R
(0 <i,j <), and kJ(as,;) > 0 (0 < ¢ < [). Then the symmetric bilinear form
(kJ)riixen : RII x RII — R is positive definite. For p = 3" bacr € RII with b, € R,
let ht(p) == erba € R.

Let A be as in the statement. We may assume A € (Z1SUZ_S)\{0}. Moreover we may
assume A € Z,S. We use an induction on ht(\) € N. If ht(N\) = 1, then A € S. We assume
ht(X) > 1. We may assume A ¢ Na for any o € S. Since A € €%, kJ(A\, A) > 0. Hence
there there exists an o € S such that xJ(\, a) > 0. Notice that s,(\) = X — Moz If

kJ (o)

Sa(A) € ZS\ (Z+SUZ_S), then s,(\) € Z,.S and ht(s,(A\)) < ht(A). This completes the

acll
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proof. O

For a subset S of 1I, let
R(kag)s = R<kag) N ((@QESCQ) S Ca)
Lemma 1.4. Keep the notation as above. Then
R(k.g)s = | w(U ((a + Zk(a)a) U (20 + g(a)k(a)a))).
weWg aesS
In particular, for a € 11, we have
Rk, 9) iy = | ((ea+Zk(a)a) U (2ca + g(a)k(a)a).
ec{£1}

Proof. 1f |S| = 1, then the lemma follows immediately from the definition. From
this, together with (1.2) and Lemma 1.3, the lemma for a general S follows; notice that
w(a) = a for all w € W. O

1.2 Elliptic base systems and quasi-elliptic base systems

Here we introduce the notions of an elliptic base system (EBS for short) and an quasi-
elliptic base system (QEBS for short). In Theorem 2.2, we shall show that these notions
are equivalent. In Theorem 1.2, we shall show that an EBS can be regarded as a ‘base
system’ of the elliptic root system in the sense of [S].

Let D be an PEBS with [ > 2. For a € II, Let

() :={f € | # o, J(B, ) # O}
Define a subset IT? of II by
1% := {a € M|V3 € Il.(a), J(a",B) = —2}.
We call D an an quasi elliptic base system (QEBS for short) if the following hold.
(1) If a €I, g € 1l.(a) and J(5Y, ) = —1, then % € Z and J(a¥,5)"D ¢ 7.
(2) gla) =0 if a ¢ TI5.
(3) If « € TIZ and 3 € Il (), then g(a)% =0, 7, 27 or 27 + 1.
We call a PEBS D an elliptic base system (EBS for short) if the following holds.

Va € R(k,g), sa(R(k,9)) = R(k, g).



Lemma 1.5. Let D a PEBS with | > 2. If D is an EBS, then it is also a QEBS.

Proof. The axiom (1) follows from Lemma 1.4 and the following (c.f. [S, Proof of (6.1)
Assertion]).

{ Sasa—&-mk(a)a(ﬁ) - 5 + mJ(O[V7 ﬁ)kj(a)a7
5358+mk(8)a(@) = o+ mk(B)a

for m € Z.

If € Il.(a), then Z > J((2a)", B) = J(O‘Tv’g) Hence, if g(a) # 0, then a € I1Z, which
implies the axiom (2).

Let a € TI8. Assume g(a) # 0. Let n € Z be such that 2a + nk(a)a € R(k, g). Then

SaSatk(a)a(20 + nk(a)a) = 2a + (n F 4)k(a)a
and
SaS2atnk()a(200 + nk(a)a) = 20 — nk(a)a.
Hence g(a) = Z, 27, 27+ 1, AZ or 47 + 2. Let § € II.(«). Then
$358+mk(B)a(200 + nk(a)a) = 20+ (nk(a) — 2mk(5))a
Hence g(«o) = Z, 2Z or 2Z + 1 if k(5) = k(). Moreover
SaS2a+nk(a)a(f +mk(B)a) = B+ (mk(B) —nk(a))a.

Hence g(a) = 27Z, 4Z or 4Z+2 if k() = 2k(«). This implies the axiom (3) and completes
the proof. 0

Converse of Lemma 1.5 shall be given in Theorem 2.2.
If D&, a,k,0) is a QEBS, i.e., g = 0, then it is called an special QEBS (SQEBS for
short).

1.3 Elliptic root systems

Keep the notation in §1. Notice that [ > 2. For a subset S of £, let S+ := {z € &|Vy €
S, J(z,y) = 0}. Following [S], we say that a subset R of £ is an elliptic root system (ERS
for short) of rank [ if it satisfies the following.

(1.3) Va, Vy € RR, J(z,2)J(y.y) € Ry,



(1.4) dim¢(CRN RY) = 2,

(1.5) dime¢ CR = [ 4 2 = rank;ZR,
(1.6) Va € R, so(R) =R,
(1.7) Vo, VB € R, J(a",3) € Z,

(1.8) If R= Ry URy, Ry C (Ry)* for some Ry, Ry C R, then Ry # () or Ry # 0,

where R, = {z € R|z > 0}.

Let R be an ERS. We call the £ for the R the base space. A one dimensional subspace
G of CRN R* is called a marking line if GNZR # {0}. The pair (R, G) is called a marked
elliptic root system (MERS for short). An MERS (R, G) is called a reduced marked elliptic
root system (RMERS for short) if

(1.9) Va, VB ER, 2a— 3¢ G.

