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Abstract
In this paper, we introduce a class of Lie superalgebras g, defined
with generators and relations. We show that non-isotropic roots of
our Lie superalgebra g form a non-reduced elliptic root system R of
rank > 2 in the sense of K. Saito [10]. We also show that g is maximal
among Lie superalgebras associated with R.
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Introduction

In 1985, K. Saito [10] introduced the notion of n-extended affine root sys-
tems. If n = 0 (respectively, n = 1), it is an irreducible finite root system
(respectively, an affine root system). In [10], he also intensively studied 2-
extended affine root systems, which are now called elliptic root systems (see
[11]). Since then, various attempts have been made to construct Lie algebras
whose non-isotropic roots form those root systems. Among them are toroidal
Lie algebras [9] and extended affine Lie algebras [1]. See [12, Introduction]
for the history.

In 2000, K. Saito and D. Yoshii [12] constructed Lie algebras by using
the Borcherds lattice vertex algebras, called them simply-laced elliptic Lie
algebras and showed that they are isomorphic to the AD E-type (2-variable)
toroidal Lie algebras of rank > 2. They also gave two other definitions for
their Lie algebras. One uses generators and relations. The other uses (affine-
type) Heisenberg Lie algebras; this was generalized by D. Yoshii [16] in order
to define Lie algebras associated with the reduced elliptic root systems, and
he called them elliptic Lie algebras. In 2004, the author [15] gave defining
relations of the elliptic Lie algebras of rank > 2 (see also Remark 1.1).
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In this paper, we introduce a class of Lie superalgebras g. We also show
that non-isotropic roots of g form a non-reduced elliptic root system R (see
Theorem 1.1 (1)). Moreover, we show mazimality of g, which means that
there exists a natural epimorphism f : g — ¢’ if the non-isotropic roots of a
Lie superalgebra g’ form R (see Theorem 1.1 (3)).

We point out that our defining relations are closely related to defining
relations, called Drinfeld realization, of the quantum affine algebras due to
V.G. Drinfeld [5, Theorems 3 and 4].

The paper is organized as follows. In Section 1, we state our main theo-
rem. In Section 2, we use maps k and g to express elliptic root systems, which
is a key to this paper. (The idea of k has been given by K. Saito [10].) In
Section 3, we prove our main theorem. In Section 4, we show that the Cartan
subalgebra h of g has a desirable dimension; this fact is used in Section 3.

1 Preliminary

Let Zy ={zx € Z|x > 0} and Z_ = {x € Z|z < 0}. Then NU {0} =Z,.

1.1 Extended affine root systems

Definition 1.1. Let [ € N and n € Z;. Let V be an (I + n)-dimensional
R-linear space having a positive semi-definite symmetric bilinear form (, ) :
V x V — R such that dim V? = n, where we set V° = {v € V|(v,v) = O}
Let V¥ = V\ VO Forv € V¥ let vV = (3—7; and define s, € GL(V) b

sp(w) = w— (v¥,w)v (w € V). Let R be a subset of V. Then R (or more
precisely, (R, V)) is an (n-)extended affine root system if R satisfies the fol-

lowing axioms:

(AX1) R C VX, V = RR.

(AX2) rankZZR =n+I(=dimg V).

(AX3) (oY, B) € Z for o, B € R.

(AX4) s ( )=Rforall a € R.

(AX5)If R = R{URs and (o, ) =0 for a € Ry and 3 € Ry, then Ry = ()
or Ry = ().

(see [10, (1.2) Definition 1 and (1.3) Note 2 iii)].)



Let R, [ and n be as in Definition 1.1. We call [ (respectively, n) the
rank (respectively, nullity) of R. If n = 0 (respectively, n = 1), then R is an
irreducible finite root system (respectively, an affine root system). If n = 2,
then R is an elliptic root system (see [10], [11] and [12]).

We say that two extended affine root systems (R,V) and (R',V’) are
isomorphic if there exist an R-linear bijective map f : V — V'’ and ¢ € Ry
such that f(R) = R and (f(v), f(w)) = ¢(v,w) for v, w € V.

Let R be an extended affine root system. As is well-known, we have the
following (see Definition 1.1 (AX3,4)).

(1.1) RNRa =A{a, —a}, {a,2a, —a, —2a} or {«, %a, —a, —%a}
(a € R). We call R reduced (respectively, non-reduced) if R N 2R = ()
(respectively, R N 2R # (). We always let 7 : V — V/VY denote the
canonical map.

If R is an irreducible finite root system or an affine root system, then a
subset I of R formed by (I + n)-linearly independent elements is a base if

(1.2) R=(RNZI)U(RNZ_II).

If R is an affine root system, we let § = §(II) € NII be such that Z§ =
ZRNV? (see Theorem 1.2 (1) and Lemma 1.1). If R is an affine root system
and ap,...,q; are the elements of a base II of R, we let A = A(Il) =
(), @j))o<ij<i- Then A is a generalized Cartan matrix of affine-type (see

[6])-

1.2 Main theorem

Assume R to be an elliptic root system. Let {a,b} be a basis of ZR N V°.
Let 7, : V' — V/Ra be the canonical map. Let II be a subset of R satisfying
the following conditions.

(FS1) |m,(I1)| = |I1|. (Here |S| denotes the cardinal number of a set S.)
(FS2) m,(II) is a base of the affine root system 7, (R).

(FS3) For a € II, if there exists o’ € R such that m,(a) = m,(a’) and
2o/ € R, then 2o € R.

We call such 11U {a} a fundamental-set of R. We see that II U {a} is a
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basis of ZR. We also denote by § = §(II) the element of NII such that
7a(0) = 0(ma(I1)). We let A = A(Il) = A(m,(II)). Notice that {a,d} is a
basis of ZRN V.

Let II" be a subset of R such that |7, (II')| = |II'| and 7,(Il") is a base
of m,(R). For o/ € II', replace o/ with « if there exists & € R such that
ma(a) = ma(a’) and 2a € R. Then IT" U {a} is a fundamental-set of R.

Let R be an elliptic root system. Let [ > 2. Let IIU{a} be a fundamental-
set of R. Let P be the subset of the power set 2% of Z formed by 0, Z, 27,
27+ 1, AZ, i.e., P = {0,Z,27,27 + 1,4Z}. We can define maps k : I —
{1,2,3,4} and ¢ : IT — P by

(1.3)  (a+Ra)NR=a+Zkla)a, (2a+Ra)NR=2a+ g(a)k(a)a

for a € TI (see (2.2)). (If g(a) = O, then 2 + g(«)k(a)a = 0).) We shall see
that R is determined by the datum (II, k, g) of the above II, k£ and g (See
Theorems 2.1 and 2.2), so we shall also denote R by R(II, k, g).

Let a datum (II, k, g) be as above. For a € II, define ¢(«), a*, p(xa),

p(+a”) by

|2 if g(a) =7 or 2Z + 1,
a" = c(a)a+ k(o)a,
B [ 1 if g(a) = Z, 27 or 47,
pla) =p(—a) = { 0 if g(a) =0 or 2Z + 1,
and

N o_ 1 ifgla) =2Z,
p(O‘)—P(—Oz)—{O if g(a) =0, Z, 2Z + 1 or 4Z.

(We shall see that {o, —a*} is a base of the rank-one affine root system RN
(Ra®Ra) (see Lemma 3.2 (2)). We shall also see that for v € {a, —a, o, —a*},
it follows that p(y) = 1 if and only if 2y € R (see Lemma 3.2 (1)).)

Let

A={(a,8,y) e IxII XN [ a# 5, (a,8) #0, k(a)y = k(B) }-



Let By = {a,a*|a € 11} and B =B, U (—B,). For u, v € B with u # v and
p+v # 0, we define z,, € N by
1—(uY,v) if (u¥,v) <0,
Tuw =9 1 ey .

Let ap, ... ,a; be the elements of II. We assume that {m(aq),... ,7(q;)} is
a base of the irreducible finite root system 7(R(II, k, g)). Let &€ = E(I1, k, g)
be the (I 4 4)-dimensional C-linear space with a basis {ao, ... ,a;, a, As, Ay}
We identify V' = RR(II, k,g) with the R-linear subspace of £ spanned by
ag, ... ,q;, a. Weextend (, ) on V to the non-degenerate symmetric bilinear
form on £ by (0,As) = (a,A,) = 1, (As,As) = (Ao, An) = (A5, An) = 0,
(Mg, 0) = (As,a) =0, and (As, ) = (Ag, ) =0 (e € IT\ {ap}).

Definition 1.2. Let [ > 2 and let (I, k, g) be as above. Let g = g(II, k, g)
be the C-Lie superalgebra defined by generators

heo (U S 8), EM (,u S B)

with parities

and defining relations

(SR1)  zhs +yh; = hyoyyr if x, y € Cand o, 7 € €,

(SR2) [ho,h:]=0ifo, T €E,

(SR3)  [he, B, = (o, u)E, if 0 € £ and p € B,

(SR4) [E., E_,] =h,if p€ By,

(SR5) (adE,)*E, =0if u, v € B are such that 1 # v and p+v # 0,

(SR6) c(a)(adE,-)YEy = (adE, )Y Es- if (o, 3,y) € A,

(SR7)  (=1)“@*+lc(a)(adE_o-VE_5 = (adE_o)WE 5. if (o, B,y) €
A,

(SR8) (adE,)"(adE,: )Y "Ez =01if (o, f,y) € Aand 1 <i<y-—1,

)
(SR9) (adE_,)(adE_o+)'"E_5=0if (o,8,y) € Aand 1 <i <y—1.

Let h = h(II, k, g) be the C-subspace of g formed by the elements h,
(ce&). Forpel& letg, ={Xeg|[ho,X]|=(o,)X (6 €&) }.
Then our main theorem can be stated as follows.



Theorem 1.1. Let (R,V) be an elliptic root system of | > 2, where | =
dim V/VO. Let U {a} be a fundamental-set of R. Define maps k : 11 —
{1,2,3,4} and g : I — P by (1.3) (so R = R(IL, k, g)). Assume that g(a)) # ()
for some o € 11. Let g = g(Il, k, g) be as in Definition 1.2. Then we have
the following.

(1) We have

15 =D D W)B( D o)

a€R(IT,k,g) (m,n)€Z2\{(0,0)}

Moreover, it follows that dimb =1+4, i.e., h, # 0 for o € £\ {0} and that
dimg, =1 fora € R= R(Il,k,g).

