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A Serre-type Theorem
for the Elliptic Lie Algebras with Rank > 2

By

Hiroyuki YAMANE *

Abstract

In 2000, K. Saito and D. Yoshii gave a Serre-type theorem for the simply-laced
elliptic Lie algebras. We extend the theorem to that for the elliptic Lie algebras
associated with the (reduced marked) elliptic root systems with rank > 2.

Introduction

In the early eighties, K. Saito [S] introduced the concept of the generalized
root systems and, in particular, the elliptic root systems. Since then, several
attempts have been done to construct Lie algebras having the property that
their “real roots” form those root systems (see [SY, Introduction]). In the final
year of the last century, K. Saito and D. Yoshii [SY] introduced three kinds of
“universal” presentations of the simply-laced elliptic Lie algebras g(R), that is,
the elliptic Lie algebras associated with the simply-laced elliptic root systems R.
We can say that the g(R) is maximal among the Lie algebras having the above
property (see also the second paragraph). Let us explain the presentations.
The first one uses the Borcherds lattice vertex algebras. This can be said to
be most beautiful and useful, because it does not depend on a marking G of R
and gives a basis of g(R) and its structure constants explicitly. The second one
uses (affine-type) Heisenberg algebras. This is also useful, especially to study
the representation theory of g(R) since it gives a triangular decomposition of
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g(R). The third one is a Serre-type theorem, that is to say a presentation of
g(R) by finite defining relations, which are expressed by means of the elliptic
diagram T'(R, G), a Dynkin diagram introduced by K. Saito [S].

Let R be an elliptic root system; more precisely, (R, G) is assumed to be a
reduced marked elliptic root system for some G. D. Yoshii [Y] generalized the
second one to present the elliptic Lie algebras g(R). We shall do the same as
the third one to present g(R) in the case of [ > 2, where [ is the rank of R (see
Theorem 4.1). We also show that if | > 2 and I'(R, G) # Al(l’l)7 g(R) is maximal
among the Lie algebras having the property mentioned above and satisfying
extra conditions (see Theorem 3.2). K. Saito and T. Takebayashi [ST] have
asked for such presentation as ours. We also notice results given in [M1, M2].

The definitions of some of the above terms shall be given in Appendix.

Now, let us explain about the content of the paper more concretely. We ab-
breviate the terminology “a reduced marked elliptic root system” to an r.m.e.-
root-system (see Appendix). Let [ be a fixed positive integer. Let £ be an
I+ 4-dimensional C-vector space with a nondegenerate symmetric bilinear form
I:&ExE&— C. If ¢ € & satisfies I(x,z) # 0, then we call it non-isotropic,
let v := 2z/I(z,z) and define s, € GL(E) by s.(y) =y — I(z",y)z. Let II
be a subset of £ formed by linearly independent non-isotropic I 4+ 1 elements
satisfying the condition that the (I + 1) x (I + 1) matrix formed by the com-
ponents I(aV, ), where o, 8 € II, coincides with an affine-type generalized
Cartan matriz. (See [K, §4.8] for the terminology.) Denote by W the affine
Weyl group (so|a € II) C GL(E). Let a be a fixed non-zero element of £ with
dim(Ca + CII) = [ + 2 and I(a,Ca + CII) = {0}. Let &k : II — N be a function
such that G.C.D.{k(a)|a € IT} = 1 and k(a) = k() if 8 € W.a. Let G := Ca
and

(0.1) R:= J | w(a)+Zk(a)a).

weW acll

We see that (R, G) is an r.m.e.-root-system if and only if
(0.2) VueR, su(R)=R.

If this is the case, we call k the counting function. K. Saito [S] gave all the
counting functions concretely and showed that every r.m.e.-root-system is given
in this way. (Notice that [ is the rank of R.)

We say that a triple (&,1I1, k) satisfying the property (0.2) is a reduced
marked elliptic datum; we abbreviate the terminology to an r.m.e.-datum. (In
the text, an r.m.e.-datum (&,1I1, k) shall be denoted as (ng,l_[af,k), and the
g(R) shall be denoted as g = g(Sﬁf,Haf, k).)
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In this paper, we shall give Lie algebras g¥, g© and g"*¢) and show that
all of them are isomorphic to g(R) (see Theorems 1.1, 3.1 and 4.1). These Lie
algebras are virtually the same, but we use these different symbols to make
the paper easier to read. Here we give the definition of g? and explain about
how g® and g'"¢) are obtained from g°. Let (£,1I,k) be an r.m.e.-datum
with | > 2. Let o* := a+ k(a)a for @ € TI. Let II* := {a*|a € II}. Let
B := {#+pu|p € HUII*}. Define the Lie algebra g? with generators:

(0.3) ho (0 € &), E,(u€B)

and defining relations:

(0.4)
The + yhr = heoiyr forz,ye Cand o, 7 € €&,
[hoyhr] =0 for o, 7 € £,
(ho, E,] = I(o, 1) E, for c € £ and u € B,
By, E_,] = hyv for p € B,
(adE,)*#v E, =0 for p, v € B with yu+v # 0,
(adEia*)yEﬂ; = (adEia)yEiﬁ* for (Oé,ﬂ,y) € A,
(adE1q) (adEya+ )Y "Ers =0 for (o, B,y) € Aand 1 <i<y-—1,

where z,, , :== min{n € Nlnp+v ¢ RUG} and A := { (o, B,y) € [IxIIxN|a #
B, I(a, B) # 0, k(a)y = k(B) }-

As a matter of the fact, some of (0.4) are redundant. We shall define g©
by the same generators as (0.3) and the defining relations which seem to be
necessary ones of (0.4).

K. Saito [S] introduced the elliptic diagram T'(R,G), which is drawn by
use of a subset of IT U II*. The subset is called the elliptic root basis and also
denoted by T'(R, G). We shall define the g" %) by the generators h, (0 € &),
E., (u€T(R,G)) and defining relations, which are obtained from those of g~
by adding some additional relations.

In §1, we shall prove that g© = g(R) using properties of rank two affine
Lie algebras. In §2, we shall prove the properties. In §3, we shall show that
gf = g and show a maximality of g% except for Al(l’l). In §4, we shall show
that gl (#.6) = g&,

§1. Isomorphism from g to g©

Let [ be a positive integer. Let & be an [ + 2 dimensional C vector
space with a non-degenerate symmetric bilinear form I : ;s x €4 — C. Let
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I, = {ap,a1,... ,q;} be a set of linearly independent [ + 1 elements of &y
satisfying the condition that:

(1) I(ey, ;) is a positive integer for any 0 < ¢ <,

(2) The (I4+1) x (I+1) matrix A := (a;;), where a;; := 21 (o, o) /I (i, o),
is a generalized Cartan matrix of affine type (See [K, §4.8] for the terminology),
i.e., it satisfies the condition that there exists a unique z = *(xg, ... ,1;) € Zfl
such that {v € ZT1|AU =0} =Z;x.