By [S], we have the following.

Theorem 1.1 ((6.4) of [S]). If (R,G) be an RMERS, then there exists an SQEBS
D(E, 1, a,k,0) such that R = R(k,0), G = Ca and £ is the base space of R. If
D(E, 1, a, k,0) is an SQEBS, then (R(k,0),Ca) is an RMERS; in particular, D(E,11, a, k,0)
1s an EBS.

In [S], we do not need the assumption [ > 2 for Theorem 1.1.

Theorem 1.2. (1) If D is an EBS, then (R(k,g),Ca) is an MERS.
(2) Let (R,G) be an MERS. Then there exists an EBS D such that R = R(k,g),
G = Ca and & is the base space of R.

Proof. The statement (1) is clear. We prove the statement (2). Let
R :={ac R|%§é R+G}.
Let R”:= R\ R'. We have

1
(1.10) SR CR+G



because, if o € R” is such that § ¢ (R’ + G), then $ € R+ G and J(o¥,%) = 5 ¢ Z,
contradiction.

We show
(1.11) 7R = 7ZR.

Clearly ZR' C ZR holds. Let g € R". By (1.10), f = 2a + x for some o € R’ and some
x € G. Notice that

(1.12) Vy€R, 0,(R)=R and o,(R")=R".

It follows that R’ 3 0,03(a) = 04(a — ) = —a — (8 —4a) = 3o — f = a — x. Hence
x € ZR'. Hence ZR C ZR', as desired.

By (1.11), we see that (R',G) is an RMERS whose base space is £. By Theorem 1.1,
there exists an SQEBS D(&,11, a, k,0) such that R(k,0) = R and G = Ca. It follows

from Lemma 1.4 that
(1.13) (a+G)NR=(a+G)NR =(a+G)NR(K0) =a+Zk(a)a
for a € I1. To complete the proof, it suffices to show that

Va eIl, R' N (2a+ G) C 2a + Zk(a)a.

Let € R"N(2a+ G). Let x := 8 — 2a. Then o,05(e) = 3a — f = o — z. By (1.13),
we have © € Zk(a)a, as desired. O

2 Elliptic algebras and superalgebras

2.1 Definition with generators and relations

Let D be a QEBS with [ > 2. For o € 11, let

|2 ifgla)=Zor2Z+1,
cla) := { 1 otherwise,

and let
a" =c(a)a+ k(a)a € E.
For o € R(k, g), let

|1 if2a € R(k,g),
pla) = { 0 otherwise.



Let

A= {(@,B,y) € I x T x N|a # B, J(a, 8) £ 0, k(a)y = k(B)}.
Let

B:= U{a, —a, o, —a*}.

a€ll

For u, v € R(k,g) with v # u, let

N 1—Jp,v) ifp,veB, p#vand J(u',v) <0,
S () if u, ve B, u#vand J(u",v) > 0.

Keep the notation as above. Let gp = gp(e m,a,k,g) be the Lie superalgebra defined by
generators

(2.1) he(c €&),E, (1 e B)
with parities
(2.2) p(he) =0, p(Ey) = p(p)

and defining relations

( xhy + yhy = Rugyyr ifx,ye Cand o, 7 €&,
[heyhr] =0 ifo, 7 €€,
he, B, = J(o,10)E, if c € £ and p € B,
(B, E_] = hy if peB,

(2.3) (adE,)* E, =0 if p, v e Band p # v,
c(a)(adE,- )Y Es = (adE, )Y Eg. if (o, B,y) € A,
d(a)(adE_ o )YE 5 = (adE_,)“WE 4 if (a,8,y) € A,

(adE,) (adEy )Y Eg =0 if (a, B,y) € Aand 1 <i<y—1,
[ (adE_,)"(adE_n- )V "E_3 =0 if (a, B,y) € Aand 1 <i<y—1,

where (o) = (—1)%®*¢(a).
For p € &, let gp, = {X € gp|Vhy, [ho, X]| = J(o,)X}. Define the sub Lie
superalgebra hp of gp by hp := {h, € gpolo € E}.

Lemma 2.1. Keep the notation as above. Then h, # 0 for o € £\ {0}. In particular,

Proof of the lemma shall be given in Subsec. 4.2.
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2.2 Main theorem
We see that there exists a unique § € Z, 11 such that
75 = {\ € ZII|J (A, \) = 0}.
Let Z* :=7Z*\ {(0,0)}.
Theorem 2.1. Let D =D(E,11,a,k,g) be a QEBS with | > 2. Then we have

gp = bp @( & QD,V> EB( & gD,m5+na)-

veR(k,g) (m,n)€Z2’
Moreover hp = gpo, and dimgp, =1 for all « € R(k, g).

Proof of the theorem shall be given in Subsec. 3.2.

From now until the end of Subsec. 2.2, we suppose that we have proved Theorem 2.1.
Let v € R(k,g). Let E', € gp 1, be such that [E], E’ | = h,v. By Theorem 2.1, E’,,
are locally nilpotent. Hence we can define n, € Aut(gp) by

(24) = expadFE! expad(—F’ ) expadF if p(v)
A= exptad (L, B exp(ad (B, B J) exp(bad[E, ELJ) it p(v)

—)

0,
1.