(2) There exists a super-symmetric invariant form (, ) : g x g — C such
that

(1.6) (ho,hr) = (0,7T) (o, T€E).
(3) Let g’ be a C-Lie superalgebra satisfying the following conditions.

(3-1) ¢ includes b as a sub-Lie superalgebra.

(3-ii) @’ has the same properties as those in (1) with g’ in place of g.

(3-iii) @' has a super-symmetric invariant form satisfying the same prop-
erties as that in (1.6).

(3-iv) @' is generated by b and g, (u € R(IL, k, g)).

Then there ezists an epimorphism f : g — @ such that f(h,) = h, (0 € E).
Proof of the theorem shall be given in Subsections 3.3 and 4.8.

Remark 1.1. (1) A result similar to Theorem 1.1 for g such that g(a) = 0
for all a € IT has been given in [15].

(2) By Theorem 2.1 and Lemma 2.1, we shall see that R(IL, k, ¢) is reduced
if and only if g(IT) C {(,2Z+ 1}. There exist two isomorphism classes of the
reduced elliptic root systems R(II, k, g) of [ > 2 which are not isomorphic to
R(IT', k', ¢') for any (II', k', ¢’) such that ¢'(IT) = {0} (see [1] and [2]).

(3) If (IL, k, g) is as in the statement of Theorem 1.1, by (2.5), we shall
see 3 ¢ k(II). For a general (II, k, g), by (2.5), we shall see that if 3 € k(II),
then w(R(II, k, g)) is Go.

(4) See [3] for the classification of the non-reduced elliptic root systems.



1.3 Notation Ry, R, and R

Here we recall the names of the irreducible finite root systems and the gener-
alized Cartan matrices of affine-type. If R is an irreducible finite root system,
then R is one of the following: A; (I >1), B, (1 >3), C;, (I > 2), D; (I > 4),
E (1=6,7,8), Gy (I =2)and BC) (I > 1) (see [4, Chapter VI §1 Definition 1
(SR1)-(SR3)] and [1]). If I = 2, we use Ag, C5 or Gy; we don’t use By. If R is
an affine root system and II is a base of R, then A(II) is one of the following:
AY 1 >1),BM 1>3), ¢V (1>2),D" (1>4),E" (1=6778),F"
(1=4), Gy (1=2), A7 (1> 1), AR, (1=23), DY) (12 2), B (1=4) or
DY (1=2) (see [6]).

Let R be an extended affine root system. Define subsets Rq, [fj; and Rex
of R by

Ru = {o € R| (0.0) < (8.9) for all § € R},
Rex = RN71(27(Ry)) and Rig = R\ (Rgp U Rex). We have
R = Ry, U Rjz U Ry (disjoint union).

Notice that R, = () if and only if the irreducible finite root system m(R) is

reduced. For a subset S of R, let S¢, = SN Ray, Sig = SN Rig, Sex = SN Rex.
Let W denote the subgroup of GL(V') generated by {s.|a € R}. For a

subset S of R, let Wg be the subgroup of W generated by {s,|u € S}.

1.4 Affine root systems

By checking out directly or by using essentially the same argument as that
in [8], we have the following.

Theorem 1.2 ([8]). (1) Let (R,V) be an affine root system of rank = L.
Then there ezists a base I1 = {ag,... ,aq} of R such that w(I1 \ {ap}) is
a base of the irreducible finite root system w(R) and such that w(ay) is the
lowest element among w(R)sh, m(R)ig or m(R)ex with respect to w(I1\ {ag}).
Moreover, there exists a unique d = 6(Il) € g+ (Nay & - - - & Ney) such that
Z6 =ZRNVO.

(2) Let A = A(Il) = (aij)o<ij<i be a generalized Cartan matriz of affine-
type. Let T be the subset of {0,... 1} formed by i € {0,...,l} such that

(aij> aji) € {(_2a _1)7 <_27 _2)7 (_47 _1)7 (Oa O)}



for j € {0,... 1} \ {i}. Let T be a subset of 7. Then there exist a rank-l
affine root system R and a base Il = {ap,... ,} of R having the following
properties.

(2-1) ai; = (o, ).

(2:if) RN Ry = § 10 ) g
{CYZ', 2041', —Q, —2CYi, } 1ET.
The following lemma is well-known, but we state it for later use. Let
Wein = Wn\{ae} and Rpi, = ugzlein.ai. Then Rp;, is an irreducible finite
root system. Moreover, we have

(17) R C (Z(S + Rpin) U (Z(S + 2Rpin).

Lemma 1.1. (cf. [6], [7], [8]) Let R be an affine root system and let I1 be a
base of R. Let f € V* (the dual space of V') be such that 0 ¢ f(ZII\{0}). Let
R ={a € R|f(a) > 0}. Let IIY be a subset of R formed by the elements
B € RFT satisfying the condition that there exist no Bi,... 3. € R with
r > 2 such that 3= B, + -+ B,. Then |Il/| =1+ 1 and there exist w € W
and € € {1,—1} such that 1l = cw(Il). In particular, for any two bases 11,
and Iy of R, there exist w € W and ¢ € {1, —1} such that 11; = ew(1ly).

Proof. We may assume f(0) > 0; otherwise we replace f with —f. Let
R*™ = RNZ,II. By (1.7), since Ryy, is a finite set, we see that R TN (—R*) is
a finite set. If |[R TN (=R*")| =0, then RS C R*, which implies R/ = RT
and II/ = TI. Assume that r = |R T N (—R*")| > 0. Then there exists o € II
such that a ¢ R** (and —a € RFT). Since s,(RT\ {a, 2a}) = RT\ {a, 2a},
we have |so(RST) N (=RY)| = |[RI* Nsy(—RY)| = r —1 or r — 2. Define
fo €V* by fo = foss Then R?* = s,(R') and 1172 = s5,(I17). By the
repetition of this process, we have w € W such that w(I1/) = II. O

1.5 Affine root systems of rank < 2

Lemma 1.2. (cf. [8, Appendixes 1 and 2]) Let (R,V) be an affine root
system of rank = [. Let II' = {aq,...,q;} be a subset of R such that
{r(v),... ,m(ay)} is a base of w(R). Let R, = Ul_, W .q.

(1) Let &' be such that Z6' = ZRNV . Then there exists a unique o =
ag(R,I',0") € R such that 11 = {ap} UII' is a base of R and &' = 6(II).
Moreover, §' = ag—v € ag+NII', where v is a unique element of Ry, U2 R,
such that w(v) is the lowest element among (Wi .ap) with respect to w(IT').
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(2) Assume that | < 2 and that for 1 < i <, 2a; € R if there exists
o € R with 2o € R and 7(a}) = w(w;). Then one and only one of the

following possibilities holds. We also use the notation of (1) and give «ay,
d=0(IT), A= A(Il) and 7 = {i|2c;; € R,0 <1 < I}.

(i) The case of I = 1.

(AN) g =0 —ay, R= Ueeqr1y(ean +7Z6), A is AV =9

(Ag2>) ap =0 — 20, R =U.cpany((eas + Z8) U (2 + (2Z + 1)d)),
A is A2 , T =10.

(BW(0,1)) ap =8 — 201 and R = U.egzry((car + Z8) U (2ec + Z6)), A
is AD = {1}.

(CP(2)) ap =0 —au, R=Uceiany((ean +2Z3) U (2ea; +27Z3)), A is Agl),
T ={0,1}.

(AM(0,2)) ap =0 — a1, R = Ueepany((cay + Z38) U (2ea + 4Z6))
A is Agl), T ={1}.

In other words,

R= |J ((cs +Z6) U (2c01 + g10)),

ee{l,—1}
where g, is 0, 27+ 1, Z, 27 or 47.
(ii) The case of | =2. We assume (a1, o) < (ag, az).

(Agl)) Qo = 0— (051 +062)f R = UwGW{aLaQ}(w(al) +Z6)7 A is Agl); T = @7

(Oél, Oél) = (042, 042).

(C3") a0 = 6 — (201 + an), R = ULy Uuew, o,y (wlon) +26), A is C3Y,
7=0, 2(a1,01) = (2, 2).

(Gy) ap = 6= (3a1+2a), R = UL Uyew,, ., (w(e:) +2), A is Gy,
7=0, 3(a1, ) (ag, a).

(Aglz)) %) (2Oz1+20z2) R = Uypew,, QQ}((U?le(ai)—l—Zé)U(w(Qm)-l-
(2Z +1)8)), Ais AP, 7 =0, 2(ar, 1) = (s, az).

(D:(f)) ap =0— (a1 +az), R = Uyew,,, ., (w(a1)+Z0)U(w(az)+27Z0)),
A is D§2), T=10, 2(ar,01) = (g, a2).

(Df’)) ap = 0— (201 +a2), R = Upew, ., ((w(a1)+Z0)U(w(az)+3Zd)),
A is Df), T =0, 3(a1,01) = (a2, a2).



(B(l)(0,2)) Qp = 0 — (2(1/1 + 20[2), R = Uwew{alyaQ}((nglw(Oéi) + Z(S) U

(w(2a1) + Z6)), Ais AP, 7= {1}, 2(ay, 1) = (aa, az).

(A(Z)(073)) Oy = o — (20./1 + O./Q), R = Uwew{alyaz}(( izlw(ai) + ZCS) U
(w(2a1) + 276)), A is CV, 7= {1}, 2(ou, 1) = (02, ).

(CP(3)) ag =0 — (a1 + ), R = UneW o, oy (W) + Z6) U (w(az) +

276) U (w(20) + 2Z6)), A is DY, 7= {0,1}, 2(a, o) = (aa, az).
(AD(0,4)) ag =0 — (a1 + ), R= UweW o, agy ((w(en) +Z0) U (w(a2) +

275) U (w(2a) + 4Z5)), A is D, 7 = {1}, 2(ar, a1) = (a, 2).

In other words,

2

R = U (U((w(az) + Zk;0) U (w(2a;) + giki0))),

”LUEW{O(LOQ} i=1

where ky =1, ko € {1, — (o, a2) }(C {1,2,3}), go = 0 and

{0} if (of,0) # =2,
g1 €R {0,2,2Z,2Z + 1} if (af,a2) = =2 and ky = 1,
{(Z), 2Z,4Z} Zf (Oé}/, 052) = -2 and kg = 2.

Moreover, we also have

RNRe; @RS = | ((eas + Zkid) U (220 + gikid))

ee{l,—1}
fori e {1,2}.