We call the pair (Ea, Iar) the affine datum. The element § := xoao+-- -+ 210y
is called the lowest positive null root, where x;’s are the above integers. Let
Tat(Eat, Mag) be the Dynkin diagram of the affine datum (E,¢, Iaf); we use the
same definition for the Dynkin diagrams as in [K, §4.8]; in [K, §4.8 TABLE
Aff 1,2,3], the Dynkin diagrams 'y¢(Eag, Ilag)’s of the affine data (€, [a¢)’s are
listed, and they are named:

AW (1>1), BY (1>3), ¢V (1 >2), DY (1> 4),
oV (1=2),F" (1=4),E" (1=6,7,8),

AD (1=>1), A8 (1=>3), DZ, (1> 2), EY (1=4),

DY (1=2).

(1.1)

We also use the same names as above. If Tn(Eqr, a¢) is Xf(f), one of (1.1),
we say that (Euf, Hat) is of type Xy(f). We follow the same numbering as in
[K, §4.8] for the vertices of the T'ur(Ear, Iar). Let Iar g := {a;|1 <4 <1} and
Eat, i :=Ca1 @ P Cay. Then Eyp = Eyur, 5 B CO B CAj, where Ay € ¢ is such
that I(A(S,gaf’ﬁ) = {0}7 I(A&(S) =1 and ](A57A5) =0.

For each affine datum (E¢, 1l = {ag,... ,a}), we define the C vector
space Sif to be Eur ® Ca @ CA,, and extend the symmetric bilinear form I(, )
on & to the one on Sif by I(ng,(Ca ® CA,) = {0}, I(a,a) = I(Ag,Ao) =0,
I(a,A,) = 1. Let k : Te U - — {1,2,3,4} be a function satisfying the
following properties:

(1) h(—a) = k(a),
(2) there exists an « such that k(a) = 1,
3) if I(a,a) < I(B,5) and I(o,B) # 0, then k(o) < k(B8) and
1(8,8)k(a) = I(cr, )k (B)c for some ¢ € {1,2,3,4}.

We call the triple (5h I, k) a reduced marked elliptic datum; we abbrevi-

af?
ate this terminology to an r.m.e.-datum. K. Saito [S] showed that a function
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ko Iy — {1,2,3,4} satisfies the properties (1), (2) and (3) above with &’
in place of k if and only if k¥’ is a counting function (see Introduction). In
particular, the definition of an r.m.e.-datum given here and the one given in
Introduction are equivalent.

Definition 1.1.  (See also [Y].) Let (Eaf,Haf, k) be an r.m.e.-datum.
(1) Foro € ng with I(0,0) # 0, let 0V := 20 /I(0,0) € E%. For o, 7 € 5£f,
let
I(oV if I(c" —7 1
Jo¥o7) = { (0¥,7) ifI(0¥,7) € ~Zy and I(0,0) #0,

0 otherwise.

(2) For the above (%, I,¢, k), we define a Lie algebra g = g(£%, ¢, k) by

af? af?
generators:

Z, hy (0 € EL), Eo (0 € Ty U —Ty), HY (0 € Typ U —Tlyg, i € Z)

and relations:

(H1) The + Yhr = hegsyr,  |he,he] =0,
(H2) [ho, Eo) = I(0,0)Eq,  [he, HSV)] = I(ia,0)k(a )HSV)7
— v h— Vv if o+ 6 = O
H3 dEa 1-J(«x ’ﬂ)E _ « s
(1) (pdEa) 7 0 otherwise,
(o Z=he HO=he, B =-HL
(H5) (), HY) = ik(a)I(a¥,BY)Z  if ik(e) + jk(B) =0,
o« 0 otherwise,
(H6) (HY), By = (Y, B)HY) Es) it ik(a) = jE(B),
" 0 if ik(a) ¢ k(B)Z,

@7y [HY,[HY), B, =2H ) E,), ([HY, B, E_o) = —2H),
(HS) [H), Eo), Es) =0 if I(a, ) >0,

where o, T € 5§f7 xz,y€C,i,j€Z and o, B € Ty U—Tly.



6 HIROYUKI YAMANE

Here, for an r.m.e.-datum (Eaf, IL.t, k) with [ > 2, we introduce an algebra

presented by finite generators and finite relations.

Definition 1.2. Let (Eaf,Haf, k) be an r.m.e.-datum. Assume [ > 2.
(1) For o € Ig, let o™ :== a + k(a)a € ng.
(2) For the above (&7 Haf, k), we define a Lie algebra g& = g2 (&, I, k)

af’ af’
by generators:

ho (0 € E%), By E—ay Eary E_o- (a € Tlyy),
and relations:

(S1) The + yh: = hyotyr (x,y € C), [ho,h:] =0

lhe, Ba] = 1(0,0)Ew, [ho, Eae] = I(0,0%) B
(52 { (ho Bl = ~1(0,0) B, [ho. B-a-] = ~I(0.0%) B,

[Eou a] h Vi, [Ea 7E ] = _h(a*)\/a
[Eou a*] [E ouE a*]—o
(adEg)*E_q- =0, (adE_y)3Eq- =0,
(adEq-)3E_q =0, (adE_q+)*Eq = 0,

[ ] 0, [EaaE 5*] =0, [Eoé*vE;ﬁ*] =0,
(adE Y10V () = 0, (adE_ )1~ D(E_p) =0,
(adEy) =1 B (Eg.) = 0, (adE_o) "1 H)(E_4.) =0
for o, B € I+ with o # 3,

(adBo-)YEj = (adEy )Y Eg-,

(adE_o+)YVE_g = (adE_, )Y E_p~

for o, B € I¢ with (e, B) # 0 and I(a, o) < I(B,0),
where y := k(83)/k(a),

adEﬁ Ey,=0, (adE_p-)?E_, =0
or a, 0 € Iy with I(ﬂv a) = —1 and k(B) = k(a),

(adEy+)*Eg =0, [Ea, [Eax, Eg)] =0,
(S7) (adB_0:)3E_p =0, [E—q,[Fa- E_g]] =0
for a, B € Iy with I(5Y,a) = —1 and k() = 2k(«),
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[EOU [EOH [Ea*’Eﬁm =0, [EOH [Ea*’ [Ea* ) Eﬁm =0,
(88) [E—Ou [E—cw [E—a*’E—ﬁm =0, [E—Ou [E—a*7 [E—C!*7 —5]]] =0
for a, B € Ty with I(8Y, ) = —1 and k(8) = 3k(a),

(59)

[Ea*aEﬂ*} = 07 [E—a*aE—ﬁ*] =0
for a, B € Iy with I(c, 8) = 0.

Here we state one of our main theorems:

Theorem 1.1.  Let (', T = {ao,...,} k) be an r.m.e.-datum.

af?