Theorem 2.2. Let D be a PEBS with | > 2. Then D is an EBS if and only if it is a
QFEBS.

Proof. The ‘only-if’-part follows from Lemma 1.5. Here we only prove the ‘if’-part.
Recall n, (v € R(k,g)) from (2.4). Notice that n,(gp ) = gp.s, (). Then, by Theorem 2.1,
we see that D is an EBS. 0J

3 Proof of Theorem 2.1

In this section, we suppose that we have proved Lemma 2.1.

3.1 Rank one and two subsystems

Let S be a finite subset of R(k, g). Assume that the elements of S are linearly independent
and that the square matrix Ag := (J(a",3))apes is an affine type generalized Cartan
matrix in the sense of [K1, §4.8]. Then we call the S the affine type subset of R(k,g). Let



EWs be the subgroup of GL(E) generated by s, (u € S). Let $°4 := {a € S|p(a) = 1}
and let

R(k,g)® = U w( U {a}U U {a,2a}>.

weEWs aeS\Sodd aggodd

Then we see that R(k, g)S is the affine type (real) root system with the base S; R(k, g)S
is reduced if and only if S°4 = (). For the pair (Ag, S°%) of the above Ag and S°4, we
define the the Dynkin diagram I'(Ag, $°4) in the same manner as in [K2]. If ['(Ag, S°49)
is called X in the tables [K2, Tables 1-4], we say that the name of S is X. The following
two lemmas follow from Lemma 1.4 and the well-known fact [M, Appendixes 1-2].

Lemma 3.1. Let D be a QEBS with | > 2. Let o € II. Then {«, —a*} is an affine type
subset of R(k, g), and we have R(k, g),, = R<k’g){a,—a*}_

The name X of the {a, —a*} is given in the Table below.

gla)| 0 2Z+1 Z 27 47+ 2 AZ
X AT AP BO©O,1) c®@2) AD(0,2) AD(0,2)
TABLE 1

Lemma 3.2. Let D be a QEBS with | > 2. Let o, 8 € I be such that J(a, ") = —1.
Let

sa(—03%)  ifk(a) =k(B), 1 < —J(",8) <2 and g(a) =0 or 2Z,
(3.1) = spsa(—0%) if J(aV,5) = =3 and k(a) = k(B),
' ' sasp(—a®) if k(o) = k(B),
sg(—a*)  otherwise.

Then {c, B,~} is an affine subset of R(k,g) and we have R(k, g) R(k, g)\*?7,

{8} =
The name Y of the {a, 3,7} is given in the following table.
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Y g J(a”,B) k(B)/k() g(a)
A sa-p) - 1 0
cV Sa(— %) —2 1 0
G sgSa(—0%) -3 1 0
D sg(—a*) -2 2 0
Df) SaSp(—a) -3 3 0
AP sg(—a) —2 1 2 + 1

BM(0,2) | sp(—a”) —2 1 Z
AP(0,3) | so(—3%) —2 1 27.
CA(3) | sz(—a*) —2 2 27,
AD(0,4) | sz(—a) —2 2 A7+ 2 or AZ
TABLE 2

3.2 Embedded rank two affine (super)algebras

Let D be a QEBS with [ > 2. For p € B, we define n, € Aut(gp) in the same way as in
(2.4) with E., in place of E .

Lemma 3.3. Keep the notation as in Lemma 3.2. Let S :={«, 3,~v}. If v is defined as
Sy Sy, (—p*) in (3.1), we let

(3.2) Eryi=mny -y, (Egpe).

Then we have

(3.3) { (adEip)l_J(uv7V)Eiu =0 ifp, veS withu#v,

Eu, E_)] = duhyy if u, ves.

Proof. If the name of S is neither A% nor B(0,2)®, the equalities (3.3) is proved in
a similar way to [Ya2, §2.3]. We assume that the name of S is AY or B(0,2)®). It is

clear that [E,, E_,] = hg,(—(a*)v) = hyv. We have
E’Y = nﬁ<E*a*) = 271[E*ﬁ7 [E,g, E*a*]] = 471[E757 [E*aa [E*OM E*ﬁ*m'
It is clear that [E,, E_s] = 0 and (adEj)*E, = 0. We have
[E’w E,a] = 471[[E75’ E,a], [E,a, [E*a’ E*B*m
= 27 (B, E_o], [E—5, E_o-]]
= —2717115([[E_g, E—a]v E—a*]
= _2_1n5([[E—ﬁ7 E_a*], E—a])
= 4" ng([[E-a, [B-a, E_p]], E-a]) = 0
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and

By, Ed] = 4B A(-1)"YQ2+ J(a", ) + J(”, B)}[E-a, B-p-]]
= _2_1[E—ﬁ> [E—a, E_p]]
(B BB,
= —4"'na([E_p, [E—q, [E—a, E_p]]])
2 (B, [, Eooe])) = 0.

Thus we get the equalities (3.3); the other equalities than the above ones can be proved
similarly. ([l

For a subset S of II, let g3 be the subalgebra of gp generated by h, (¢ € £) and E,,,
E_,,Ep, E_y (neS). Forve&, let g3, = g3 Ngp,. Let mg := min{k(a)|a € S}.