(The symbol in each parenthesis is the notation used in [7, Table 1-4] for
the Dynkin diagram for the pair (A, T).)

Proof. (1) Notice that IT" U {0’} is a basis of ZR. Let f € V* be such
that 0 ¢ f(ZR\ {0}), f(cv) >0 (1 <i <) and f(0") > 5|f(u)], where u is
the lowest element of R, with respect to II'. Recall II/ from Lemma 1.1.
Since R C Z§' + (Rf;,, U2RY%,), we have II' C II/. We see that there exists
ap € R such that II' U {ap} = TI/. Since II7 is also a basis of ZR, we have
ap € £8' + ZIT'. Tt is clear that (o) = m(v). (The reason is the following.
Assume 7(cy) # 7(v). Then there exist w € Wiy, n € Z and v € Z, 11"\ {0}
such that w(ag) = v+nd and ag = w1 (V) +nd =v+v+nd =v+w(ay).
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Then ag — v = w(ag) € R. This is contradiction since I/ is a base of R.)
Hence ag — v € {¢§',—¢'}. Notice that —v € NII'. Since f(§') > 0 and
flap —v) >0, we have §' = ap — v.

We show the uniqueness. Let af be as in the statement. Since {ag} U I’
is also a basis of ZR, we have oy, € £ + ZII'. Since ¢’ € Naj + NII', we
have o € ag + ZIT'. Since {ap} UII' is a base of R, o, € o + Z,II'. Since
{af} UII" is a base of R, we have «of, = ap. This completes the proof of (1).

(2) Using (1), Theorem 1.2 and Lemma 1.1, we can easily prove the
statement (2). O

1.6 Some facts about affine root systems

Here we give lemmas which shall be used afterward.

Lemma 1.3. Let R be an affine root system. Let I be a base of R. Let S
be a subset of I1. Then

(1.8) (R\2R)NRS ={w(a)|la € S, w e Ws}.

Proof. It is clear that for (1.8), RHS is included in LHS. Define f € V* by
f(a) =1 (a ell). Let § € (R\2R)NRS. We may assume f((3) > 0. By (1.2),
B e€Z.SN(R\2R). Since (8, 5) > 0, there exists v € S such that (3,v) > 0.
By (1.1), we may assume [ ¢ Ry. Then s,(5) = 5—(vY,8)y € ZLSN(R\2R)
and 0 < f(s,(0)) = f(B) — (v*, ) < f(B). Hence, by induction on f(f), we
can prove the lemma. O
Lemma 1.4. Let R be an affine root system. Let 11 be a base of R.

(1) For every B € R\ 2R, there exist « € Il and w € W such that
B = w(a). Moreover, if n € (Z: 11U Z_II) \ (R U Z0d), then there exists
w € W such that

w(t) € (UpenNa) \ R) U (ZII\ (Z, 11U Z_1I)).
(2) Let o, B € 11 be such that o # 3 and (o, ) = (5, 5). Then o ¢ W.3 if

and only if one of the following occurs.
(2-1) A(IT) is Cl(l) and {a, 5} = 1.
(2-ii) A(II) s Dl(i)l and {a, B} = Tg,.

Proof. The statement (1) follows from the same argument as in Proof
of Lemma 1.3 with II in place of S.
The statement (2) can be checked directly. O

11



2 Elliptic root systems of rank > 2

2.1 Maps k and g and construction of R(Il, k, g)

In this section, we always assume (R, V') to be an elliptic root system of rank
[ > 2. Let I1U {a} be a fundamental-set of R. Let (Ily,)" be the subset
of II formed by a € II satisfying the condition that either («,3) = 0 or

(8,8) = 2(a, a) holds for every g € I\ {a}. Then (Ily,)" C Iy, and, more
precisely, we have

My, if >3 and A(I) is B, AY or D),

Iy, if I =2 and A(II) is i, AP or D§2),
(Hsh)/

0 otherwise.

Theorem 2.1. Let R be an elliptic root system such that | > 2 (where
Il = dimRn(R)). Let T U {a} be a fundamental-set of R. Let (Ilgy,) be
as above. Then there exist maps k : 11 — {1,2,3,4} and g : II — P satisfy-
ing the following.

and
(2.2)  (a+Ra)NR=a+Zk(a)a, 2a+Ra)NR=2a+ g(a)k(a)a

for a € 11.
(i) min{k(a)|a € II} = 1.
(ii) If o, B € II are such that (5¥,a) = —1 and (a¥,5) = —m with
m € {1,2,3}, then k(B) = k(o) or k() = mk(a). (See Remark 2.1 (1)
below.)
(iv) g(a) =0 if o ¢ (Ispn)"
(v) g(a) € {0,Z,2Z,27+1} if a« € (Ilay)" and there exists § € TT\{a} such
and k(o) = k(B) (notice (a¥,3) = =2 and (Y, a) = —1).
{0,2Z,47} if a € (Ily,)" and there exists € 11\ {a} such
and 2k(a) = k(5) (notice (a¥,3) = =2 and (5Y,a) = —1).
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Remark 2.1. Before we give the proof of Theorem 2.1, we remark the follow-
ing.

(1) Since [ > 2, it follows that (8Y,«) = —1 and (o, 3) € {—1, -2, -3}
for a, § € I with a # 3, (o, 3) # 0 and (o, @) < (3,3). The image k(II)
for each II is explicitly indicated in (2.5) in the proof of Theorem 2.1. In the
cases where g(a) # ) for some « € II, all the possible values of k and g are
given in Tables 4.1-4.4.

(2) By (iii) and (iv) of Theorem 2.1, we conclude that if @ € II is such
that g(a) # 0, then (8Y,a) = —1, (¥, ) = =2 and k(B8) € {k(a),2k(a)}
for g € IT\ {a} with («, 5) # 0.

(3) If g() # 0 for some a € II, then A(II) is CS (I = 2), Bl(l) (I >3),
Ag) (1>2) or D? (1> 2) since (Ig,)" # 0 (see (iii) of Theorem 2.1).

I+1
Proof of Theorem 2.1. We first notice that ZR = (@aenZa) @ Za.
Since R cannot be included in ZII, there exists v € R such that v € ma+ZI1
for some m € Z\ {0}. We may assume v € R\ 2R. By Lemma 1.4 (1), there
exist @ € IT and w € Wy such that w(y) = v+ ma. Notice a +ma € R. For
B € Il with # # « and («, ) # 0, we have $4Sq+ma(3) € R and

SaSatma(B) = sa(8 — (o, B)(a +ma)) = B — (a, B)ma.

Hence
(2.3) (&' +(Z\{0})a)N R # ()

for all o/ € II.

Let a, § € II be such that o # 3, («,3) # 0 and (o, ) < (3, 3). Let
Zap = —(aV, ). Since | > 2, we see that (8Y,a) = —1 and z, 5 € {1,2,3}.
Let Vog = Re @ RG @ Ra and let Ry = RNV, By (2.3), (Rags Vagp)
is a rank-two affine root system. Notice that V) ; = Ra. Since m,(R) C
L mo(INUZ_m,(I1), we have 74 (Ra5) C Zi{ma(a), ma(8) YUZ_{m (), ma(B) },
which implies that {m,(a), 7,(5)} is a base of the rank-two irreducible finite
root system 7, (Ra,5). By (2.3) and Lemma 1.2 (2) (ii), we have the following.

(1) There exists mq,p € N such that V5 N ZRy g = Zmq ga.
(2) There exist ya,g € {1, 205} and G, € P such that

Ga,,@ - @ if Za, ;é 27
Gop €1{0,2,27,27. + 1} if 245 =2 and yo 5 = 1,
Ga,ﬁ € {@, 2Z,4Z} lf ZOé,ﬂ — ya,/@ — 2
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and

Rap = Uvew,, 5 <(w(a) + Zmapa) U (w(2a) + Gy gma pa)

U(w(ﬁ) + Zya,ﬁma,ﬁa)> )
Rap N (Ra @ Ra) = U —13((ea + Zmg pa) U (2eac + Go gMma pa)),
Ra’g M (Rﬂ 2, RG) = Uae{L—l} (85 + Zya”gmaﬁa).

Moreover, we notice that
RN (Ry®Ra) = Ry g N (Ry @ Ra)

for v € {a, B}.
By the previous paragraph, we conclude that there exist maps k : [ — N
and g : [T — P satisfying the condition that

(24) RN (Ra®Ra) =U.p,—13((ea + Zk(av)a) U (2ea + g(a)k(v)a))

(a € II) and satisfying the conditions (iii)-(vi) of the statement of this the-
orem. By Lemma 1.4 (1), we see that for every u € R, there exist w € Wiy,
a € II and u € {1,2} such that m,(w(u)) = m,(ua), which implies that
w(p) € ua+ Za. By (2.4), we see that R has the same expression as that in
(2.1). By (2.4), we see that k and g also satisfy (2.2). Hence k and g satisfy
the condition (i). Since a € ZR, by (2.1) and (iii), we conclude that

{1} it A1) is A, DY or EY,

{1} or {1,3} if A(I) is G or DY,
{1}, {1,2} or {1,2,4} if AI) is A},
{1} or {1, 2} otherwise.

(2.5) k(ID) =

Hence k(II) C {1,2,3,4} and k satisfies the condition (ii). This completes
the proof. O

Definition 2.1. Let [ > 2. Let A = A(Il) = (ai;)o<ij<i be a generalized
Cartan matrix of affine-type. Let V' be an [ 4+ 2-dimensional R-linear space
with a basis {ap,...,a;,a}. Let (,) be a symmetric bilinear form on V
such that (a,a) = 0, (a,;) = 0, (;,0;) > 0 and (o, ;) = a;j, where
af = 2% Let II = {ag,... ,qq}. Let k: 11 — {1,2,3,4} and g : Il — P

( (aiyo)
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be maps satisfying the same conditions as those in (ii)-(vi) of the statement
of Theorem 2.1. For such II, k£ and g, set

(2.6)
R=R(Lkg) = |J (|J(w(a)+Zk(a)a) U (w(2a) + g(a)k(a)a))),

weWn a€ell

where Wy is the subgroup of GL(V') generated by {s,,|0 < i < l}; s,, are
defined by s,,(v) = v — (), v); (v €V).
Let 7, : V' — V/Ra be the canonical map.

The following is a converse of Theorem 2.1.