Assume | > 2. Then there exists an isomorphism ¢ : gA(é'fo,Haf,k:) —
9(E% ot k) such that ¢(hy) = hy (0 € E%), 9(EBta) = Eia, ¢(Bar) =

af>

2_1[HC(¥1V),EQ], P(E_g+) = —2_1[H(§;1),E,a] (a € Tug). Moreover gp(ﬁgfl) =
Hiz()l (o € Ia¢ and i € Z), where

0 (—27 Y)Y adEy-adE_o) " [E_q, Eq+] if i >0,
(1.2)  HJY =X hav if i =0,
—(—2 """ Y adE_q-adE,) " Ey, E_o]  ifi <0,

and ﬁ(_%v = fﬁsv)
The proof shall be given after Proposition 1.1 is stated below.

Let S be a subset of ;. Let g(®) be the Lie algebra defined by the
generators Z, h, (o € Sif), Ein (@ €8), Hj(:l()x\/ (e € S,i € Z) and the same
defining relations as (Hj) (1 < j < 8). Let g(®) be the Lie algebra defined
by the generators h, (o € S:if), Ein, Fio« (o € S) and the same defining
relations as (Sj) (1 <j <9).

Proposition 1.1.  Keep the notation as above. Let o, 3 € Il,¢ be such
that o # 3 and I(a, ) # 0. Let S := {«, B}. Then there exists an isomorphism
03 g(B:8) — g(9) satisfying the same equalities as in Theorem 1.1 with (%)
in place of .

The proposition follows immediately from Lemma 2.2 and Propositions 2.1
and 2.2, which shall be given in §2.

Proof of Theorem 1.1. By Proposition 1.1, we see that for «, 8 € Il,; with
a# 6 and I(a, 8) #0,

hm h’Aav h’yva Ei'w ﬁ’sl\/) (7 S {04,6})
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satisfy the relations (Hj), 1 < j < 8, with ﬁIF(fV) in place of Hp(fv)

From the definition of ﬁlfjv), it is clear that for o, 8 € I, with I(«, 8) = 0,
the elements E. ., IA{A(;V) (v = a, B) satisfy the same relations as (H3), (H5),

(H6) and (H8) with ffizv) in place of Hyv)

By the above argument, we see that there exists a homomorphism x : g —

g2 such that x(ho) = ho, X(Fia) = Baa, x(HY) = HY,.

Using again Proposition 1.1 and an argument similar to the above one, we

can easily see that the homomorphism ¢ : g® — g in the statement can be

defined. We can easily see that ¢ is the inverse map of x.

§2. Rank Two Affine Lie Algebras

82.1. Three Kinds of Definitions

The automorphism n. Let (ng,Haf,k) be an r.m.e.-datum.

gA(EEf, I, k). For a € Iy U —Il,¢, define the automorphism n,,
by
ne = (expadFE, )(expadE_,)(expadE,).

It is well-known that

(2.1) na(hg) = hsa(g),

_ 2I(x,0)

«. Moreover we have:
I(a,@)

where s,(0) =0

(2.2) nNoeBoy = —E_qo, Nohav = —hov, noeFE_o=—F,,

naE:ta* = %(adE:Fa)2E:|:a*7
(23) N [E:ch E:ta*] = _[E:Faa E:ta*]»
na(adE:Fa)inm = 2E:|:a*

and, for 8, a € Iy with a # (3, we have:

(—1)i!

(2.4) Na(adExq) By, = =

(adEyo)M By,

where p:= g or §*, M := 7211((:’(5)) and 0 < < M.

O

Let g©& =
1gt - g®

The formulas in (2.1)-(2.4) follows immediately from Lemma 2.1 below.
Let a be a Lie algebra and let X; (i € I) be generators of a. We say that
X € ais locally nilpotent if for every ¢ € I, (adX)™ X; = 0 for some m; € N.
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For such an X, we can define exp(adX) € Aut(a). Let C = (XT,Y,X7) be
a triple consisting of elements X, Y, X~ of a. We say that such a C is an
sly-triple if [XT, X 7] = —2Y and [V, X*] = +£2X*. Here notice that [X*, X ]
is not 2Y but —2Y. If X* are locally nilpotent, we say that C' is locally finite
and define

n(C) := exp(adX ") exp(adX ™) exp(adX ) € Aut(a).

Lemma 2.1.  Keep the notation as above. Let C = (XT,Y, X7) be a
locally finite sly triple. Let n:=n(C). Let Z € a be such that [ X—,Z] =0 and
[Y,Z] = —mZ for some m € Z;. Then (adXT)™"1Z =0 and

n((adX)'Z) = %(adX“‘)m_iZ.

for0<i<m.

Proof. Use a representation theory of sly, especially the completely re-
ducibility and the fact that

01\
7™ (n) = () (n)®" 1) s = (( ) IS

-10
where 7(™) is the m-dimensional irreducible representation 7™ of (X, Y,
X7) 25sly, and S is the subspace of the symmetric tensors. I

Kac-Moody Algebras. Let (Eu,1,¢) be an affine datum. Let KM =
KM(E,,IL,¢) be the Lie algebra defined by generators h, (¢ € Eur), Fa
(a € ¢ U —I1,¢) and relations:

(ASl) zhe + yh’T = h'aw-&-yﬂ [hU’ h"’] =0,
(AS2) [ho, Eo] = I(0,a)E,,

_ v h_,v if « + 6 =0
AS3 dE,)' 7@ g, =4 e ’
(AS3) (adEy) B 0 otherwise,

Then KM is the affine Lie algebra of type Tar(Ear, Mat).
Let PriAff be the set of affine data (Eu,Har = {ag, a1, a2}) such that
o (Ea Tag) is ASY, OV, GSY) DS or DY), Notice that A ¢ PriAff.
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Let (Ear, Har) € PriAff. Define the function g : e s U —Iar s — {1,2,3}
by:

(1,1) i Tag(Ear, Mag) = A, Y or GV,
(g(ial)a g(iO[Q)) = (27 1) if Faf(gafv Haf) = D§2)a
(1,3)  if Tag(Ear, Mag) = D).

Let G = G(&at, ) be the Lie algebra defined by generators h, (0 € &at), Eq
(v € Map. U —TIlap5) HY (o € a5 U —Ilap 5, ¢ € Z) and relations:

(e

(PHj) (1< j <8) {The relations obtained from those of (Hj)

by replacing k& and a with g and —9.

Let G2 = G®(E,ap,I4¢) be the Lie algebra defined by generators hy (0 € Euf),
Ey, Eor (a0 € Hap 5 U —Ilas 6, @ € Z) and relations:
The relati i f h f (Sj
(PSj) (1< j<9) e re at?ons obtained . rom those of (Sj)
by replacing k£ and a with g and —9§.