Lemma 3.4. Let D be a QEBS with | > 2. Let S be a subset of 11 such that |S| =1 or
2. Then we have

(34) =00 P( D 5.)D( B b))

XeR(k.g)s neZ\{0}
Moreover we have dim g%)\ =1 for A € R(k,g)s. Furthermore

(3.5) 0 mea = 050 B abd

if § =A{a, 5}

Proof. We first assume |S| =1 and S = {a}. Recall the affine subset 7" := {«a, —a*}
from Lemma 3.1. It follows from Lemma 2.1 that E,, # 0 for p € T, since [E,, E_,| =
h,v # 0. Since Ey,, (1 € T') satisty the Serre relations (see (2.3)), the lemma follows from
the well-known argument [K1, Corollary 5.12] (see also [K2, Proposition 1.6]).

Assume |S| =2, and S = {a, 8}. If J(8Y, ) = 0, the lemma follows from the same
argument as above. Assume J(3Y,a) = —1. Recall v and E., from Lemma 3.3. Let

U :={«a,B,7}. We have E, € g3 since Ex, = n,, ---n,, Ex,. Let gg]) be the sub Lie

superalgebra of g3 generated by hp and Ei, (w € U). Then Ei,: = n,t--on,'Ee, €

g(DU) Let p € {a, B} be such that p # u (see Lemma 3.2 for ). By the sixth and seventh

equalities of (2.3), we have n,FEy, = n,FEy, Hence Ei, = n;lnH*Eip € g(DU). Hence

gg]) = g3. By Lemma 3.3, Fi, (w € U) satisfy the Serre relations (3.3). Using the
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well-known argument [K1, Corollary 5.12] again, we have (3.4) for the S. The equality
(3.5) follows from the fact that

(36) (Zia + Z:Fﬁ + Za) N R(k?, g)g = @,

and that g3 is generated by ggﬁ (A € R(k,g){a}) and g{Dﬁj (v € R(k,9)¢s) (See also
Lemma 1.4). This completes the proof. 0

Keep the notation as above. Let S be a subset of II. Let EFDg := ZS + Zmga. Define
the subsets of EDg and EDg_ of EDg by EDgy := (Z+S + Zmga) \ Zmga. Define

the sub Lie superalgebras n%Jr, n%_ [%Jr and [%_ of g3 by

St s
Up = @ 9D.A

AEEQs &

and

S, .
[D = @ g%,nmsa :
neZ4\{0}

Lemma 3.5. Keep the notation as above. Then the following hold.

(1) g =n3 o ohpaly any .

(2) n%+ (respectively, [%+, [%’7 or n%f) is generated by ng)‘}’Jr (respectively,
b= or 0l ) with a € 3.

(3) dimg , =1 for A € R(k,g)ay if & € I1.

IS

Proof. If |S| = 1 or 2, the lemma follows from Lemma 3.4. Assume |S| > 3. From
Lemma 3.4 and (3.6) when J(aY,3) # 0, or from the defining relations (2.3) when
J(aV,3) =0, it follows that

al,+ s
= nH] = {0}

and
(et g dod ™ nlhE) gl
for a;, § € II with o # 3. Then the lemma follows from this fact and Lemma 2.1. O
Proof of Theorem 2.1. The theorem follows from Lemmas 1.3, 1.4 and 3.5. 0
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4 Proof of Lemma 2.1

4.1 An affine Lie superalgebra

Here we first recall the definition of the contragredient Lie superalgebras. Let I be a
finite set. Let I°% be a subset of I. Define a map p: I — {0,1} by p(i) = 1 (i € I°%9)
and p(j) = 0 (j € I\ I°™). Let A := (ay);jer be an I x I matrix. Let $ be the
2|I|-dimensional C-vector space. Let * be the dual space of §. Let {a;, % (i € I)}
be a basis of . Let {h;, #;(i € I)} be a basis of §*. We assume that a;(h;) = aj;,
a;(t;) = 7i(h;) = 6; and %;(t;) = 0. Let II := {@; (i € I)}. Let IV := {h; (i € I)}. For
the datum D := (A I,1°4 11,11V), we define a Lie superalgebra &/, := &'(A, I°%) by
generators

with parities

and defining relations

[h/ h/] [hl t/] [tl t/] —

177 1779 17 7]

Fg,’ %/,]} _ ?yil 8, Bl = 5 o) (b Fj] = —ay Fy L [, Fj] = =0,
gl T

Let $' be the subalgebra of @5’ generated by A}, t.. Let t be the ideal of @5’ which is
maximal among the ones v/ such that ¥ N 9 = {O} We denote by &5 = @(A [049)
the quotient Lie superalgebra &' ’»/t. In this paper, we call the &5 the contragredient Lie
superalgebra. Let 7 : &5 — (’5D be a natural projective map. Notice that dim7($’) =
2|I|. By abuse of notatlon we shall also denote 7(9'), ©(h}) and 7(#}) by $, h; and #;,
respectively. We shall also denote 7r(E' ) and 7(F}) by E; and F}, respectively.

Keep the notation as above. Let IP* := {i € Ila; # 0}. Let ™! := '\ I?* Define
the square matrix AP by AP := (ay;); jcfos. We say that D is an handy datum if the
following hold.

(1) If [IP%| < |I|, then AP is a finite-type generalized Cartan matrix; AP° may be
not necessarily irreducible.