Theorem 2.2. Keep the notation as in Definition 2.1. Then (R(IL, k, g),V)
is an elliptic root system. Moreover, I1U{a} is a fundamental-set of R(I1, k, g).

The proof of the theorem shall be given in Subsection 3.3.

Lemma 2.1. Keep the notation as in Definition 2.1.
(1) Let f; : I — 2% (i € {1,2}) be maps satisfying the condition that
fila) = fi(B) if a, B € 11 are such that w(a) = B for some w € Wyy. Let

R=J (U(w(@)+ fila)a) U (w(2a) + fo(@)a))).

weWn a€ell

Then

(2.7) RN (Ra®Ra) = U ((ea+ fi(a)a) U (2ea+ fa(ar)a))

ee{l,—-1}
for a € II. Moreover,
28) RO (Ru()&Ra) = J ((cw(0)+ fla)e) U (ew(2a) + fo(e)a)
ee{l1,—1}

for a € Il and w € Wy. Furthermore, for a subset S of II, we have

(29 RNRSeRa) = |J (|J(w(a)+ fi(e)a) U (w(2a) + f2(a)a))).

weWg a€S

(2) k(o) = k(B) and g(a) = g(B) if o, f € 1T are such that w(a) = 3 for
some w € Wr. In particular, R(I1, k, g) has the same properties as those in
(1) with k(a)Z and k(a)g(«) in place of fi(a) and fo(a) respectively.
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Proof. (1) The equalities (2.7) and (2.8) follow immediately from the
definition of f;. The equality (2.9) follows from Lemma 1.3 and (2.7).

(2) By Lemma 1.4 (2), for «, 5 € II, we see that 8 € Wy« if and only
if « = 3 or there exist v1,...,7, € II such that vy = a and v, = 3 and
(s 1) = (41,7) = =1 (1 < p <r —1). Notice that k(a) = k() and
g(a) =g(B) (=0) for a, 5 € T with (o, 3) = (8", ) = —1. This completes
the proof. O

2.2 Notation Tj, 7™ and g(Il, k, g) for any (II,k,g) € T

Definition 2.2. Let [ > 2.

(1) Let T; be the set of the triples (II, k, g), where II = {ag,...,q},
k:1I — {1,2,3,4} and g : [l — P are those in Definition 2.1.

(2) Let (I1, k,g) € T;. For the (II, k, g), we also let g = g(IL, k, g) be the
C-Lie superalgebra defined in the same way as in Definition 1.2 (we have not
given a proof of Theorem 2.2). We also define & = E(I1, k, g), b = h(I1, k, g)
and g, in the same way as that for the Lie superalgebra of Definition 1.2.

(3) Define subsets T;™, 1™, T} and 1™ of T} by

™ = {(ILk, g) € Ti]g(r) = 0 for all o € 1T},

T =T\ Ty
T} = {(ILk,g) € Ti|g(a) € {0,2Z + 1} for all « € 11},
" =T\ T},

Remark 2.2. (1) Let [ > 2. Let J; be the set of the isomorphism classes of the
rank-{ elliptic root systems. For a rank-/ elliptic root system R, we denote by
[R] (€ J;) the isomorphism class represented by R. By Theorem 2.2, we can
define a map F; : T; — J; by F((IL, k,9)) = [R(IL, k, g)]. By Theorem 2.1,
J; is a surjective map.

(2) Let J™ = F(T/™), J; = F(I}) and J™ = F(1}™). We see that
JI (respectively, J™) is the set of the isomorphism classes of the reduced
(respectively, non-reduced) elliptic root systems of rank = [ (> 2). We
also see that J™ is the set of the isomorphism classes [R] of the reduced
elliptic root systems (R, V') satisfying the condition that there exists a one-
dimensional subspace G of V? such that G NZR # {0} and (7g(R),V/G)
is a reduced affine root system, where mg : V' — V/G is the canonical map.
Notice that this assumption is the same as in [10, §5 A)]. We call this R a
reduced-marked elliptic root system. Notice that J™ C J; and, as mentioned
in Remark 1.1 (2), |J}/J/™| = 2.
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3 Proof of Theorem 1.1 (1)

3.1 Rank one subalgebras
In this section, we begin with the following lemma.

Lemma 3.1. Let | > 2 and (I, k,g) € T™™. Let g = g(Il,k, g) be as in
Definition 2.2 (2). Then we have h, # 0 for o € E(IL,k,g) \ {0}, where
he € b C g. In particular, dimb =1 + 4.

Proof of this lemma shall be given in Subsection 4.8.

Keep the notation as above. For a subset S of II, let g° be the sub-Lie
superalgebra of g generated by h and E,,, E_,,, E,«, E_,« (u € S). Foro € &,
let g5 = g, Ng”.

Let p € B. By (SR1-9), we see that E, € g = g(IL,k, g) is locally
nilpotent, so, for z € C\ {0}, we can define n,p, € Aut(g) by

0

expadzE, expad(—a~'E_,)expadzE, if p(u) =0,
n.g, = { exp(zad(zE,, zE,)) exp(adfz ™ E_,, 27 E_,]) exp(3ad[zE,, 2 E,])
if p(p) = 1.

Notice that
(3.1) n;%u(ha) = hs (o) and n;%u(gg) =g, (o) (0€E).
Notice that for p, v € By with (u¥,v) = —1, we have

o (Fy)) = 22 By By,
(3.2) {nEu(i) e V ST D)

g, (Biy) = (0) 70 s (ad Bay )~ 9 By,

where we notice that (v, u) = =2 if p(v) = 1. Let
(3.3) n, =mng,.

"

Lemma 3.2. Let | > 2 and (ILk,g) € TM™™. Let o« € Il and R, =
R(IL,k,g9) N (Ra & Ra). Then we have the following.

(1) Ro = Ueeqi,—13((ea + k(a)a) U (2ea + g(a)k(a)a)) and ZR, NVY =
Zk(o)a.

(2) Ry is a rank-one affine root system with a base {«, —a*}. Moreover,
—o* = ap(Ra, {a}, —k(a)a) (see Lemma 1.2 (1)) and we may identify o and
o with oy and —ag of Lemma 1.2 (2) (i) respectively.
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(3) We have

¢ - DD B D ol

pERG mez\{0}

and dim g™ =1 (1 € Ry).

Proof. The statement (1) follows immediately from Lemma 2.1, espe-
cially (2.7). The statement (2) follows immediately from the statement (1)
and Lemma 1.2 (2) (i). The statement (3) can be proved by the state-
ment (2), (SR1-5), Lemma 3.1 and the well-known argument in the proof of
[6, Corollary 5.12] (see also [7, Proposition 1.6]). (Notice that for a € II,
since [Ey, E_o] = hav # 0 and [Eq+, E_o<] = ha+)v # 0, we have Ei, # 0
and Fi,+ #0.) O

3.2 Rank two subalgebras

In Subsections 3.2 and 3.3, we keep the notation of Definitions 3.1 and 3.2
below.

Definition 3.1. Let | > 2 and (I, k,g) € T™™. Let R = R(H k,g) be as
n (2.6). Notice that A(IT) is C§" (1 =2), BYY (1 >3), AY) (1 >2) or D),
(I > 2) (see Remark 2.1 (3)). Let a, § € II be such that a # 3, (a, 8) # 0
and (a,a) < (4,0). Notice that (5Y,a) = —1. Let Vo3 = Ra® RS @ Ra
(C V) and let R,3 = RN V,s. Notice that it follows from Lemma 2.1,

especially (2.9), that

(3.4)
Rop = Uwewy, 5 (Unefasy (w(p) + Zk(p)a) U Quw(p)a + g(p)k(p)a))).

Define v € R, 3 by

—

(AN) oy = so(—=5%) if (a, @) = (8, 8), k(a) = k(8), g(e) = g(8) = 0

(CV) v = sa(=B%) if 2(a, @) = (8, 8), k(a) = k(8), g(e) = g(8) = 0

(D) v = sg(—a*) if 2(a, @) = (B, ), 2k(e) = k(8), g(a) = g(5) = 0

(AD) v = sg(—a”) if 2(a,a) = (8,8), k(o) = k(B), gla) = 2Z + 1,
g(B) = 0.

(BM(0,2)) v = ss(—a*) if 2(a,a) = (3,5), k(a) = k(B), g(a) = Z,
g(B) =10



(ﬁgA@)@(O,?))) v = sa(=07) if 2, ) = (8,0), k(a) = k(B3), g(a) = 2Z,
g = (.

(550(2;)(3» v = sg(—a”) if 2(,a) = (3,8), 2k(a) = k(B), g(a) = 2Z,
g = 0.

(AD(0,4)) v = sp(—a”) if 2(a, @) = (B, 5), 2k(a) = k(B), g(a) = 4Z,
9(B) = 0.

Let IT" = {a, 5,7}

Lemma 3.3. R, 3 is a rank-two affine root system with a base II'. More-
over, we may identify a, B and vy with oy, ag and og of Lemma 1.2 (2) (ii)
respectively.

This follows immediately from (3.4) and Lemma 1.2 (2) (ii).

Definition 3.2. Let | > 2. Let g = g(IL, k, g) with (I, k,g) € T"™ (see
Definition 2.2 (2)). Let v = s¢(—¢*) be the same expression as that of
Definition 3.1, where {¢,¢} = {a, }. We define elements E, and E_, of g
by

By = (1P ng(Bye-).

Notice that ZR, 5 N V° = Zk(§)a and v = ag(Ra g, {a, B}, —k(£)a) (see
Lemma 1.2 (1)).
We write X ~ Y to mean that X = 2Y for some z € C\ {0}.

Lemma 3.4. We have

(3.5) (adEy, ) =W EL, =0 if p, v € T with pu # v,
' Eu, E_)] = duhyy if p, v elIl.

Proof. If R, 3 is Agl), C’él) or Déz), the equalities (3.5) can be proved by
the same calculations as those in [15, §2.3]. If R, 3 is A®)(0,3) (respectively,
C®@(3) or A (0,4)), the equalities (3.5) can be proved by calculations similar
to those for C’Q(l) (respectively, D:(f)).