It is easy to see:

Lemma 2.2.  Let (5£f7Haf,k:) be an r.m.e.-datum. Assumel > 2. Let
a, B8 € Iy be such that o # B and I(a,B) # 0. Let S := {a, B}. Then

there exist (€, 1) € PriAff, an injective isometric map p5) : &€, — ng

and c € {1, 2} such that p*® (It 5) = S, p&)(8) = —ca, p(As) = —c'A,,
and k(p(a;)) = cg(a;). (Notice that G = G(Ey, II¢) can be identified with
(1\2 with hp((r)7 E:i:p(a)7 H(l)

p(a)¥”
Under the identification, we have g*%) = G @ ¢, where v := { h, | I(r, T =

{0}}. Similar things hold for G* (€l 11';) and g8 )

a subalgebra of g% by identifying ho, Fva, H

[e3

§2.2. Isomorphisms between Rank Two Affine Algebras

We use the same symbols for elements, h,, F, etc., of the Lie algebras
treated in this paper. In §2.1, we introduced the automorphism n, of g*.
We shall also denote by n, the automorphism n((E, hov, F_,)) even for the
other Lie algebras. Moreover the same formulas as (2.1)-(2.4) also hold for
the algebras. They shall also be referred to as (2.1)-(2.4). Let a be a Lie
algebra treated in this paper. Let & := & if a = KM, G or G®. Otherwise
let &4 = Sﬁf. Let b, be the subalgebra {h,|o € & } of a; by abuse of the
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notation, we shall also denote h, by hh. We denote by a, the weight space with
respect to o € &, i.e.,

o ={X e€allh, X]=1(o,7)X (T €&,) }.
The following lemma shall be used to prove Proposition 2.1.

Lemma 2.3.  Let (Ea, o) € PriAff. For G = G(E,p, L) and KM =
KM(E.p,IL5), we have dim G, < dimKM,, for o € Ey.

Proof. 'We use the same argument as in [SY, §5]. Recall the elements a,
ag € Hap . Let Qo : =26, Q4 := (Zyon +Zyas + Qo) \ Qo and Q_ := —Q.
Let Q™ := Uj—1,2 Unew,; 5 (w(as) +Zg(c;)d), where War g = (Sa,, Sa,). Notice
that Q™ C Q4 U @Q_. Using the relations (PHj), 1 < j < 8, we can easily see
the facts below:

(1) G= 4B G,.
7€(Q+UQoUQ-)

(2) Gia,+g(ai)ns = C[Hi;@),Eiai} and Gima;+ns = {0} for m > 2 or
n ¢ glai)Z. ‘

(3) For 0 € Q4+ \ Ui=12(Z+a; + Qo), we have Gip = Y [Gig,, Gis, ],
where the summation is taken over o1, 09 € Q4 with o1 + 02 = 0.

(4) Go=band Gus =3, , (CHL(;/Q(O”)) for n # 0, where HSCV) =0 if
x & 7.

Moreover we notice the facts

(5) dim G, = dimng, G, = dim Gg, where § = s4,(0) = 0 — I(o), 0) ;.
(6) For each o € Q4, since I(o,0) > 0, we have I(«,0) > 0 for some i.

By using the facts (1)-(6) and by using induction on r + ro for o =
riay + roas +nd € Q4, we see:

lif o € Q'°,
4if 0 =0,
dim G, << 2if 0 =nd and n/g(a1), n/g(az) € Z\ {0},
lif o =nd and n/g(a1) ¢ Z or n/g(an) ¢ Z,
0 otherwise
=dim KM,
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where the last equality can be seen by the concrete description of KM given
in [K, Chapters 7, 8]. O

Let (Eat, Hag = {ap,01,2}) € PriAff. Define the elements E‘a*, E,a*,
H(il) (o € ap 5, 7 € Z) of KM(Eyp, Iag) as follows:

(l) I£ Faf(gaf,naf) = Aél), put E:I:a; = ngllE:Fao and E:I:oz{ =
_[[E$a2aEia§]7E:ta1]~
(2) If Tor(Eat,Uag) = 02(1), put Eia; = ngllE:Fao and Eia; =

_[[Eq:a27Eia§]7Ej:a1]' " -
(3) If Tar(Ear. Iar) = G, put Byoy = nglng!Bra, and Eig; =
_[[EqiagaEia;]7Eia1]~

(4) I Tu(Ear,Ma) = DY, put Eia: = n5'Fza, and
E:ta; = 471[[[[E$(123E:I:OL;LE¥(X2]?E:|:OL;LE:‘:(XA1/]'

af\Caf, Llaf = P put +af : Ny, Ny @ an

5) If Tap(Ear, 11 D B iinglEra, and

Eia; = _1271HH.[[E$0‘1 ) Ei@‘ﬂ’ E?‘n]’ Eiaf]v E?‘n]a E:I:af]v Eiq,].
(6) Define Hif) in the same way as that for Hg) in (1.2) with hov, Eiq,

aV aV

Eia* in place of hov, E1o, E1o.

The two propositions below were used in the proof of Proposition 1.1.

Proposition 2.1.  Let (Ea,Hu¢) € PriAff. Then there exists a unique
isomorphism € : G(Eaf,H_af) — KM (E,¢, ag) such that (hy) = he, E(Fiq) =
Eio and E(H) ) = HY €@ HEY  Ein]) = Eiae, where o € Ex, o €

Haf’ﬁ and i € 7.

Proof. By the concrete description [K, Chapters 7, 8] of the affine Lie
algebras, we see that the epimorphism ¢ in the statement exists. By Lemma 2.3,
we see that dim G, = dim KM, for all o, and that ¢ is injective. O

Proposition 2.2.  Let (€., Ia¢) € PriAff. Then there exists a unique
isomorphism 0 : KM(Eap, Mag) — G2 (Ear, Iag) such that 0(hy) = hy, 0(Eiq)
=F4i, and Q(Eia*) = Ey«, where 0 € Euf, o € s 5. Moreover G(I?g()lv) =
ﬁglv, where a € Iyt 5, © € Z and where ﬁillv € G2 (Ear, Mar) are defined in
the same way as in (1.2).

Proof. Define the elements E\iao of G2 (Eqt,Tat) by

Ny B i Tap (Ear, o) is ASY, €5 or DI,
Extag =3 Nayfay Bvas  if Tap(Ear, Tag) is G5,
Ny Ny B if Tag(Ear, ag) is D).

1
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We first show that the elements h,, Eiaw E1.,, Ei,, satisfy the same relations
as (AS1), (AS2) and (AS3) in §2.1 with E1,, in place of F,,. It is clear from
(2.1) that [Eay, E—ay] = h_ay. So we only need to show that

(2.5) (adEy, ) 70 (E,) = 0
and
(2.6) (adE_,)' (B =0,

where v = +a; (i = 1, 2). We shall prove the equality (2.5) for each (Ear, Iar) €
PriAff in §2.3. The equality (2.6) can be proved similarly.