(2) If [IP| = ||, A is an affine type generalized Cartan matrix.

(3) If i, j € I"™ with i # j, then (a@;;,a;;) = (0,0), (2,2).

(4) If i € [P and j € I™" then (a;;,a;;) = (0,0), (—1,—1) or (—1,—2).
(5) jnull C jodd‘

(6) Ifi e I_pos N I_Odd andj S ]_null’ then ELij = dji =0.
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(7) If i € [P N [°9 and j € [P°*\ {i}, then |a;;| > |a;;| and @;; = —2 or —4.

(8) If i € I™U then there exists a unique j € /™! such that i # j and a;; # 0.

(9) There exists a nondegenerate symmetric form J © 9" x H* — C such that
J(a;,a;) = 0 if and only if @; = 0, and such that J(al,a]) = b 'ay, J(3i,a;) = b; 16,
J(%i,%;) = 0, where b; := 2/J(&;, &;) if @;; # 0; and, otherwise, b; := 1

For o € %, let hy € § be such that 7(h,) = J(7,0) for all 7 € $*. Then h; = b;hq,
and t_z = bzh:ﬁ

Lemma 4.1. Let D be a handy datum. Then the following hold for &(A, I°%9).

(1) (adE;)'" % E; = 0 fori € IP* and j € I\ {i}.

(2) [Ei, Ej] =0 z'f a;; = 0. In particular it follows that if a; = 0, then [E;, E;] =0 and
(adE; )2X =0 for any homogeneous element X of &.

(3) [Ej, [[EZ,E] En]] =0 ifaj; = 0 and —a;; = Gjpm # 0.

(4) [[Ei, Ej], Ew] = [[Ei, En), E}] if @i = 2, @j; = Gmm = 0, Gj; = Gm; = —1 and
G = 2.

(5) The same formulas as (1)-(4) with F;’s in place of E;’s hold.

(6) There exists an invariant form J : & x & — C such that J(hg, h,) = J(o,7). (By
abuse of notation, we use the same symbol J for the bilinear forms on & and H*.)

See [Yal, Proposition 6.7.1] for the proof.
Let D be an handy datum. Let C[t,¢7!] be the Laurent polynomial algebra. Let
£(D) := (A, I*) @ C[t,t '] & Cv & Cuw.

We view £(D) as a Lie superalgebra in the following way. The parity of X ® t" is the
same as the one of X for a homogeneous element X of B(A, I°4); the parities of v and
w are 0. The Lie super bracket of £(D) is given by

(X @t™ + a1+ bjw, Y @t" + asv + byw]
= [X,Y] @ """ + mbynod (X, Y )0+ bnY @ " — bymX @ ™.

for homogeneous elements X, Y of B (A, I°M). We shall also denote by J the invariant
form on £(D) defined by

j(X X tm + a1v + blw, Y X t" + asv + bQ"LU) = (5m+n70j(X, Y) + ale —+ blag.
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4.2 Unfolding
Let D be a QEBS with [ > 2. We define a map kY : II — {1,2, 3,4} by the following.

(1) If J(8Y, ) = —1 and g(«) = 0 or Z, then kY () = %kv(ﬁ).

(2) If J(¥, 8) = =2, k(a) = 2k(B) and g(«a) = 2Z, then kY(a) = 2kY ().

(3) If J(a¥,B) = =2, k(a) = k() and g(a) = 2Z + 1 or 2Z, then kY («) = kY(8) = 2.
(4) If J(a¥,8) = —2 and g(«) = 4Z or 4Z + 2, then kY(a) = 3 and kY (5) = 2.

(5) kY(a) = 4kY(pP) if and only if 4k(a) = k(5).

For the above D, we define a handy datum Dp = (Ap, Ip, I3 Tp, I1}) in the following
way. Let

Ip = {(a,7) €I x {1,2,3,4}]1 <z < kY(a)}.

We define a square matrix Ap = (G(a.x),s, ) (a2),(B.y)elp 10 the following way.

(1) If J(a,8) =0, then aaz),5,y) = 0.

(2) Let @ € II. If g(a) = 0 or Z then Qo) (ay) = 20ay. If g(a) = 2Z + 1, then
a,z),(ay) = 3(Sxy — 1. If g( ) = 27, then Aaz),(ay) = 2 — 2(59[;?/. If g(a) = 47 or
AZ + 2, then A1) (a,1) = G(a,3),(03) = fa1),(@2) = Aa2) (@) = 0; 8(a2)(0:2) = Q) (03) =
A(a,3), (1) = 2 Ua,2) (,3) = —1 a0d G(a3),(a2) = —2

(3) Assume J(BY,a) = —1. Then

~

(B, B
(0,0) if k() =4, kY(B) =2 and = —y ¢ 27,
(0,0) if £(8) < k¥(a) < 2k¥(8) and 7 # y,
= (—2, —1) if 2 < kv(a) <3, ]CV( ) =2 O(a,z),(a,z) = 0 and z =y,
(—1,-1) if g(a) =2Z + 1 and =z =y,
( [e%

Ma) 7(a¥,3),—1) otherwise.