Assume that R, g is Af) or BM(0,2). By (3.1), we have [E,,E_,] =
hsy(—(ar)v)y = hyv. By (3.2) and (SRT7), we have

Ey =ng(E o) ~ [Eg, [Eg, E_or]] ~ [E_p, [E o, [Ea, E_p-]]].
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Hence, by (SR5), [E,, E_g] ~ [E_s,[E_3,[E_3,E_+]]] = 0. By (3.2) and
(SR5,7), since ng(Ey3) ~ Ex, we have

[E’w E,a] ~ [[E*ﬁv [E a [E*Om E*ﬂ*mv E,a]
~ [[E-g, E-a], [E-a; [E—a, E—p-]]]
~ HE ﬂ? 04]7 [E*ﬁvE*Oé*H

~ ng([E-a, [Eg, [E-p, [E_p, E_o]]]])
ng([E_a, [E_p, E_o]])
s([E—a; [E-as [E—a, E_p+]]])

e
o 3

Similarly we have [E_,, Eg] = 0 and [E_,, E,] = 0. Since the Ey (A €
[T" U —1II") are locally nilpotent, we have all the equalities in (3.5). O

Lemma 3.5. Let g’ be the sub-Lie superalgebra of g generated by b and E,,,
E_, (u€Tl). Then g’ = gl®f},

Proof. It is clear that g’ C g{®f#. We show gl®# C ¢/. Let ¢ and ¢ be
as in Definition 3.2. Since Ezer = (£1)P¢)n ' (EL,) € ¢, it suffices to prove
that Eyc~ € g’. By (SR6,7) and (3.2), we have ng(Eyc+) = ne(Ex¢). Hence
Eye = nglng*(Eﬂ) € ¢'. This completes the proof. O

Lemma 3.6. (1) We have

g{aﬁ}_h@ @ g{cv/@} ED @ g{aﬁ}

wERq 8 mezZ\{0}
and dim gi™" = 1 (1€ Rap).
(2) We have
04 = g (€ Ru) and ot — gff) (v € Ry

and

g{a};(ﬁ}) _ gz{(a)a + g{ﬂ}( )a Zif mk(a) € Zk(5),
e gmkz(a)a Zf mk(a) ¢ Zk(ﬁ)

form € Z\ {0}. (See Lemma 3.2 for R, and Rg.)
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Proof. The statement (1) follows from Lemmas 3.1, 3.3, 3.4, 3.5 and
the well-known argument in the proof of [6, Corollary 5.12] (see also [7,
Proposition 1.6]).

We prove (2). Recall Lemma 3.2. Notice the following.

(i) gl is generated by b and gi”} (v € {a,f}and A € R,).
(ii) Ra = Rap N (Ra @ Ra) and Rg = Ry 5N (RG @ Ra).

(iii) For p € {a, B} and A € R,, we have gio‘”g} = g;{\”} (since dim g;{\aﬁ} _
dim gt"t = 1).
By (1) and the fact that k(3) € Nk(«a), the statement (2) holds. O

3.3 Proof of Theorem 1.1 (1) and Theorem 2.2

Let S be a subset of II. Let mg = min{k(«a)|a € S}. Define sub-Lie
superalgebras n>*, n%~ [+ and [~ of g° by

S+ s
n o @ 9y
we(Z+ SeZmsa)\Zmsa
and

= P e

reZ+\{0}
Let n* = nlb* and (= = b+,

Lemma 3.7. (1) g=nT@[Tohal d&n .

(2) n* is generated by n{oh* (o € ). Namely, letting n™* = @ ermioh®
and nOE = [nWE n=DE] (5 > 2) we have nt =370 n*,

(3) [ = Zaen (b=,

Proof. We first notice that g is generated by b (see also Lemma 3.1)
and niebt nlob= (o € 1) since Eio, Eige € nl*hE Since {w(a) € V]a €
I, w e Wy} C Z,TUZ_TI, we have

(3.6) R C (Z: 1 ® Za) U (Z_11 & Za).
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Let a € II. By Lemma 3.2, we see that

[n{a}vi’ n{a}vi] C n{a}vi’

[n{a}7+7 n{a}v_] C n{a}7+ @ [{O‘}v_'_ @ h @ [{O‘}v_ @ n{a}7_<: g{a})7
[n{o‘}ri7 [{O‘}7+ EB [{a}r_] C n{a}vi

(notice that [g{;;}+r1k(a)a, g{g};wma)a] c nlebT (r; € Z and ry € g(a))).

Let o, § € II be such that o # 3. We first assume that («, ) # 0 and
(a,a) < (8,3). By (3.6), we have

(3.7) (Zia ® 723 @ Za) N Ry =0,

where the definition of R, s can be found in Definition 3.1. By Lemma 3.6
and (3.7), we see that

[n()%, 197 = {0},
[n{a}7i7 [{ﬂ}a+ EB [{ﬁ}v_] C n{a}vi’
[n{ﬂ}7i7 [{OL}H,— EB [{a}v_] C n{ﬁ}vi

Next, we assume (a,3) = 0. By (SR5), we have [n{eh* nlfhF] = {0},
[niod® !{5}74- @ [Ph=] = {0} and [nifhE [feb+ g lobm] = {0},
Let [+ = Y el (e} By the above arguments, we have

mOF aOcnWrgrape i @n®,

Hence
j=2

Then we see that the statement of this lemma holds and that [+ = [*. O

Lemma 3.8. Let o € II. Then we have dimg, =1 for u € R, and we have
dimgy =0 for A € (Za @ Za) \ (Ry UZa). (See Lemma 3.2 for R,.)

Proof. The statement follows immediately from Lemmas 3.2 and 3.7
(especially Lemma 3.7 (2)). O

The following lemma includes Theorem 1.1 (1) (see Definition 2.2 (2)).
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Lemma 3.9. Let | > 2 and (II,k,g) € T™. Then g = g(Il, k, g) has the
same root space decomposition as in Theorem 1.1 (1).

Proof. By Theorem 1.2 (2) and Lemma 1.4 (1), we see that 7,(R) is a
rank-/ affine root system with a base m,(II). Let u € R. By Lemma 1.4 (1),
there exist o € Il and w € Wy such that w(u) € R,. By Lemma 3.8,
dim g, = 1. Express w as w = sg, ---sg, with some 3;,...,8, € IL
It follows from (3.1) that dimg, = dimng, -+ ng.(g,) = dim s, .5 () =
dim gy, = 1. Let p € ZR\ (RU(Z6® Za)). By Lemma 1.4 (1), there exists
w € W such that

w(p) € (Uaen((Za @ Za) \ Ra))
U((ZI1 & Za) \ (Z, 11 & Za) U (Z_T1 & Za))).

Using n,’s again, by Lemmas 3.7 and 3.8, we have dimg, = 0. By these
facts and Lemmas 3.1 and 3.7, the statement holds. O

Proof of Theorem 1.1 (1). This follows immediately from Lemma 3.9
and Theorem 2.1. O

Proof of Theorem 2.2. If (II, k, g) € T™, the theorem follows from [10,
(6.4)-(6.6)]. Assume (II, k, g) € T™. By Lemma 3.9, R = R(Il, k, g) is the
set of the non-isotropic roots of g(II, k, g). Let W be the subgroup of GL(V)
generated by {s,|n € R}. By (2.6) and Lemma 3.2 (2), W is generated
by {s.ln € By}. Using n,’s, by (3.1), we see that R satisfies (AX4). By
Theorem 1.2 (2) and Lemma 1.4 (1), m,(R) is an affine root system. Hence
R satisfies (AX3) and (AX5). It is clear that R satisfies (AX1) and (AX2).
It is also clear that (, ) is positive semi-definite and dimV? = 2, where
VO ={v e V|(v,v) =0}.

By Lemma 3.2 (1), we see that [T U {a} is a fundamental-set. This com-
pletes the proof. a

4 Proof of Lemma 3.1 and Theorem 1.1 (2),
(3)

One of the purposes of this section is to show Lemma 3.1.
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4.1 Contragredient Lie superalgebras

We first recall the definition of the contragredient Lie superalgebras [7]. Let
I be a finite set. Let [°d be a subset of I. Define a map p : I — {0,1}
by p(i) =1 (i € I°) and p(j) = 0 (j € I\ I°M). Let A = (ay);jer
be an [I] x |I| matrix such that there exist & € C\ {0} (i € I) satisfying
the condition that D™'A is a symmetric matrix, where D is the diagonal
matrix diag(€y, ... ,&7). Such A is called a symmetrizable matrix. For the
triple (AT I"dd) of these A, I and I°% we define a C-Lie superalgebra
& = &(A, f [°49) in the following way. We define a C-Lie superalgebra
&' = &'(A, I, 1°%) by generators

R, t., El, F/ (i€l

1) Yo

with parities
p(hy) = p(t) = 0, p(E;) = p(F) = p(i)
and defining relations
7 /Y Iy
) =[] = [0, 8] =0,
EJ]—aU [t E]*(SE
- F TR =6, F,

1) J

Let $ be the sub-Lie superalgebra of & generated by hl, t; (i € I). By
a well-known argument (see [6, §1.3]), we see that {h, t;]z € I} is a basis
of 9, ie., dim$’ = 2|_f| Let t be the ideal of &’ maximal among the
ideals v/ such that v N §H’ = {0}. Then we define & = &(A, I, [°!d) as the
quotient Lie superalgebra &’ /t. The Lie superalgebra & is a contragredient
Lie superalgebra (see [7]). Let 7 : ' — & be the canonical map. We denote
7(9'), 7(h), 7(t), T(E!) and 7(F!) by 9, hi, t;, E; and F} respectively.

4.2 Properties of contragredient Lie superalgebras

By a well-known argument (see [7]), we have the following.

Lemma 4.1. dim § = 2|I|, i.e., {h;, ;i € I} is a basis of 9.
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Let € = ©* (the dual space of §). Define a basis {a;, 7;|i € I} of € by
a;(hj) = aji, a;(t;) = 7i(h;) = d;j and % (t;) = 0. Define a non-degenerate
symmetric bilinear form (, ) : €x € — Cby (@, a;) = a;;/&, (%, ;) = 0;;/&
and (9;,%;) = 0. For ¢ € €, denote by h) the element of § satisfying the
property that 7(hpy) = (7,6) (7 € ). Then we have h; = &hy, and
ti = &l

The following is also proved by a well-known argument (see [6, Theo-
rem 2.2]).

Lemma 4.2. There exists a super-symmetric invariant form (, ) : & x & —

C such that (hiy, hizy) = (6.7) and (E;, Fy) = 6,6

By the same argument as in the proof of [14, Theorem 4.1.1], we have the
following.

Lemma 4.3. We have the following.