Define the homomorphism 6 : KM (Euf, Iat) — G2 (Ear, Iat) by 0(hy) =
hooO0(Bia,) = Eia, (1<i<2)and 0(Eia,) = Eiay. Puti = 2if Tag(Ear, Mar)
is Df); and put ¢ = 1 otherwise. It is clear that H(Eia;) = Eiqr. Let
Jj € {1, 2} be such that j # i. By (PS5), we see that

Eiaj*- € (C(adEﬂFai)k(aj)/k(ai)(adEia;*)k(aj)/k(ai)Ei”‘f

Hence 6 is surjective. By Proposition 3.2 in §3, we see that kerd N = {0}.
By the abstract definition [K, §1.3] of the Kac-Moody algebra, we see that
ker§ = {0}. Hence € is an isomorphism. By the concrete description [K,
Chapters 7, 8] of the affine Lie algebras, we see that H(Eia;) = Eia;. It is

clear that H(E[j(:l()]v) = ﬁj(;)xv O

§2.3. Proof of (2.5)

Here, we shall use the notation for the elements of Il,; as follows: a and
0 denote the two elements of Il = {a1, a2} and are assumed to be such
that I(a, ) < I(3, B); Ba denotes ag if Tar(Ea, ar) is ALY, SV or GSV; an
denotes g if Tag(Eat, af) is D§2) or Df’). We shall use the formulas (2.1)-(2.4)
and the relations (PSj) (1 < j < 9), and often omit telling which formula or
relation to use in the cases where equalities are explicit.

The Aél)case. Notice that Ba = 6 — (a + 8) = sa(—0*). Then we have
the Dynkin diagram Agl):

Ba

5&5
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We have Eg, = [E_q, E_g-] = [E_o~, E_p] and have:
[E—’YvEﬁA} =0, (adE’Y)ZEﬂA =0,

where v is a or 3. Notice that [Eq, E, | = —E_g+. Then we have (adEjg, )2E,
= 0. Similarly we have (adEgA)ZEg = 0.

The Cél) case. Notice that o = 6 — (2a + ) = so(—0*). We have the
Dynkin diagram 02(1):

Ba « B
O=>0<=0
We have:
By = glB e B B_p]] (by (24)

1

2 [E—oc*v [E—ou E—ﬁ]] (by (PS3) and (PS5))

It is clear that [E,Q,EQA] =0, (adEoé)?’EgA =0 and [E,gA,Eﬁ] = 0. We see
that

Bsnr Bog) = 311 ar, B}, (B B_pl) = +(ad B [B e, B_] = 0

We see that (adEg, )2Eq = ne(adB_g-)2(—E_g) = 0.
The G(Ql) case. Notice that Sa = ¢ — (3a + 203) = sgsa(—5*). Then we
have the Dynkin diagram Gél):

o B Ba
O<=0—"=20

We have

- 1
Egs = ngnaBg = ng(c(adE_o)*E_s-)

1 1
= _é(adnﬁEfaFnﬁ[EfﬁaEfa*] = é(ad[E*ﬁ»Efa}FEfa*

It is clear that:

(adEp)?Ep, = = (adE_o)?E_o» = 0.

1
3
Notice that:

(B E-pl;[E-a; E—p]] = [[E—a, E—gl; [E—a+, E—p]] = n3[E—a, E_o+] = 0,
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and we see:

HE*ﬁ’ E*a]’ [[E*ﬁ’ E*CVL [E*57 E*a*m =0,

S| =

[E*ﬁ7 EBA] =

[E—a’ EBA] = nﬁna[ [[E—OH [E—a’ E—ﬁ]]a E—B*]

1

2
1

- _§nﬁna[[E—aE—B]7 [E_O“E_B*]] =0,

[Eﬁaan] = H[E—ﬂ?E—a]v [[E—ﬁ*vE—a]v E—a]]an]

1
6
= 6(_3[E—5’ HE—B* ’ E—a]a E—a]] - 4[[E—57 E—oc]v [E—ﬂ*’E—aH)

= B B (B B]] =0

and
(adEy, ) By = ngna(adB ) (g (adB_o)°E_g) (b (2.4)
= —gnona(ad(B_pe, B-o) Pl Ea] - (by (PSO))
=0.

The D§2) case. Notice that an = 0 — (o + 3) = sg(—a*). We have the

Dynkin diagram D:(f) :

an S «
O<—(C—0
We see that A(,A = [E_g,E_q~]. It is clear that [E_g,EaA] = 0 and
(adEg)%E,, = 0. It follows from (PST7) that [E_q, Ea,.] = 0 and (adE,, )*Es
= ng(adE <)3(—E_g) = 0. We have:
[Eass Eol
= [[E—ﬁ’ E_o+], Eal
= [E—ﬁ7 [E—a*aEaH

12 (51, B Bgll, ~[B o, Eal]

n [E—a, E_pl, E_o+] (by (PS2), (PS3) and (PST7))
0 (by (PS7)).
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The Df) case. Notice that an = 6 — (2a+ ) = sasg(—a™). The following
is the Dynkin diagram Df):

an o« Jé]
O—0O<=0O
We have

EQA =nangE_o+ = no[E_g, E_q~]

1 1
= [5(adE_a)3E_ﬁ, §(adEa)2 E_qo-]

132<[<adE @B, [Bar B + [Ea (2B o) B, B_o])

= Z[(adE—a)QE—m [Ea, E—a-]] - (by (PS8))
= HE—avE—ﬁ]vE— +].

It is clear that [EQA ,Eg] = 0and [E,JKA ,E_ ] = 0. It follows that [E,, , E_ El

ap

nglE-o, E_o+] = 0. We see that (adE,)?Es, = na(adE_,)%(ngE_q-)
ne(adE_o)%([E-gE_a~]) = 0. We also see that:

ad(Eo, )2 Eq

=—nallE-p, E—ar],[[E-p, E—a], -]
=nalE_qo+, [E_g, [[E-p, E—ax], E-a]]]]
=na[E_q-, HE—;% E_o+],[E-p, E_o]l]

=N E_ax, §(adE,ﬁ) [E_ax, E_a]]
=0.

83. Root Spaces

Let (Ea = {0, - .. ,ai}, k) be an affine datum. Recall the affine Lie algebra
KM = KM (&, ) in §2.1. Let (]) : KM x KM — C be the same invariant
form as in [K, Theorem 2.2]. Let C[t,t!] be the Laurent polynomial algebra.

Define the Lie algebra structure on the vector space
L(KM, 1) :=KM® C[t,t '] ® Cv & Cw
by

[Xl (24 al(t) + bl’U + 1w, X2 (24 ag(t) + bQ’U + ng]

= X1, Xa] & an(aa(t) + (o] Xo)Res( 25 L))o

day d
e X1 ®t d(>+ Xy @t aj”
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where Res(Zx t)=x_4.