Lemma 4.2. Let D be a QEBS with | > 2. Then there exists a unique homomorphism
7p : gp — L£(Dp) satisfying the following properties:

(i)
Yot Baa) if g(a) =0, Z or 22,
o (Ean) = V2(Eia1) + Exag) if g(a) =27+ 1,
“ V2E4 (a2 £ \/—[E:t(al Eiws) ifgla)=4Z+2,
Eia1) £ [Bias)s Eiao) if g(a) = 4Z,
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WD(Eia*)

( Zg]z\/(oz) exp(iﬂ—\/__l(ij\/_(i)_k\/(a)))E_ii(a,x) ® k(@) ifg(a) — 0 or 27,
41 Z’; (101) eXp( w\/—_l(ijv—(l)—k (a)))[Ei(a,x)a Ei(a,x)] ® tEk(@) ifg(a) ~7,
- —V=1[Ex() E:t(a 9] @ £ if () =2Z + 1,
(Bx(an) + V=1[Ex(a3), Fra]) @ t* if g(o) =47 + 2,
\ \/E(Ei(az) + Y2 [Eia1), Bray)) @ 1 if g(a) = 4Z,

(ii) There exists an € C\ {0} such that J(rp(h,), mp(h,)) = &J(u,v) for u, v € B.

(iii) 7o (ha) = Kv, o (ha,) = w and 7p(ha,) = Si™ Ta.
In particular, 7p(hy) # 0 for allo € €.

This can be proved directly by using Lemma 4.1.
Proof of Lemma 2.1. The lemma follows immediately from Lemma 4.2. ([l

Keep the notation as in Lemma 4.2. We shall also denote by J the invariant form on
gp defined by %J :

5 Invariant form and central extension

5.1 Invariant form and a universal property

Let D be a QEBS with [ > 2. Following the notation in [S], we say that D is A" if
the (I+1) x (I + 1)-matrix A = (J(a", 5))apen is Al(l) (see also Subsec. 1.1 for the name
Al(l)). Notice that if D is Al(l’l), then p(a) =0 and g(«) = 0 for all « € II.

Theorem 5.1. Let D be a QEBS with | > 2. Assume that D is not Al(l’l). Let g, be a
Lie superalgebra satisfying the following conditions.

(1) g includes hp as a subalgebra.

(2)
g,D:bD@< @ 9/I>,u>@( @ gDm&-ﬁ-na)a

veR(k,g) (m,n)€Z2’

and dimgp, , = 1 for v € R(k, g), where gp , := [X € gpl|[h, X] = o(h)X (h € bp)].
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(8) There exists an invariant form J' on gy such that J'(hy, h,) = J'(0,7) (0, T €E)
and such that Ker J' C @D, yez2 9D ms-+na-

Then there exists an epimorphism 0 : gp, — @p, such that n(h,) = hy (0 € &) and
J'o(nxmn)=J.

Proof. Using the same argument as in [K1, Theorem 2.2], we can choose non-zero
elements £}, of g, (v € R(k,g)) so that they, together with h,’s, satisfy the relations
(2.3). Then the theorem follows from Theorem 2.1. O

Corollary 5.1. Let D =D(&,11,a,k,g) be a QEBS with | > 2. Assume that g(ap) = 47Z.
Let D' =D(E,11,a,k,g') be the QEBS obtained from the D by replacing g by g such that
g (o) = 4Z + 2 and ¢'(oy) = g(ay) (1 < @ < 1). Then there exists an isomorphism
§:9p — gpr such that {(hg,) = hag E(ha,) = ha, (1 <10 <1), E(ha) = ha, E(ha,) = ha,
and £(ha,) = ha,-a,.

This can be proved easily by using Theorem 5.1.

5.2 A Lie algebra with the quantum tori

Here we recall a Lie algebra studied in [BGK]. Let ¢ € C\ {0}. Let C, = C,[s*!,t*!]
be the C-algebra defined by generators s*!, ¢! and defining relations ts = gst. Let
M;41(C,) be the C,-algebra of the (I + 1) x (I 4+ 1)-matrices over C,. Let M;41(C,) :=
M;11(C,) @ Ccy @ Cey @ Cdy & Cdy. We regard I\A/IZH((CQ) as a C-Lie algebra by

[8961 2 Eij , gYL¢y2 Emn]

S$1+y1ta¢2+y2 (5jmq1’2y1 Em _ 5mq$1y2Emj) + 5x1+y1705x2+y2’0q$2y1 (fElCl + :13202)
and
[Ci,letzQEmn] = 0, [d“ SmlthEmn] = $inItI2Emn, [Ci,Cj] = [Ci,dj] = [dz,d]] = 0

We define an symmetric invariant form J, on ﬂ\/IHl( q) by J (s B, V2 Eyy) =

)
Oz +41,0025 4,002, Jg(87%2 By, ;) = Jo(s" 8" Eyj, d;) = 0, Jy(ciy ) = Jo(di, dj) = 0 and
Jo(ci dj) = 0.
Let D be Al(l’l). Let g%, be the Lie algebra defined be the generators (2.1) and the
defining relations obtained from the ones (2.3) by replacing [Eias, Fia)] = [Fiag; Etar]

with

¢ EBiag, Bra)] = [Frag, Prar)-
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Then there exists a unique homomorphism 7% : g% — M;,,(C,) such that 7% (E,,)
Eiiv1, 75 (Ear) = tEjp1, 7h(E_q,) = Eit1i, TH(E_or) =t ' Eiy; (1 <i <), 1h(Eq,)
sEi11, mh(Ear) = stEi, mh(E_oy) = s ' Eyg, mH(E_ar) = qs 't Eygy, 75 (hay)
di and 7h(ha,) = do. We see that similar results to Theorems 2.1 and 5.1 also hold for
g5 with 7.