(1) (adEy)'"%E; = 0 if p(i) = 0, @; = 2 and a;; € Z_ or if p(i) = 1,
C_Lii =2 and C_Lz] € 27_.

(2) [Ei, Ej] =0 zfaw =a;; = 0.

3) B} [[Ei B B =0 ifi # j #r #14, p(j) = 1, G55 = Gip = ar; = 0
and aj; + aj = 0.

(4) [[Ei, E), ;) = [[Es, EV] Ej] if i # j # v #14, p(i) = 0, p(j) = p(r) =

1, aij = aj; = @ = Gr; = —1 and @, = ayj = 2. ) B
(5) The same formulas as those in (1)-(4) with F;’s in place of E;’s hold.

Let C[t,t!] be the Laurent polynomial algebra. Let
L=LA 1Y =6xC[tt "' ®Cva Cw.

We view £ as a Lie superalgebra in the following way. The parity of X @ t"
is the same as the one of X for a homogeneous element X of &; the parities
of v and w are 0. The Lie super-bracket of £ is given by

(X @t"™ + a1v+ bw,Y @t" + asv + bow]
= [X, Y] @t™" + mbino(X,Y)v 4+ binY @ t" —bomX @ t™

for homogeneous elements X, Y of &. We shall also denote by (,) the
super-symmetric invariant form on £ defined by

(4.1)
(X @t" +a1v+biw, Y @t" + a0 + bow) = dpn o(X,Y) + a1be + byas.
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4.3 Notation 7]"™(A) and numbering of ay, ..., q

Let [ > 2. If Aisan (I+1) x (I4+1) generalized Cartan matrix of affine-type,
let 7™ (A) be the subset of 7™ formed by the elements (II, k, g) € T,*™
such that A(IT) = A. Then we have

) if1>3,

anm B Tvlnrm(B( ) U anm(A( )) U anm(D(Q)
l (O u Ty (AP u T (DY) i 1= 2.

(See Remark 2.1 (3)).

Let (Il = {ap, ... ,u}, k,g) € T with [ > 2. From now on, we assume
that (ay, ;) < (g1, a441) and (g, a541) # 0 for 1 < i <1 —1 and assume
that (ap, ag) > (a1, a1). We define a total order on P by 4Z < 2Z < Z <
2Z +1 < (. We also assume that if (o, ;) = (oj,;) and i < j, then
9(ai) > g(a;) or g(ai) = g(ay;) and k(os) > k(o).

4.4 Unfolding for D

1+1

DY, O=0—0— - —0=0
87/ a1 65)] g
Fig. 4.1

In this subsection, we always let (I, k, g) € Tl“rm( b ) with { > 2. Then
g, = {ao,an}, Iy = {@|2 < i <1} and Ilx = 0. Moreover, we see
that k(IT) is {1} or {1,2} (see (2.5)). Recall that g(8) = 0 for 5 € I}, and
that k(1) = k(52) for B, B2 € Ili,. Moreover, we recall that for a € Ilg,
and 3 € Il it follows that (k(«a),g(a), k(8)) is (1,0,1), (1,0,2), (2,0,2),
(1,22 + 1,1), (2,2Z + 1,2), (1,Z,1), (2.2,2), (1,2Z,1), (1,2Z,2), (2,2Z,2)
or (1,47,2) (see also Table 4.1). Let [ denote an element of II;, and define
a map 9 : Iy, — {1,2,3} by

;

1 if g(0) = 0 and k(a) = K(3),
1 if g(a) = Z (this implies k() = k(5)),
2 i gla) = 0 and 2k(a) = K(B)(=2)
Ya) =< 2 if g(a) = 2Z and 2k(a) = k(B)(= 2),
3 if g(a) = 2Z and k(«) = k(5),
3 if g(a) = 2Z + 1 (this implies k(a) = k(3)),
| 3 if g(a) = 4Z (this implies 2k(a) = k(3)(= 2)).
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We have given ¢ in order to define &Y below.
We define a map k¥ : IT — {1,2,3,4} as follows.

(i) If 9(a) = 3 or ¥(ar) = 3 (ie., 3 € I(ILy)), let

if o/ € Iy, and ¥(o') =1,
if o/ € I, and J(a’) = 2,
if o € I, ¥(o’) = 3 and g(o') € {2Z,2Z + 1},
if o/ € I, ¥(o’) = 3 and g(o/) = 47Z,

if o/ € ng.

(42)  kY(a) =

DO QO DN = DD

(ii) If 1 < 9(ap), I(a1) < 2 (ie., 3 & 9(ILy)), let

1 if o €lly, and ¥(o') =1,
E'(a')=<¢ 2 if o €Iy and 9(’) = 2,
1 ifo e ng.

Remark 4.1. The situation 4 € kY(II) occurs only when J(Ilg,) = {2, 3} (see
(4.2)). More precisely, for a € II, k¥(«) = 4 holds if and only if a € Ilg,,
Y(a) =2 and ¥(o') = 3 for o € I, \ {a}. See also Table 4.1 and Fig. 4.10 of
Remark 4.2 and (v-1,2) of Example 4.1.

-~

Define a subset [ = (I, k,g) of TI x {1,2, 3,4} by

~

T=T1(1kg) = {(a,z) € T x {1,2,3,4}|]1 <z < k¥()}.

We define an |1] x |I] matrix A = A(IL k, g) = (@(0,2),(8.9)) () (5.y)e 11 the
following way (see also Remark 4.2 and Example 4.1). For «, 5 € I, we let
A\a’g denote the ]f\/(Cl{) X kv(ﬂ) submatrix (6(a7x)7(57y))1§x§kV(a),1§y§kvw) of A\
For r € N, let e(r) = (e(r)ij)1<ij<r denote the r x r identity matrix, i.e.,

e(r); =1and e(r);; =0 (i # j).
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(i) Let o € II(= ILy, U IL),). Then we define

-~

2e(kY(a)) if a € I,
2e(kY () if a € g, and g(a) € {0,Z},
( (1) (1) ) if a € Iy, g(a) = 2Z and J(«) = 3,
( (2) g > if a € Iy, g(o) = 2Z, ¥(a) =2 and kY (a) = 2,
R 0020
Aao = g 8 8 (2) if « € g, g(a) =2Z, ¥(«) =2 and kY(a) = 4,
0200
2 -1 .
( 1 o ) if a € Ilg, and g(a) = 2Z + 1,
0 0 1
0 2 -1 if a € Iy, and g(a) = 4Z.
L \1 -1 0

(ii) Assume «, # € II to be such that o # (§ and («, 3) = 0. Then we
define both A\a7ﬁ and Eg}a to be the zero matrices.

(iii) Assume 3y, B2 € I}, to be such that 8, # (2 and (51, F2) # 0. Notice
kY (81) = kY(f). Then we let Ag g, = Ag, 5 = —e(kV(B1)).

(11) Assume « € Iy, and § € IIj; to be such that («, 3) # 0. Then A\aﬂ
and Ag, are defined by the following.

(iv-i) Assume ¥(o) = 1. Notice k(o) = kY(B) € {1,2}. Then we let

~

Anp = —2e(k¥(a)) and Az, = —e(kY ().
(iv-ii) Assume ¥(«) = 2. Notice that (k¥ (), kY (5)) is (2,1) or (4,2). We
let
- (-1 -1) if (k¥(a),kY(8)) = (2,1),
P (04 ) e - a),

and we let ga”g = t(g@’a) (the transpose matrix of A\g@).

(iv-iii) Assume ¥(a) = 3. Notice k" («) € {2,3} and £Y(3) = 2. Then we
let
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_6(2) if (kv(a)> kv(ﬁ)) = (2a 2)?

Apo= (—01 0 8) i (k(), K (8)) = (3,2)

and A\aﬂ = t(A\/&a).

Lemma 4.4. The matriz A is symmetrizable.

This can be checked directly.

We define a subset 7°9 of T by

~

4 = {(a,1) € Ia(a,2) (ae) = 0} U {(o,x) € I|g(ar) = Z}.

Now we define a Lie superalgebra € = £(IL, k, g) to be £(A, T, 1°4).

Remark 4.2. Dynkin diagrams of (A(IL k, ), I(I1, k, g), 1°%). Let (I, k, g) €

T (DP)) with I > 2. In Table 4.1, we give the list of k, g, 9, k" in the

case where A(II) is Dl(i)l. We let 3 denote an element of 1I;, and we notice
{ap, a1} = Tlgy. Each number (r), i < r < vi, in the rightmost column of
the table means the Dynkin diagram I' which shall be described in (r) in
Fig. 4.6-4.11 after the table is given; (r)* means the one obtained from (r)

by replacing o, o; (2 <11 <1), o by ap, aj_;42, aq respectively.
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(iv)*

(i)
(iv)*

(iif)
(i)*

(iv)*

(vi)

(iv)
(vi)

(vi)

(iv)*

(i)*

(iv)*

(vi)

(iii)

(vi)

(vi)

kY (1)

kY (B)

kY (o)

V(o)

V()

1
2

3

glar)

22 +1

2Z+1

27
27
27
27
47
47

2Z+1

27
27
47

27
27
47
27
27
27
47
47
47

k(ar)

1
2

1

k(B)

1
1
1
2
2

g(ao)

22+ 1

2Z +1

22+ 1

2Z+1

2Z +1

27
27
27
27
27
47

k(ao)

1
1
1
2
2

Table 4.1

o O
= =
+~
.mm
g o
zE
g .
—~ -
T =
(~ B
Pt
(=)
k./(
=
(i~
=
>
<2
=
N—

(A

following way. In I', the symbol i, z means («;, z)

The Dynkin diagram T of &

~

dot of T' corresponding to (v, z) the (o, z)-th dot. As for the («y;, z)-th dot
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of I', we mean

(i, 7) ¢ Z‘)dd and G(a, z),(a;,0) = 2 for (1) of Fig. 4.2,
(g, ) € {Odd and Q(a, z),(a;,0) = 2 for (2) of Fig. 4.2,
(i, ) € I° and @, 1), (as0) = 0 for (3) of Fig. 4.2.

If a; € Iy, and ¥(«;) = 1, then

(1) of Fig. 4.2 if g(ay) = 0,

(4) of Fig. 4.2 meanS{ (2) of Fig. 4.2 if g(a;) = Z.