Let (Saf,H ¢ = {ao,...,0q}, k) be an rom.e.-datum such that [ > 2. Let
kY (@) := k(o) ' max{k(a)|a € I,t}. Let % be the 1+ 3" kV(a;) dimensional
C vector space such that

~—

(1) there exists a non-degenerate symmetric form I : ng X ng — C,
(2
kv (Oq)

~—

there exist linearly independent elements a; ; € E:f 0<i<i1<j5<
such that

-1) I gy, @ig,) = 0 if j1 # jo,

-2) Iavij, 05) = kY (i) (o, i),

-3) I(ciy 1> Qg jn) = 0 if Iy, , ) =0,

-4) I((viy,50)Y s iy ) = 04yl ()Y i) 3 I(ay,,04,) # 0 and
k(ai,),

2-5) if Iy, o) # 0 and kY (oy,) < kY (a,), then

I((aiy i)Y iy gp) = T((@iy 3) Y s @iy 1)
1RV () = 1,

= —1if kY (ey,) = 2, k¥ (ay,) = 4 and j; — ja € 27,
0 otherwise.

~—

2
2
2
2

o~ o~~~

ke, )

2

—~

Let TI%; := {a;;}. We see that (£2;,11%;) is an affine datum. Let KM’ =
KM(ggfvngf)'
Being inspired by [P], we have:

Proposition 3.1.  Keep the notation as above. Then there exists a ho-
momorphism:
g (E% e, k) — L(KM®, 1)

af?’

such that
kY (o)

X(Esq,) = Z Eia,, ®1,
kY ()
/=1 _. o,
X(Etar) = Y exp(E (2= 1 Y (01))) B, , ® tEF()
=1 ‘
and x(he) = v, x(ha,) = w, and such that x(hy) # 0 for o € ng \ {0}.

By the same argument as above with G* in place of g*, we also have:

Proposition 3.2.  Keep the notation as in the proof of Proposition 2.2.
Then ker6 N = {0}.
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Root spaces of g©. Let g =g (Saf,Haf, k) be as above. Recall the

element H v of g© from Theorem 1.1, where a € Il and i € Z. Define the
subset R of €af by

(3.1) = |J U w(a)+2zk(a)a),

weW acll,¢

where W is the affine Weyl group (sq|a € Ilu) (see also (0.1)). By Proposi-
tion 3.1, we see that

(3.2) [HY),E.] #0
(o € Tag U —TL) since [[HY, Bal, [H", E-al] = 785 asin(a # 0. By

Theorem 1.1, Proposition 3.1 and (3.2) and by using the same argument as in
the proof of Lemma 2.3 (see also [SY, §5]), we have:

Proposition 3.3.  (See also [Y].) As a C-vector space,

(3.3) 0 =P )PP vmsina)

BER m,nez
It also follows that:
A
(3.4) dimg, =1
for B € R, and
(3.5) g5 = b

In particular, dimgoA =1+ 4. Moreover, for 3 € R, there exist a € Iy, 1 € Z

and o, , . .. , a4, € Iy such that

AN 7
g5 = Cnq,, -~-naiu[H((lv)7E ].

We introduce the Lie algebra g7, which was mentioned in Introduction.

Definition 3.1.  (See also Introduction.) Keep the notation as above.
Assume | > 2. Let B :={a, —«, o, —a* |a € Il4}, x,, := min{n € Njny +
v¢ RUCa} and A:={(a,8,y) € o x It x N|aw £ 3, I{e, 8) # 0, k(a)y =
k(B)}. Define the Lie algebra g with generators:

he (o € €), E, (€ B)
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and defining relations:

(3.6)
The +yhr = hegiyr forxz,ye Cand o, 7 € &,
[ho,hr] =0 for o, 7 € £,
he, Ey) = 1(o, p)E, for o € £ and p € B,
By, E_,] = hyv for p € B,

(adE,)*E, =0 for u, v € B with p+ v # 0,
(adEia )yEiﬁ (adEia)yEiﬁ* for (aﬁ,y) S A,
(adE1q) (adEyo )" Ers =0 for (a,B,y) € Aand 1 <i<y-—1.

The following theorem was also mentioned in Introduction.

Theorem 3.1.  Assume | > 2. There exists an isomorphism 1) : g° —
g% such that ¥(hy,) = h, and Y(E,) = ¢,E,, for some ¢, = £1.

Proof. The existence of the homomorphism ) is clear. By Proposition 3.3,

we see that the inverse map 1) ~! exists. O

Invariant form and a maximality theorem. Keep the notation as above.
We shall also denote by (|) the invariant form on KM’ defined by:

(Xl ® al(t) + bl’U + C1’IU|X2 ® ag(t) + bg'l) + CQ’U})
= (X1|X2)Res(ta1 (t)ag(t)) + bico + bacy.

We shall also denote by (| ) the invariant form on g? defined by the composition
of the above (|) and x¢~! x xy»~1. Then we have:

(3.7) (holhr) = I(0,7) (0, T € EY)

and

(3.8) ker(NC P hsine-
() 2(0.0)

Theorem 3.2.  Assume that I > 2 and Tap(Ear, ag) is not A(l) (see §1
and notice T'(R,G) # Al(l’l) (see §4 and Appendiz)). Let g* = g (Eaf,Haf, k) be

a Lie algebra satisfying:

(1) g* has the same properties as (3.3)-(3.5) with g* in place of gF,
(2) g* is generated by b and gﬁ with u € B,
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(3) There exists an invariant form on g* having the same properties as in

(3.7)-(3.8).

Then there exists an epimorphism 1 : g% — g* such that n(hy) = hy for o € Eﬁf.

Proof. By a well-known argument (see [K, Theorem 2.2]), we can choose
basis elements E,, of gfﬂ with p € B so that [E,,E_,] = h,v. Then E,’s
satisfy the same equalities as (3.6) except for the sixth one. Notice n, =
n((Ey, by, —E_,)) € Aut(gh) can be defined for u € B (see §2.2). Assume
that (o, 3,y) € A (see (3.6)). Assume that if y = 1, then I(a",3) = —1. Then
we have:

(3.9) na*Eig = Ci’lﬂnaEiﬁ*

for some co, 5 € C\ {0}. We can normalize Ey.,~ so that ¢, g = 1 hold for all
a, 3. Then the equality (3.9) is nothing but the sixth one. This completes the
proof. O

84. Relations with Elliptic Root Basis
Here we recall the notion of the elliptic diagram [S, (5,2)]. Let (£, Ia¢, k)

af?

be an r.m.e.-datum, where I,y = {ag,... ,q;}. In this section, as in the pre-
vious sections, we assume that [ > 2. Recall the positive integers xq,... ,x;
from §1. If a € Il is «y, let x4 := 2; and m, = I(a,@)zs/k(a). Let
Mmax = max{mg|a € i} and Myax := {@ € I|my = Mmax}- For a subset
S of Iy, let S* := {a*|a € S}. Let I'(R,G) := Iy UILY .. The I'(R,G) is
called the elliptic root basis (see also [SY, (2.4)]).

Following [S], we define the elliptic diagram (which we shall identify with

the elliptic root basis I'(R, G)) by the following rule:

(i) the vertices are in one-to-one correspondence with the elements of
I'(R,G),

(ii) the bond and arrow between the two vertices , 5 € T'(R, G) is defined
in the usual manner (see [K, §4.8]), except for the additional convention: a
double dotted bond C===0) if I(o,0) = I(B5,06) =1(5,«) > 0.