5.3 Central extension

We first recall the definition of the universal central extension of a Lie superalgebra. See
[TK] for more detail. Let a = ag®a; be a Lie superalgebra. Let Der(a) = [a, a]. We say that
a is perfect if Der(a) = a. We say that a Lie superalgebra epimorphism P : u = up®u; — a
is a central extension if [ker P,u] = {0} and ker P = (uy Nker P) @ (u; Nker P) (we do
not assume ker P C uy). We say that a central extension V' : u — a is universal if
u = Der(u) and if for any central extension W : b — a, there exists a homomorphism
M :u — b such that W o M = V. Notice that if P : u — a is a central extension
and if z, y € a are homogeneous elements, then there exists a unique z € u such that
z € [P7*({z}), P7*({y})]; we denote the z by N(P, z,y). Notice that if x € a; and y € a;,
then N (P, z,y) € u;4;.
In this subsection, the following easy lemma is also necessary.

Lemma 5.1. Let a = ap®ay be a Lie superalgebra such that a = Der(a)®Ck,;®- - -®Ck,,
ki € ag, [ki.k;] = 0, and Der(a) = @yecnd,, where a, = {X € Der(a)|[k;, X] = ©; X}.
Assume that a is presented by generators k; (1 < i < n) a, € Der(a) (p € P) with
a, € u;(p) for some x(p) = (z(p)1,...,2(p)n) € C* and defining relations f; =0 (t€T)
and [k;,a,] = x(p)iay, [ki.k;j] = 0, where fi’s are assumed to be expressed only by the
elements a, (p € P). Then Der(a) is also presented by the generators a, (p € P) and the
defining relations f; =0 (te€T).

Proof. Let ¢ := Cky & --- & Ck,. Let b be the Lie superalgebra generated by the
generators b, (p € P) and the defining relations g, = 0 (¢t € T'), where g¢; is expressed
by replacing a, of f, with b,. Let b, = {Y € b|[k;,Y] = 2;Y} for x € C*. Then
b = @pecnb,. We can define a Lie superalgebra @ = b @ ¢ by [b+ > yiki, 0 + > yiki] =
0,0+ O yixl)t — (O yiwi)b. We see that there exists an isomorphism ® : 9 — a such
that ®(b,) = a, and ®(k;) = k;. O

Lemma 5.2. Keep the notation as in Lemma 3.2. Let S := {a,} and T := S U {v}.
Then Der(g3) is isomorphic to the contragredient Lie superalgebra Der(&(Ar, T°)).

Proof. Recall from the proof of Lemma 3.4 that the generators E,, (w € T') of Der(g3)
satisfy the Serre relations (see also (3.3)). It is well-known that Der(&(Ap, T°4)) is pre-
sented by the Chevalley generators and the Serre relations (see also Lemma 5.1), which
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is shown by the same argument as that for the Gabber-Kac theorem. Hence there ex-
ists an epimorphism 6 : Der(&(Ar, 7°)) — Der(g). By Lemma 3.4, we see that
dim(hp N Der(g3)) = 3 = dim($ N Der(& (A, T°))). By this fact and by the definition
of &(Arp, T°) (see Subsec. 4.1), we see that the 6 is an isomorphism. O

Let D be a QEBS with [ > 2. Recall the homomorphism 7p : gp — £(Dp) from
Lemma 4.2. Let w : Immp — Imnp/7mp(Chs @ Ch,) be the natural projective map. For a
subset S of I1, let p32, := (wwomp)(Der(g3)), and define the epimorphism og : Der(g3) — p3

by 0s = (w o WD)\Der(gD)

Lemma 5.3. Keep the notation as above. Assume that S = {«, 5} and J(a,3Y) = —1.
Then os is a universal central extension.

Proof. Let f : b — p3 be a central extension. Recall T = S U {} from Lemma 5.2.
For ju € T let . = N(f,06(E,),0s(E-,). and Bl = N(f,0s(Ebh,). s(Esy).
Let p, v € T. We see that [/, Ey ] = [h,, 227" quiuH +271n!,, [h’v,Eiy]] =
+27 1 J(uY, +v)[h, By = J(uY,+v)E,. Similarly we have [hLv, 'v] = 0. Assume
i # v. Then we have 0 = [vh,v + yh,v,[E,, E' ]| = J(zp’ +yv¥, p — v)[E,, £’ ] for
r,y € C. Hence [E],E" | = 0. Similarly we have (adE;EH)lfJ(“v”’)EQEV = 0. Then the
lemma follows from Lemma 5.2. U

Theorem 5.2. Let D be a QEBS with | > 2. Then on : Der(gp) — pB is the universal
centml extension. (In particular, if g(a) = 0 for all o« € I and if the Cartan matriz A
18 X for some X = A, ..., G, then Der(gp) is the toroidal Lie algebra in the sense of
[MEY/ )

Proof. Let f : b — p2 be a central extension. For a € 11, let b, := N(f, on(E.), on(E_

h/ Vo= N(f, on(Ea), on(E-ox)], B, = N(f, Qn(i%hav)a on(Eq)]
and E’ia* = N(f, Qn(imhav),QH(Eia*)].