1 O 2 @ (B ® (4

1,T 1, T , T 1,T

~

If there exist no lines between the (a;,x)-th dot and the («;,y)-th dot, we
mean that G(a, 2),(aj.y) = G(as.y),(asz) = 0. Otherwise we mean

1) for (1) of Fig. 4.3,
—1,-2) for (2) of Fig. 4.3,
1) for (3) of Fig. 4.3,
1,1) for (4) of Fig. 4.3,
2,2) for (5) of Fig. 4.3.

(1) O—0 (2) O=0 B8) O—® (“) & (6) &=
Lo o jy o dha gy dha gy hxo gy G gy

If o; € T, and Y(ey;) = 2, then

(2) of Fig. 4.4 if g(oy) =0
2

(1) of Fig. 4-4means{ (3) of Fig. 4.4 if g(ay) =

(1) x===x (2) O O (3) &=
LT 1Y L,r 1,y ,r 1,y
Fig. 4.4
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If ; € T, and Y(y;) = 3, then

(2) of Fig. 4.5 if g(a;) = 2Z,
(1) of Fig. 4.5means  (3) of Fig. 4.5 if g(ay) = 2Z + 1,
(4) of Fig. 4.5 if g(a;) = 4Z.

(1) x—x (2) ®—®@ B) O—0O (“¢) ®—®—O
il 4,2 il Q2 il Q2 il 0,3 42
Fig. 4.5

Then T is given in the following way. In the following, we assume J(cyg) >
Y(a). The cases where ¥(ag) < J(ay) can be treated similarly.

(i) If () = P(ay) = 1, then T is the one of Fig. 4.6.

G=0—0— ++ —O=0
001 L1 [-1,1 21 1,1

Fig. 4.6

(ii) If ¥(ap) = 2 and ¥(ayq) = 1, then T is the one of Fig. 4.7.

0,2
I

|>|< ...4O:>®
0.1 01 I=1,1 21 1.1

Fig. 4.7

(iii) If ¥(ag) = ¥(c1) = 2, then [ is the one of Fig. 4.8.

0,2 1,2
I I
I I
I Il
X . X

0,1 1 1-1,1 2,1 1,1

Fig. 4.8

(iv) If ¥(ap) = 3 and ¥(a;) = 1, then T is the one of Fig. 4.9.
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0,2 1,2 1—-1,2 2,2 1,2
x—O—O— - —O=@

J

X—O—0O— " —O=®
01 L1 =11 21 1,1

Fig. 4.9

(v) If 9(ag) = 3 and V() = 2, then T is the one of Fig. 4.10.

1,4

0,1 L1 =11 21
Fig. 4.10

(vi) If ¥(c) = (o) = 3, then T is the one of Fig. 4.11.

0,2 1,2 1—-12 22 1,2
x—O—O— " —O—X

| |

OO " —O—X%
0,1 L1 [-1,1 21 1,1

Fig. 4.11

Ezxample 4.1. Assume | = 3. Let (II = {ag, a1, a0, a3}, k, g) € ﬂnrm(Dl(i)l :
(i) If k(cv) :Ak(al) = k(az) = k(as) =1, g(ao) = g(az) = g(as) = 0 and
g(ay) = Z, then I is the one of (i) of Fig. 4.12.
(if) If k(o) = 1, k(on) = k(az) = k(as) = 2, g(an) = g(az) = g(a3) = 0,

A~

and g(ay) = Z, then T is the one of (ii) of Fig. 4.12.

~—

Q

(i) T k(o) = k(ay) = 1, k(as) = k(az) = 2, glao) = glas) = glas) =0,
and g(ay) = 27Z, then I is the one of (iii) of Fig. 4.12.
(iv)" If k(ao) = k(o) = k(as) = k(as) = 1, g(ao) = g(as) = g(az) =0,

and g(o1) = 2Z, then T is the one of (iv)* of Fig. 4.12.
(v-1) If k(ao) = 1, k(an) = k(az) = k(as) = 2, g(ao) = g(az) = g(as) =
(), and g(a;) = 2Z, then T is the one of (v-1) of Fig. 4.12.

33



ar) = 1, k(ag) = k(as) = 2, g(ao) = 2Z, g(o2) =
Z, then T is the one of (v-2) of Fig. 4.12.
Z

k(ag) =2, k(o) =1, g(ag) =2Z + 1, g(ag) =

g(as) =0, and g oq) then T is the one of (vi) of Fig. 4.12.

(i) O—=—=0O0—"—C—0
0,1 3,1 2,1 1,1

-

01 3,1 21 1,
0,2 1,2
(iii) 0?1 31 21 1.1
(iv)" O&=0—0—R—®—0O—0=0
001 31 21 1,1 1,2 2,2 3.2 0.2
0,3 0,4
(v-1) 2\3 O—R—®—0O o/z




-~

In the following lemma, we let E_’,(a@) = F(a,z) € £ (notice F(a,x) €
B (A, I,1°4) C £).

Lemma 4.5. Let | > 2 and (I, k, g) € Tlnrm(Dl(i)l) Let ¢ = exp( Voly =
1+_\/2—_1' Then there ezists a unique homomorphism iy : g(IL, k, g) — 2( k,qg)
satisfying the following.
1?1 (Eia) —
@i(a NI if @ € Il and kY (o) =
By + Exa2) if @ € Il and kY (o) =
Eian if a € Ty, Y(a) = a,nd krv(a) =1,
Eio1)+ Exa2) if a € g, (o) =1 and kY (a) = 2,
Eian)+ Eia2) if a € T, Y(a) =2 and kY (a) = 2,
E:t(a_l) + E:I:(a 2) + E:I:(a 3) + E:I:(a 4) ifOé € I, 19( ) =2 and /{JV(Oé) =4,
V2(Ex(a1) + Ex(a2) if a € Ty, Y(a) =3 and g(a) € {2Z + 1,27}
(this implies k¥ () = 2),
V2(Ex(an) £ [Eras) Br2)) if o € I, V() = 3 and g(ov) = AZ
\ (this implies k¥ (a) = 3),
wl (Eia*) =

Ei(an) @ 9 if a € Iy and kY (o) =1,

+V1(=Eia1) + Exag) @ tHFD if a € 1Ty, and kY (a) = 2,
Eian ®ti’“(a) if a € I, 9(a) =1, g(a) = 0 and k(o) = 1,
i\/_( Ei(a1) + Ei(ag) ® 2K

zngHshiﬁ( a)=1, g(a) =
+1[Esa1), Bigan)] ® tEH@)

\/__1( [Es(a1)s Exon)] + [Eia,

+

if a € gy, Yo )jl g(a) =
+vV=1(=FEia1) + Einz) @ t*
zfozEHSh,ﬂ( ) =2

:l:\/ ( Eial +Ei(a2))®t
V=1[Es(a1), Eiaz)] ® tEF

\/E(Ei(a 2) +v-— [Ei (a,1)5 Ei(

0 and kY (a) = 2,

if a € g, V(o) =1, g(a)

Ei(a 2)]) ® tik(a)

2);
Z and k(o) = 2,
1

and EY(a) =2 (thzs implies k(o) =
((FExran) + (T Eia2) + (' Eias) + (P Ei(a) ® 7
if a € gy, Y(a) =2 cmd kEY(«) = 4 (this implies k(o) = 1),

k(@)

if a € g, 19( ) =3 and g(«) = 27 (this implies k¥ () =

if v € Hsh, Y(a) =3 and g« ) = A7 (this implies k¥ («) = 3 and k(o) =
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=7Z and k¥ (o) =1,

1),

2)7

if a € Ty, ¥(a) = 3 and g(a) = 2Z + 1 (this implies k¥ () = 2),

1),



Zi;(la) }:L(a,:c) ZfOZ € ng;
P1(hav) = Sk haz) if a € g, and 9(a) € {1,2},
2 Z:v:(la) B(a,z) if a € g, and 9(a) = 3,
and Pn(hy) = =B85y, (8 € Ty), ¢1(ha,) = w,

(5,1),0(5,1)

tap 1) + ta ' =4z,
U1(hay) = { (o) + o) U gl0)

Zi(la()) (ao,z) otherwise.

In particular, dim h(I1, k, g) = [ + 4.
This can be checked directly (see Lemma 4.3).

Remark 4.3. The ideas of kY, ﬁ, 7°% and 11 have been inspired by explicit
constructions of the affine Lie superalgebras in [13]. In fact, for «, 8 € II with
a # B and (o, 3) # 0, 1 (g{*?}) gives an explicit construction of the rank-
two affine Lie superalgebra g{®#} similar to that in [13, Theorem 6.11(and
Table 4)].

4.5 From Ag) to Dl@l

Let [ > 2 and (Il ={ap,... o}, k,g) € Tlnrm(Ag)). Notice that Iy, = {a1},
I, = {ag,..., o} and Il = {ap}. We define (Il' = {af,... o}, k', ¢') €

Tl“rm(Dl(i)l) to be as follows. Let
Bl=a,(0<i<l) if g(ou) € {2Z,4Z}
B =), Bl =ah Bl=al_y 2<i<l) if glon) € {22 +1,2}
and mg = 1 + Op(ag),1- Then we let
k(a)mg
g = 22~
(6]> 1+ (Sjyo

(0<j <) and
/ AN 2Z ifT:(),
gwr)_{g(ar) if1<r<lI.

Denote a and ¢ for (IT', k', ¢') by @’ and ¢’ respectively. Assume (3], 3]) =
(aq,0q). Let

, A(;/ lf ﬁ(l) = 046,
" Ay = g i =i Do i By = .
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Lemma 4.6. Keep the notation as above. Then there exists a homomor-
phzsm @bz : g(H,/{,g) - g<H,7k/7g,) such that ¢2(Eiao) = :I:%[E:I:B&Eﬂ:ﬁé]:
Vo(Eray) = £1[Exgy Bray], Yo(Bia;) = Eig, Y2(Eiar) = Exgy (1<
i < 1), Ualhay) = shigyv, Yalhay) = hgye, (1 <0 < 1), Wa(ha) = moha,
Uo(ha,) = mzha,, and Ya(hag) = sha,.

Moreover, dim h(IL, k, g) = [ + 4.