We shall give the list of the elliptic diagrams in Appendix. Following [S] and
[ST], we shall also use the following convention:

O—O ift=1,
O—+0 =00 =10=0 ifi=2
t t O=0 ift=3
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For a subset S of Iy, let I'(R,G;S) := I'(R,G) N (S U S*). We shall
identify I'(R, G; S) with the subdiagram of the elliptic diagram I'(R, G) formed
by the vertices in I'(R, G; S) and the bonds and arrows between them.

Definition 4.1.  Keep the notation as above. Assume [ > 2. Let gl (%:¢)
be the Lie algebra defined by the generators:

(4.1) he (0 € E2%), Eay E—o (0 € Tag), Bar, B_o- (0 € Tinax)
and the defining relations (see Warning below):

(BSj) (1< j <9) {The same relations as the ones among (Sj) expressed

only by the same symbols as (4.1),

[Eoé*a [EOHEﬁ]] =0, [E—Oé*7 [E—OH E—ﬁ]] =0
a*
(BS10) §
if (R, G;{a, 8}) = with s =1, 2, 3,
a ’ I6]
[[Ea*’EﬂL [Eav Eﬁ]] =0, [[E*Oé*’E*ﬁ]v [Efav E*ﬂ“ =0
a*
(BS11) |
if (R, G;{a, 8}) = with s = 2, 3,
a ® I6]
[(adEg)~1*" ) E,, (adBg-)~!#" ) E,] =0,
[(adE_p) =" By, (adB_g.) 1PN E_ ] =0,
6*
(BS12)
if (R, G;{a, 3, 7}) = . with s, t = 1, 2%1, 3+
a ® Y

Warning: Here we make comments on the above (BSy).

(1) Needless to say, for 1 < j < 9, (BSj) does not include a relation
corresponding to one of (Sj) expressed by symbols including F,+ or E_,+ with
@ ¢ Hmax-
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(2) For 5 < j < 8, (BSj) uses the condition with a counting function &,
but a unique counting function is associated with the elliptic diagram I'(R, G).
The k is obtained uniquely from the I'(R, G) in the following way:

Oé* Oé* ﬁ*
a 8 I I I
(1) If P(Ra G7 {Oé,,@}) = O—O 5 or s then
Q@ I6] Q@ 16
k() = k(B)
a*
I
(ii) Assume that I'(R, G;{«, 8}) = . If s =1, 2 or 3, then
a ® 8

k(B) = k(). If s =271 371, then k(3) = s tk(a).

a* ﬁ*
I I
(iii) Assume that I'(R, G;{«, 8}) = . I I(a*,u) = 0 for all
a ~p
uw € T(R,G) \ I'(R,G;{«, 8}), then k(8) = 2k(«). If I(8*,n) = 0 for all

ue(R,G)\T(R,G;{a, B}), then k(8) = k().

(3) Denote (BS12) by (BS12),3.~ to clarify «, 8, v. Then (BS12), 5.4
is redundant; the relations in (BS12), g . are obtained from (BS12), g and
(BSj) (1 <j <11). See (2) of the proof of Proposition 4.2.

We define the elements E - of gF (&)

for o ¢ Tl ax in the following way.
By seeing the list of the elliptic diagrams in Appendix, we see that there exists

a unique subset S = {81, ..., 3,} of Il,; such that 8, = «, and

I(R,G;S) = -----0—0
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with s =1, 2+1 3+l Then, using an induction, we define:
(4.2) Eiy- = (fl)M(adEﬂ;p_l)M(adEiﬁ;ﬂ)MEia € g"(RG),

where M := —1(8)_, ).
Recall the Lie algebra g = gA(Sh IL.t, k) from Definition 1.2.

af?

Theorem 4.1.  Keep the notation as above. Assume | > 2. Then there
exists a unique isomorphism Q : g© — g" &) such that Q(hy) = hy (0 € 5§f),
Q(Eia) = Eiou Q(Eia*) = Eia* (Oé S Haf)-

The proof shall be given at the end of this section.

Keep the notation as above. Let S be a subset of ;. Let gl(t:G:9) be
the Lie algebra defined by the generators h, (o € ng)7 Ei, (neT(R,G;S))
and the same defining relations as (BSj) (1 < j < 12).

Lemma 4.1.  Keep the notation as above. Let o, B € It be such that
a#B. Let S :={a,f} and p € T'(R,G;S). Then C := (Ey,hyv,E_}) is a
locally finite sly-triple in gt G

Proof. 'We may assume that I(a, 8) # 0 and T'(R, G; S)NS* # (. Assume
[(R,G;S) = SUS* Tt is clear that g"&S) = g(45)  The lemma for
the S follows from Lemma 2.2 and Proposition 2.2. So we may assume that
I'(R,G;S) = SU{a*}. Moreover we may assume that 3k(a) = k(f); otherwise
the lemma is clear from the relations (BSj). Let EiaA = nongFExq~. Since
Eior = nglnglﬁiaa, g (G9) is generated by hy, Fia, E+p and Eio,.
Using the same argument as in the Df) case in §2.3, we see that EiaA is
locally nilpotent. Hence E,+ are locally nilpotent, which completes the proof
immediately. O

Proposition 4.1.  Let o € I, UIL}; and C := (E,, hyv,E_,). Then C
I'(R,G)

1s a locally finite sla-triple of g .

Proof. It p € T(R,G), the proposition follows immediately from
Lemma 4.1. Assume p ¢ T'(R,G), i.e., p = a* for some « € Iy \ I pax.
Recall the definition of Ey, = Fi4- from (4.2). By Lemmas 2.1 and 4.1 and
by an induction on p, we see that

(4.3) Eiu = ”Epl,I”B;,IEim
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where n, := n((Ey,, hyv, E_,)) (v = Bp-1, B,_1), and we also see that E, are
locally nilpotent since E.i, are locally nilpotent. O

For p € My UTTY, let nay, i= n((Expu, hepv, E<,)) € Aut(gh B S)). The

af>
N4, can be defined owing to the proposition above.

Proposition 4.2.  Let S be a subset of Uy such that S* NT(R,G) # 0
and T'(R, G; S) is connected. Then there exists an epimorphism Q) gass)
g" (BG5S such that Q) (hy) = hy (0 € Sif) and QON(Ey,) = By, (b €
SuUS*).

Proof.  We shall complete the proof after proving the proposition for some
special S’s.