Let «, § € II be such that J(a, ) = —1. Let S = {a,3}. By Lemma 5.3, there
exists a homomorphism gg : Der(g3) — f~*(p5) such that og = f o gs. Then we have

(51) h,/u\/ = gs(huv), E;:# = gS(E:tu)
for p € {«, B, a*, 5*}. Then the elements of (5.1) satisfy the equalities (2.3).
Let a, B € II be such that J(«, ) = 0. Let p € {+a, +a*} and v € {£3,£5*}. Let
¢ € C be such that J(a", p) +eJ(6Y,v) # 0. Then we have
0 = [hy +ehy,[E,, E]

[[h/ v+ €hﬂv, E;L], Ez//] + [E;” [h/av + 5h/ﬁv, Ellj]]

= [[hov, E L E)) + [E, [ehie, E]]

= (J(a" p) +eJ(B",v))E,, E].
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Hence we have

(5.2) £, E,] =0.
Using (5.2), we have [h,,v, E,] =0, [hjv, E}] = 0 and [h,v, hjv] = 0.

By the above argument and by Lemma 5.1, we see that there exists a homomorphism
Y : Der(gp) — b such that f o = gp. O

Notice that if D is Al(l’l), a similar result to Theorem 5.2 also holds for g%, with 77,
(see also Subsec. 4.3).
6 Elliptic root base

Let D = D(&,11,a,k,g) be a QEBS with [ > 2. Here by extending the notion given
in [S], we introduce an elliptic root basis of R(k,g) for the D. Recall 6 € Z,II from

Subsec. 2.2. For a € II, let x, € Z (o € II) be the coefficient of §, i.e., 6 = > g zacn.
Let m,, = % Let Mupax := max{my|a € I} and I, = {«@ € I|ma = Mpax}-

For a subset S of II, let S* := {a*|a € S}. Let I'(R,G) := [TUIL;, . (where R and G
denote R(k, g) and Ca respectively). We call the I'(R, G) the elliptic root basis of R(k,g).
For a subset S of II, let I'(R, G; S) :=T'(R,G) N (S U S*). Recall the Lie superalgebra gp

from Subsec. 2.1.

Theorem 6.1. Let D be a QEBS with | > 2. Then the Lie superalgebra gp can also
presented by the generators

(6.1) ho (0 € E),E,, E_,(n € T(R,Q))
with the same parities as (2.2) and the following relations.

(6.2)

The same relations as the ones among those in (2.3) expressed
only by the same symbols as in (6.1),

(63)  [Etar, [Fia, Bxgll = 0, if (R, G; {a, 8}) = {a, 0", B} and 5573 = c(a),

(6.4) [Eiar, [Era, Eigl] = [Etar, E1gl, [Eta, Exsl] = OV,

' if T(R,G;{a, B}) = {o, 0", B}, g(a) = 0 and 5555 = 2 or 3,
(6.5) { [(adE1p)~/# ) By, (ad Bage) (VN EL ] =0,

' if '(R,Gi{a, B, 7}) = {a, 3, 5,7}

This can be proved by the same argument as that for [Ya2, Theorem 4.1].
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Appendix

As mentioned in the text, especially in Theorem 1.1, K. Saito [S] (see also [SY]) intro-
duced the notion of the ERS, and showed that every RMERS is realized as the R(k,0) for
some SEBS D(E,11, a, k,0). However, there exists a reduced ERS which is not realized as
RMERS. As mentioned in Introduction, the authors of [AABGP] introduced the notion
of extended affine root systems (EARS for short), which is different from the SEARS’s
introduced in [S]. It is known (see [A]) that there exists a natural one-to-one correspon-
dence between the reduced SEARS’s and the EARS’s. Here we also use the terminology
and notation in [AABGP, Construction 2.32 and Theorem 2.37]. By Theorems 1.2 and
2.2, we see that if an EARS has the nullity equal to two and 4 < dim V), the corresponding
reduced ERS is realized as R(k, g) for some QEBS D = D(&,11, a, k, g) with g(a) = () or
2Z + 1 (a € II). Let D be a QEBS with [ > 2 such that the name of A(= Ap) is Dﬁ)l.
We may assume that there exists ¢; € £ (1 <1 <) such that J(g;,&;) = 0;j, ap = 6 — €1,
a;=¢e;—¢ei1 (2<i<[—1)and o = ¢;. Then the corresponding EARS is R(X, S, L, F)
is such that

X — Bl if g(Oéo) = g(CYl) = @
BC; otherwise,

and S = ((2Z+1)d + Zk(ap)a) U (2Z5 + Zk()a)), L = 225+ Zk(o;)a (2 <i < [—1) and
E = ((4Z+2)6+g(ap)a)U(4Z+g(ay)a)). Here if g(ag) = 0, then (4Z+2)0+g(a)a) = 0;
if g(ag) = 0, then (4Z + 2)d + g(ay)a) = (). Strictly saying, if E = 0, then R(X,S, L, E)
is denoted as R(X, S, L).
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