Proof. The first statement can be proved directly. The second statement
follows from Lemma 4.5 and the fact that ¥o(h(IL, k, g)) = (1T, k', ¢'). O

A O=0—0— - —0=0
Qo

o o1 Qy Qg
Fig. 4.13

Dih ge=0—0— - —O=
S B B e
Fig. 4.14

@
i

In the following table, 3 € I,y and (3’ € II,.

k(ao) | k(B) | k(ar) | glaa) | K'(By) | ¢'(Bo) | K'(B) | K'(BL) | ¢'(B)
1 1 1 27,4+ 1 1 27 2 2 27+ 1
2 1 1 27+ 1 1 27 1 1 27, + 1
1 1 1 Z 1 27, 2 2 Z
2 1 1 Z 1 27, 1 1 Z
1 1 1 27, 1 27, 2 2 27,
2 1 1 27, 1 27, 1 1 27,
2 2 1 27, 1 27, 2 1 27,
4 2 1 27, 2 27, 2 1 27,
2 2 1 47 1 27, 2 1 47
4 2 1 47, 2 27, 2 1 47,

Table 4.2.
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4.6 From B!" to D,

Let [ > 3 and (IL,k,g) € Tlnrm(Bl(l)). Notice that IIy, = {041} and Il =
{ag, 0, ... ,oq}. Welet (I = {oy, ...}, K, ¢) € Tlnrm(DlH) be such that
K'(af) = k(i) and ¢’ (o)) = g(a;) (0 < i < ). Denote a and ¢ for (II', k', ¢')
by @’ and ¢ respectively. Assume (o}, o)) = (a1, aq).

Lemma 4.7. Keep the notation as above. Then there exists a homomor-
phl‘gm 7»03 : g(H7 kag) - g(Hlvklvg/) such that ¢3(Eiao) = %[E:ta()7 [E:taéﬁE:l:a;H;
V3(Eiaz) = 3[Fsar, [Eiag),Ei(a;)*H w3(E:|:az) Eio, V3(Biar) = B
(1 <@ <1), ¥s(hay) = ) )Zh(a;)v (1 <i<),

s (ha
V3(ha) = har, Y3(ha, ) = ha,, and ws(h/\g) = 5ha,
Moreover, dim b(I1, k g) =1+4.

Proof. By (3.1) and (3.2), for 7" € {ay, ()"}, we have ny (Evy) =
5[Exar, [Eiy, Exy]] and [ngg (Ey), oy (E—y)] = hiag)v +hyyv. Then the first
statement follows from direct calculations and (3.1). The second statement
follows from Lemma 4.5 and the fact that ¥3(h(I1, &, g)) = b(II', k', ¢'). O

@i —0=0
Qo

Flg. 4.15

In the following table, § € Ilj,.

k(B) | k(a1) | glan)
1 1 27,4+ 1
1 1 7
1 1 27,
2 1 27,
2 1 47,
Table 4.3.
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4.7 From Ci" to BY or F(4)
Notice that if (IT,k,g) € T2™(CS") (I = 2), then Iy, = {ay} and II,, =

{O./(),CYQ}.

o O=0=0

&%) aq (%)

Fig. 4.16

g(a1)

22+ 1
Z
27
27
27
A7,

5
—
e e R e R B )
Z
e
—~
NN =] =D
N

o M| M| =] =~
()

Table 4.4

Let (IL, k, g) € T;rm(C’Q(l)) be such that k(o) = k(az). For such (I, &, g),
let (IT" = {a}, o}, oy, &4}, K, ¢') € T (B) be such that &'(o) = k(o) =
K'(a) = k(ao), K'(aq) =1, g'(ef) = ¢'(ay) = ¢'(e5) = 0 and g'(e)) = g(a).
Denote a and 6 for (I', k', ¢') by o’ and ¢’ respectively. Assume (af,a)) =

(Oél, Oél).
i%
BV —0

ay oy A
Fig. 4.17

Lemma 4.8. Keep the notation as above. Then there exists a homomor-
phzsm 1/14 : g(H> k7g) - g(H/> k,ag/) such that 7vZJ4(E1:i:o¢1) = E:I:a’17 ¢4(E:I:a’1‘) =
Eiyy s Ya(Btay) = £[Brays Biay), Va(Eiay) = £[Eiay, Biayl, Ya(Eiay)
= :l:[E:I:aéa Ei(aé)*]; 1/}4(Eia§) = :l:[E:i:oagy E:I:(O/Q)*]; ¢4(hag) = h(ozf))v + h(o/Q)\/;
¢4(ho¢¥> = h(a’g)v + h(aé)v; 1/}4<ha1v> = h(a'l)vy 77Z)4(ha> = ha’; ¢4(hAa) = hAa/
and 7vZ)ZL(hA(s) = h/\gl'

Moreover, dim h(IL, k, g) = 6.
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Proof. This can be proved directly in a way similar to Proof of Lemma 4.7,
together with the formula ny (Eia,) = £[Eia, Eiay] and ny (Eiay)-) =
+[Exa, i) (1 € {0,3}) (see also (3.1) and (3.2)) and Lemma 4.7. O

Let (I1, k, g) € T2 (CSY) be such that k(ap) # k(as). We have assumed
k(ap) > k(ay). Then we see that such (II, k, g) exists uniquely and is such
that k(a;) = k(az) = 1, k() = 2, g(a1) = 2Z and g(ag) = g(az) = 0.

Let [ ={0,1,2,3,4} and I°¥ = {1,2}. Define a 5 x 5 matrix A by

2 -1 0 0 0
-2 0 2 0 -1
o 2 0 -2 -1
o 0 -1 2 0
0O -1 -1 0 2

A:

The Dynkin diagram of (A, I,1°4) is given in Fig. 4.18. We notice that
B (A, I, 1°%) is the affine Lie superalgebra F(V)(4).

Oy

@
Qﬁ@@@@ Here O==® means ?ii @ij ) _ 2 -1 .
Q a1 Q9 Qi3 Y Y

& Q aji Gy
Fig. 4.18

Lemma 4.9. Keep the notation as above. Then there exists a homomor-
phism s : g(I1, k, g) — L£(A, I, I°9) such that ¥5(E,,) = Eo+Es, ¥s5(E_a,) =
o+ Fs, 5(Eay) = Er 4 Ea, 5(E_q,) = Fi+ 1y, ¥5(Ea,) = By, ¥5(E_q,) =
Fy, ¥5(Bay) = —V—1(Eo — BE3) @ t, 5(E_o3) = V-1(Fy — F3) @ t7,
Vs5(Ear) = —V—1(E, jEz) ®t, P5(E_ay) = \/?(Fl —F) @t~ P5(Eay) =
Ey @, ¢s5(E_o5) = Fys @172, ths(hay) = ho + s, ¥5(hay) = ha, Ps(hay) =
hu + ha, ds(ha,) = w, s(ha,) = by and s(ha) = (G2550.
Moreover, dim h(IL, k, g) = 6.

This can be proved directly (see Lemma 4.3).
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4.8 Proof of Lemma 3.1 and Theorem 1.1 (2), (3)

Proof of Lemma 3.1. The lemma follows immediately from Lem-
mas 4.5-4.9. a

Proof of Theorem 1.1 (2). Recall the maps ¢; (1 < i < 5) from
Lemmas 4.5-4.9. Let (II, k, g) € 7™ and define a super-symmetric invariant
form (, ) :g(Il, k,g) x g(IL, k g)—><be

1 X ¢1) it (H k 9) anm(DzH) (l > 2)
(1 0s) X (Y1 own)) if (ILk,g) € TP™(AS) (1> 2),
o ((1hy obs) X (P o¢by)) if (11, k, g) € TP™(BY) (1> 3),
o ((¢1 o3 01hg) X (Y1 0 1hg 0 1hy))
if (I1, k, g) € T (C8Y) (I = 2) and k(ag) = k(an),
o (15 x v5) if (I, k, g) € TP"™(CY) (I = 2) and k(ag) > k(an),

where (, ) of RHS is the one of (4.1). Then we see that there exists ¢ € C\{0}
such that ¢(, )’ has the same property as in (1.6). This completes the proof.
O

Proof of Theorem 1.1 (3). By the same argument as in the proof of
[6, Theorem 2.2], we see that for u € R, there exist £7 , € g, such that

(4.3) B, E.] = hyv

By (3-ii), we see that h, (0 € &) and E, (1 € By(C R)) satisfy the
equalities (SR1-5,8,9) (see also (3.4) and (2.8)). For u € By, define nj, €
Aut(g) in the same way as that for n, (see (3.3)) by using E’ , in place
of By, For o € & let g, = {X' € ¢|[hy, X'] = (o, ) X" (0 € )} Let
(o, B,y) € A. By (3-ii), dimgl; = 1. By (4.3), there exists c, 3 € C\ {0}
such that EY, = c2l(n).) ', (ELg.). Since nl,.(ElL,) = ¢ yni(ElLg.), by
the same equalities as those in (3.2), we have (£1)4“* (o) (ad Bl )V El 5 =
caii;(adEgE )WE 4. (see (1.4) for ¢(cr)). Then, since A(II) is not Al(l), we
can normalize E',, (1 € By) by scalar multiples so that they also satisfy the
equalities (SR6,7). Then there exists a homomorphism f : g — ¢’ such that

f(Ey,) = E;:,u, (1 € By) and f(h,) = h, (0 € E).
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We show that f is surjective. By Lemma 3.2, we see that Wg, = Wy, _o+}.
By (2.6), we see that

R(IL k,g) = W.By UW.A2ulp € By, p(u) =1}

and W = W, . For u € By with p(u) = 1, we can see [[E),, E], [E” ,, E" ]| =
—8hy,v # 0, which implies C[E,, ,, F, ] = g,,. Using n,’s (u € By), we
conclude that g’ is generated by h and £’ , (1 € By). Hence f is surjective.
This completes the proof. O

Remark 4.4. (1) K. Saito [10] introduced a notion of elliptic root bases of
the reduced-marked elliptic root systems. K. Saito and D. Yoshii [12] gave
defining relations of the simply-laced elliptic Lie algebras in terms of the
elliptic root bases. The author [15] gave defining relations of g(II, k, g) with
(IL, k,g) € T/™ in terms of the elliptic root base. We can extend the notion
to that for R(IL, k, g) with (I, k, g) € T™ and we can give defining relations
written in terms of that notion. The result will appear elsewhere.

(2) Let (II,k,g) € T, with [ > 2. Let ¢ = [g(I1, k, g), 9(I, k, g)] and let
3 be the center of g’. Using our defining relations, we can show that the
canonical map from g’ to g’/3 is a universal central extension map. Using
the map, we can discuss how our algebras relate with the extended affine Lie
algebras in [1] and the (2-variable) toroidal Lie algebras in [9]. The result
will appear elsewhere.
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