(1) T(R,G;S) = with s = 1, 2% 3F1. Let M := —I(a¥, 3).
S

a B
By Lemma 2.1 and Proposition 4.1, we have n,Fig = (adEy,)MEyg for
u=a, a*. We can easily see that
[Eiouna*Eiﬂ] =0 and [naEig,na*Eiﬁ] =0

by checking directly them for each s; for example, use (BS10-11) if s > 1; if
s =371, we have

672[naEg,na*E5]

= [(adE,)*Eg, (adEo-)?Eg] = (adEy+)*[(adE, ) Eg, Eg)

= (adEo-)*[[Ea, Egl, (adEa)* Eg]

=0 (by (BS7)).
Since Eig- = ny'ng-Eig (see (4.3)), we have [Eig, E1g+] = 0, and by the
same formula as (2.2), we have [Ezq, F1g<] = 0. By Lemma 2.1, we have
(adE¢5)3Eig* = 0, (adEig*)?’Eﬂ; = 0, (adEia)MEig* = 0 and
(adE1p.) 1) By, = 0, which completes the proof of the proposition for
the present S.

/6*

(2) T(R,G;S) = : with s, t = 1, 2% 3% Let g(u)
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be the subalgebra of gl (f:GiS) generated by Ey, and E4,-, where p is o
or v. Using an argument similar to that in (1), we see that it suffices to
show [g(@),g(7)] = 0, and, by (BS12), we see that [Ei,,g(y)] = 0. Hence
[Eiax,8(y)] = [nglnﬁ*Eia,g(v)] = ngln[j* [Eta,8(7)] =0, where we can show
ng*lngg(’y) = g(v) using QUPH of this proposition and using Proposition 2.2
and Lemma 2.2.

ot ﬂ*
[
(3) T(R,G;S) = : with s, t = 1, 2¥1. Use an argument
a ® g v
similar to (2).
a*
I
(4) T'(R,G;S) = with s = 1, 2% 3%1. We first show
a By
that
(4.4) [Expe, [Exp, Exq]] = 0.

Using the relations (BSj) and an argument similar to that in (1), we see that
if s=1, 2 or 3, then

0=[[[Ea; [Eax, Epl], E5), Ep]
=[[Ea: [Ear, [Ep, ES]), Egl
([Ea: Egls [Eax, [Ep, B5ll] + [Ea, [[Eax, Egl, [Ep, B ]]]
[Ea: Egl, [[Eax, El, E5]] + [[Eax; Egl, [[Ea, Egl, By ]]
[Eoss Egl, [[Ea, Bl Ey]] - (by (BS11))
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and that if s7! = 2 or 3, then letting ¢ := s~!, we have:

= (adE,) *(adEy- )ns[Ea, B,

= (adE,)" ' (adEa-)[[Ep, Ea), [Es, E]

= (adEo)* " (adEa- )| Ep, [[Eg, Ea), E5)
—[(adEq- ) Eg, [(adEq) Eg, B |]
—(c))?[na-Eg, [na Ep, B, ]
—(c1)?na[Ep-, [Eg, E,]).

Similarly we have [E_g«,[E_g, E_,]] = 0. Thus we have (4.4). Using (4.4)
and arguments similar to those in (1) and (3), we get the proposition for the
present S.

(5) T(R,G; S) = == O—0O with s =1, 2% 3+1,
B B B Byt By
This can be done by iterating the argument in (4).
(6) We can complete the proof of the proposition for a general S easily by
using the list of the elliptic diagrams in Appendix and using the arguments in
(1)-(5). O

Proof of Theorem 4.1. 1t is clear from Proposition 4.2 that the homomor-
phism  of the statement exists. Recall Proposition 3.3. Notice that no nonzero
weight space of g~ contains an element corresponding to a relation in (BSj)
(10 < j < 12). Then there exists the homomorphism Z : g'%%) — g% such
that Z(h,) = hy (0 € ng) and 2(Ey,) = By, (¢ € T'(R,G)). Using the rela-
tion (S5) and an argument similar to that for (4.3), we see that Z(Fy,) = E1,
(v e I’ \T'(R, G)). Clearly Z is the inverse map of Q. O

Appendix

Definition of an r.m.e.-root system

Keep the notation as in the fourth paragraph of Introduction. For a sub-
space X of £, let X+ be the subspace of £ of the elements y satisfying the
condition that I(x,y) = 0 for all x € X. For a subset S of £ and an additive
subgroup A of C, denote by Qa(S) the A submodule of £ generated by the
elements of S.
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Let R be a subset of £. Assume that I(z,z) # 0 for any z € R. We say
that R is an elliptic root system if:

(r1) dimc Qc(R) = I + 2 = rankz Qz(R) and dimc Qc(R) N Qc(R)L = 2,

(12) I(z",y) € Z for z, y € R; and {24 € Ry for all z € R and all
o € Qz(R),

(r3) sz(R) = R for all z € R,
(r4) There exists no subspace X of € such that (XY N R) U (X¥** NR) = R,
(XN R)# 0 and (Xt NR) #0.

Here we call | the rank.

Let R be an elliptic root system. A one dimensional subspace G of Q¢ (R)N
Qc(R)* is called a marking if Qg(R) N G # {0}. The pair (R, G) of such R
and G is called a marked elliptic root system.

We say that a marked elliptic root system (R, G) is reduced if 2y —x ¢ G
for all x, y € R. In this paper, the terminology “a reduced marked elliptic root
system” has been abbreviated to an r.m.e.-root-system.

An r.m.e.-root-system (R, G) is called simply-laced if T'(R, G) is Al(l’l) with
1>2, Dl(l’l) with { > 4 or El(l’l) with [ =6, 7, 8 (see the table below).

Table of the elliptic diagrams with [ > 2

Convention: In the following, we use the convention below:

*
HIOHT = I I
Q5 Qi (67 Q41 Qi

0<i<j<.

A (1> 2)
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e p\al
||§A(1)§|b|//o
------ 2

O]
BCP (1) (1> 2) BC?(2) (1> 2)
aj oy g aj Qg of
@ : :
1AM
2 2
aq a1 Qg aq g (&%) a2 Qp_1
(1,1) (1,1)
Eg o3 Q9 aq E7 o as g Qg
e e O
(a7y) Qg [0%4 N

/
ag Oy Qs Qg 0%} (&%) oy
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E(Ll)
8 Qg QY a3 Qg aq Qo
) ) e e O
ag 1\ ) )
I
Qs Qg Qg
1,1) (1,2)
Jais . Jag .
4 ol 4 ol
Qg Qg Qg Qy Qg (o1 az//Q\Otzx
o O—-:C0 oO—0O——C_ 1 0O
2 \2\6/
(65) a3
(2,1) (2,2)
Fy o3 Fy fa%
(7)) aq (%) Qg4 Qg aq ag Oy
X0 o—0O n
2 \6/2/
Qs (%)
(1,1) 1 ,3) (3,1) (3,3)
Gy o] Gy o5 Gy o]
aq

Table of the elliptic diagrams with [ =1

A§1,1) A(11,1)* 30{2,1) BC’{QA) BC’{Q’Q)(Z)
o ol o % o ol

I I QV? %8\\0[1 OKO//? il I
R .

aooo (05} (&3] (7)) (65} (7)) 4 a1
Here O—O = O<=0 and O_ZO = =0
00
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